
Dissertation

GeneticAlgorithms
in CondensedMatter Theory

ausgef•uhrt zum Zwecke der Erlangung desakademischen
GradeseinesDoktors der technischen Wissenschaften unter der

Leitung von

Univ.Doz. Ass.Prof. Dipl.-Ing. Dr.techn. Gerhard Kahl
E136

Institut f•ur Theoretische Physik

eingereicht an der Technischen Universit•at Wien
Fakult•at f•ur Technische Naturwissenschaften und Informatik

von

Dipl.-Ing. Dieter Gottwald
9325732

Murlingengasse17/418, 1120Wien

Wien, am 25. Mai 2005





Any su�ciently advancedtechnologyis indistinguishablefrom magic.
Arth ur C. Clarke Pro�les of The Future



4



Kurzfassung

In dieser Arbeit wurde ein neuer Ansatz zur Vorhersagevon stabilen Kristall-
strukturen, die beim Gefrierenauftreten, untersucht. DieseMethode basiert auf
der Verwendungvon genetischen Algorithmen, die eineSuche nach dem globalen
Minimum der freien Energieerm•oglichen.

Mit Hilfe dieser Methode war es m•oglich, das aus der Literatur bekannte
Phasendigrammvon neutralen Sternpolymerenzu verbessernund dasPhasendi-
agramm f•ur ionische Mikrogele neu zu berechnen, das ungew•ohnliche Kristall-
strukturen wie hexagonaleund trigonale Gitter enth•alt. Zus•atzlich wurden par-
allel geschichtete zweidimensionaleGitter, sowie Systeme,die bei hohenDichten
sog.cluster bilden, studiert.

Das neue Verfahren erwies sich als e�zien t und 
exib el und k•onnte mit
entsprechendenModi�k ationen f•ur eineVielzahl von •ahnlichen Problemenin der
Theorie der kondensiertenMaterie verwendet werden.
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Abstract

In this work a new concept to predict equilibrium crystal structures in freezing
processeshas been introduced. This approach is basedon a genetic algorithm
that allowsan unbiasedsearch through the parameterspaceof all possiblecrystal
lattices.

It was possibleto improve the already published phasediagram of neutral
star polymers,and to calculatethe phasediagramof ionic microgelsthat includes
unusual structures such as hexagonaland trigonal lattices. Additionally , layers
of two-dimensionallattices and system that freezeinto clustered crystals were
studied.

The newmethod proved its versatility and power for all casesit wasapplied to
and could be usedfor numeroussimilar problemsin condensedmatter physics.
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In tro duction

Changesin the thermodynamic state of a system,like the increaseof temperature
or pressure,can lead to the transformation of one phaseinto another. A phase
transition occurs when a thermodynamic potential, such as the free energy, or
oneof its derivativeshasa singularity and it is accompaniedby a suddenchange
in someof the propertiesof the substance.Thesephasetransitions areubiquitous
in everyday life and range from transitions betweenthe vapor, liquid, and solid
phases,transitions between the isotropic and nematic phasesin liquid crystals,
transitions betweenthe ferromagneticand the paramagneticphasesof magnetic
substances,to transitions to a superconductingstatebelow a certain temperature.
If oneor moreof the �rst derivativesof the thermodynamic potential have a �nite
discontinuity the transition is calleddiscontinuousor �rst order transition. If the
�rst derivativesarecontinuousandsecondderivativesarediscontinuousor in�nite
the transition is called continuous, critical, or higher order transition.

The study of phasetransitions started in the 1870swith the theoriesof van
der Waals. His model predicted the critical point, which is described by a critical
temperature and a critical pressure,on a qualitativ e level. Below the critical
temperature, the transition betweenthe liquid and the vapor phaseis discontin-
uous but above the critical temperature, the liquid phasecan be continuously
transformedinto the vapor phase.At the critical point a critical phasetransition
occurs.

Nearly all substancesarrange themselves in periodic structures upon su�-
cient cooling. This liquid-solid transition is accompaniedby a drastic changein
the symmetry properties of the substance.The isotropic liquid with an in�nite
number of symmetry transformations is replacedby a solid that hasonly a �nite
number of symmetry transformations,dependingon the crystal lattice. This uni-
versal,symmetry breakingphenomenonis a very interesting �eld of study. In the
1950sit waspossibleto show that a systemof hard spheresfreezesinto an ordered
solid at packing fractions � & 0:5 with the help of computer simulations [1, 2].
This �nding suggestedthat the freezingtransition is in generalmainly driven by
entropy as the free energyof hard spheresis purely entropic. It has becomea
commonbelief that a repulsive part in the interaction potential is neededfor the
stabilization of the solid and attractiv e forcesof su�cien t rangeare required for
a liquid-gas transition.
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Due to considerableprogressduring the last years,the thermodynamic prop-
erties of crystalline solids can be calculated very accurately. A host of di�erent
theoriesis available for the calculation of the free energyof the solid phasethat
includessimple lattice sums[3], cell models [4, 5, 6, 7], harmonic solid theories
[8, 9], and density functional approaches[10, 11, 12, 13, 14]. Togetherwith the
freeenergyof the liquid, which can be calculatedvia theories,like integral equa-
tion theoriesor perturbation theories[15, 16], the full liquid-solid phasediagram
can be determinedon a qualitativ e level, sometimeseven on a quantitativ e level.
However, it still remainsan unsolvedproblemto predict a priori the stablecrystal
structures of the solid phaseby theoretical means.In the conventional approach,
a set of possiblecandidatestructures - relying on experience,intuition, or plau-
sible arguments - is selectedand the respective free energiesare calculated and
compared.The structure with the lowest freeenergyfor a given point of state is
the stablestructure and phaseboundariescanbe calculatedvia a doubletangent
construction.

The choiceof thesecandidatesis rather obvious for systemsof particles that
have a harshly repulsive interaction potential (e.g. atoms) wherepacking e�ects
play a dominant role. Typically, one takes fcc, bcc, and hcp into account. This
preselectionprocessbears the additional risk that further equilibrium crystal
structures are not among the candidatesand therefore will never appear in the
phasediagram. However, if soft matter (seebelow) is considered,wherethe inter-
action potential of the particles divergesweakly near the origin or even remains
�nite at full overlap of the particles, the crystal structures that thesesystemscan
freezein can be di�cult to predict and their phasebehavior is much more diver-
si�ed than expected. For instance,simulations predict stable bco and diamond
structures for a systemof neutral star polymerseven though the e�ective interac-
tion is radially symmetric [17]. Even simulations tend to favor crystal structures
with cuboidal primitiv e cells if the simulation box is, asusual, cubic.

The aim of this thesis is the study of an alternate approach to optimize the
search for stable crystal structures of a given substanceat a certain thermody-
namic state. The central tool in this new approach is a genetic algorithm that
tries to mimic natural evolutionary processes.Geneticalgorithms weredeveloped
in the 1970sby J.H. Holland [18]to abstract and explain the adaptiveprocessesof
natural systemsand to designarti�cial systemsthat retain the important mech-
anismsof natural systems. The theory of genetic algorithms has beensteadily
improved ever since [19, 20]. While they are used quite frequently in a large
variety of di�erent optimization problems, like the traveling salesmanproblem,
or electronic circuit design, their use in physics has been rather limited. They
wereusedto optimize moleculargeometry[21, 22],and to optimize laserpulsesto
control molecules[23]. In this application, geneticalgorithms o�er the possibility
to search the parameter spaceof all possiblecrystal structures in an unbiased
way and to predict stable crystal structures without having to resort to preselect
candidate structures. It turned out that the new approach is an improvement
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over the conventional method but still has someshortcomingslike the erratic
behavior of the algorithm closeto phasetransitions.

The systemsthat are investigated in this work belong to the classof soft
matter. Thesematerials are composedof mesoscopicparticles (typical size1nm{
1� m) that aredispersedin a solvent whoseconstituent particlesaremuch smaller
in size. Thesesystemsarealsoknown under the namescomplex
uids or colloidal
dispersions. Examplesinclude biological substanceslike proteins and viruses;in-
dustrial products like paints, inks, polishes,cosmetics,detergents, and drilling
muds; micellesand vesiclesformed of surfactant molecules;and synthetic poly-
meric particles. These substancesare called soft becausetheir rigidit y against
mechanicaldeformationsis many ordersof magnitudesmallerthan that of atomic
systemsand they canbe deformedby humanswithout the useof tools. Soft mat-
ter is of great diversity, for a generaloverviewsee[24,25,26]. An intriguing prop-
erty of thesesubstancesis the fact that the resolution of modern optic devices
is so high that the tra jectories of single colloids can be analyzed [27], whereas
one had to solely rely on scattering experiments in atomic liquids. Therefore
soft matter serves as an ideal model system to study phenomenaand theoret-
ical predictions in a detailed way. Another attractiv e feature of soft matter is
that, unlike systemsconsistingof atoms or small molecules,the interaction be-
tweenthe particles canbe easilyaltered by changingthe propertiesof the solvent
(e.g. by adding salt), or by changing the chemical structure of the mesoscopic
particles directly (e.g. by using di�erent monomersor side groups for polymer
chains, changing the cross-linkingdensity, or changing the length of the polymer
chains). Research on thesesubstanceshasrevealeda large number of interesting
phenomena,like re-entrant melting, where the liquid freezesupon compression
but becomesliquid again upon further compression.

There are two reasonswhy soft systemswere chosenin this work: Firstly,
due to their immenserichnesstheir phasebehavior still holdsmany secretswhile
systemswith a hard core have already been studied in great detail by theory,
simulations, and experiments; and secondly, soft systemscan freezein rather
unusual crystal structures [3, 17, 28, 29], which could serve as benchmarks for
this new approach.

The genetic algorithm was �rst used to predict three-dimensionalcrystal
structuresof star polymersand ionic microgelsand proved its power and versatil-
it y by correcting previousresults [30, 31]. After this success,it was alsoapplied
to study the structure of layered two-dimensionallattices and the formation of
clusteredcrystals.

This thesis is dedicated to show that this new approach is superior to the
conventional method and that the world of crystalline soft matter comprisesex-
citing and unexpectedphenomenathat this work could help to uncover.

This thesis is organizedas follows:
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� Chapter 1 gives an overview of genetic algorithms and comparesthem to
other optimization strategies like hill climbing, simulated annealing, and
random search. Furthermore, the implementation of a geneticalgorithm to
predict crystal structures is explained.

� Chapter 2 covers the statistical mechanical foundations and the di�erent
methods that were usedto calculate the thermodynamic properties of the
solid and liquid phasesof the systemsthat were consideredin this work.

� Chapter 3 speci�es the systemsthat were investigated, namely star poly-
mers, ionic microgels,and the Gaussiancoremodel and its generalization.

� The results are presented in chapter 4: Freezingof star polymersand ionic
microgels, the formation of layered structures of polymer solutions, and
freezing of clustered crystals in the generalizedGaussiancore model are
studied.

� The appendix contains information about three- and two-dimensionalBra-
vais lattices and their identi�cation by meansof analysisof symmetry prop-
erties.
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Chapter 1

Genetic Algorithms

After the development of integral and di�erential calculusby Leibnitz and New-
ton in the 18th century the problem of �nding maxima and minima of functions
becamesolvable for the �rst time in an analytic way by looking for a zeroof the
gradient of the function. With this tool at hand the search for the best solution
of a problem (optimization) could alsobe solved analytically if the problem had
a simple enoughstructure. The lack of a universal method of optimization for
the more complex problems occurring in reality led to the development of an
enormousamount of di�erent optimization strategiesboth driven by advances
in mathematics and the increasedpower of modern computers. Thesenew al-
gorithms included both deterministic methods like hil l climbing, or the simplex
method, and heuristic methods like evolutionary algorithms, or simulated anneal-
ing.

Genetic algorithms (GAs) form a subsetof evolutionary algorithms and are
adaptive, heuristic search algorithms that mimic natural evolution �rst described
by Darwin [32] by including features such as natural selection, survival of the
�ttest individual, sexualrecombination, and mutation. They wereintroducedby
Holland in the 1970s[18] and later improved by Goldberg [19] and Michalewicz
[20]. GAs areaiming at the globaloptimum insteadof the next local oneand they
do not imposeany restrictions on the function to be optimized, like continuity,
the existenceof derivatives,or dimensionality. They are best suited for problems
in a large, complexsearch spacewhere the enumeration of all possiblesolutions
(random search) is not possible.An attractiv e feature of GAs is that the imple-
mentation and parallelization is easyand e�cien t. Another notable di�erence to
other optimization conceptsis the fact that GAs do not use the parametersto
be optimized themselves but an encoded version of the parameters. They were
applied successfullyto a tremendousnumber of di�erent �elds that range from
molecular structure optimization, protein folding, container loading optimiza-
tion, gametheory, timetabling problems,electronic circuit design,the traveling
salesmanproblem, criminal identi�cation, economics,to forecastingstock market
pricesand foreign exchange.
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1.1 Basic Concepts

Sincenatural evolution works on the level of chromosomesrather than on the
biological entities themselves, a possiblesolution is represented by an encoded
versionof the parameters(genotype) insteadof the value of the parameters(phe-
notype) in a genetic algorithm. This representation is realized as linear string
of genesand called individual. The prescription that maps the genotype to the
corresponding phenotype dependsentirely on the structure of the problem and
has to be adapted by the user. According to nature one does not use a single
individual but a set of them, the population P(t). After initialization of the �rst
population a number is assignedto each individual that determinesthe �tness
for survival. Two individuals are chosenwith probabilities proportional to the
relative position in the current population and mated to producenewindividuals.
This step is repeateduntil enoughindividuals are createdto form the next pop-
ulation. Thesenew individuals can be modi�ed again by mutation which occurs
with a �xed but small probability. Afterwards this new population is evaluated
and subsequent populations are createduntil a termination condition is met. A
canonicalgeneticalgorithm in pseudocode could read:

begin
t=0
initialize(P(t))
evaluate(P(t))
while (not termination-condition) do

t=t+1
Q(t)=select(P(t � 1))
R(t)=recombine(Q(t))
P(t)=m utate(R(t))

done
end

The average�tness of the population will increasewith the number of new
populations but it usually reaches a threshold and oscillatesaround that value
(see�gure 1.1).

Due to the randomnessinvolved in the creationof each newpopulation genetic
algorithms do not belong to the classof convergent algorithms that ful�ll the
condition

jjxk+1 � x � jj 6 Cjjxk � x � jj p;

wherex � is the exact solution of the problem, x i the approximate solution in the
i -th iteration step, with C > 0 and p > 0.

For most problems where genetic algorithms are typically applied there are
no convergent algorithms available.
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Figure 1.1: Progressionof the average�tness for two typical runs of the GA.

1.1.1 Individual

The individual I is a linear string of geneswith �xed length l and each of its
genescan take valuesof a certain alphabet A = f a1; : : : ; akg. The set of binary
numbers is the most frequently usedalphabet with A binar y = f 0; 1g. In this case
the search spaceconsistsof 2l possiblesolutions. This discrete representation
is on the one hand very useful for problems that have discrete variables like
combinatorial problems but on the other hand it imposesimplicitly lower and
upper boundson continuousvariablesof the solution.

0 1 0 1 0 0 11

Figure 1.2: Schematic representation of an individual with length l = 8 using the
binary alphabet.

1.1.2 Initialization

The �rst population is generally chosenat random by assigningeach gene in
every individual an element of the alphabet A accordingto uniformly distributed
random numbers.
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1.1.3 Evaluation and Fitness Function

In this stepa positive number called�tness number f is assignedto each individ-
ual that describes the quality of the encoded solution. A higher �tness number
corresponds to a better and a lower one to a worse solution. To calculate this
number, the individual, which is then inserted into a problem speci�c �tness
function f (I ), has to be decoded into its phenotype �rst. The evaluation of the
�tness function must be possiblefor all individuals I which in turn correspond
to all possiblesolutions in the search space.

The choice of this �tness function is not unique as any function g(x) with
g(x) > 0 8x > 0 and g(x + ") > g(x) 8x > 0; " > 0 leadsto another possible
�tness function f 0(I ) = g(f (I )) that evaluatesthe individuals of the sameprob-
lem. The functional form the �tness function determinesthe selection pressure
which is de�ned as the ratio of the selectionprobability of the best individual to
the averageselectionprobability of all individuals; it represents a measureof the
preferenceof good to bad individuals. If the selectionpressureis too high, good
individuals are highly preferredand propagatevery fast, the diversity in the pop-
ulation decreasesand the algorithm is very likely to convergeto a local optimum.
If the selectionpressureis too low, good individuals are hardly preferred, bad
individuals remain in the population and the GA convergesvery slowly or not at
all; the algorithm degeneratesto a random search.

When the solutions have to ful�ll certain constraints, it is best to make the
construction of the phenotypes in a way that all possiblesolutions are valid.
If this is not possible,individuals that describe solutions that violate thesecon-
straints have to beassignedto a low �tness number to suppresstheir propagation.
Experienceshows that the number of invalid individuals is typically much higher
than the number of valid onestherefore the GA will not converge if the same
�tness number (e.g. f = 0) is assignedto all invalid ones. The decreaseof the
�tness value hasto be linked to the seriousnessof the violation of the constraint.
One introducesa penalty function  i (I ) and an associated weight r i for each of
the n constraints and modi�es the �tness function to

f 0(I ) = f (I ) �
nX

i =1

r i  i (I ):

1.1.4 Selection

In the selectionstep the parents that will createthe next population are selected
at random but accordingto natural selectionwhich statesthat �tter individuals
will producemore o�springs than individuals with lower �tness numbers.

� Fitness Prop ortional Selection
The probability pi that the i -th individual is chosenin the selectionamong

12



a population that consistsof n individuals is

pi =
f (I i )

nP

j =1
f (I j )

:

� Rank Selection
The probability that a given individual is selecteddoesnot depend on its
�tness value itself but on the rank of the individual compared to other
individuals. Two possibleimplementations of rank selectionstrategiesare
linear ranking and tournament selection:

{ Linear Ranking
The number of o�springs amax for the best individual is a �xed num-
ber. The individuals in the next population are createdin such a way
that the number of o�springs for the secondbest individuals decrease
linearly. Thus only the best � 2n=amax individuals act as parents for
the next generation.

{ Tournament Selection
To selectan individual, k individuals are selectedat random from the
population and the one with the highest �tness value is chosen. The
value of k determines the selectionpressure. This selection type is
best suited for problemswhere individuals cannot be evaluated inde-
pendently from the others,e.g. whentrying to �nd a winning strategy
for a game.

1.1.5 Recom bination

In the recombination stepnewindividuals arecreatedfrom the parents that were
selectedin the previousstep as follows:

� 1-point crossover

0 1 0 1 0 0 11 1 1 0 0 0 1 0 1

0 1 0 0 0 1 0 1 1 1 0 1 1 0 0 1

Figure 1.3: One-point crossover in a typical recombination step.

The crossover point is chosenrandomly and the genesbeforeand after that
point are exchanged.
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� 2-point crossover

0 1 0 1 0 0 11 1 1 0 0 0 1 0 1

0 1 0 0 0 1 1 0 1 10 0 1 1 0 1

Figure 1.4: Two-point crossover in a typical recombination step.

Two points are chosenrandomly and the genesbetween thesepoints are
exchanged.

� Uniform crossover

0 1 0 1 0 0 11 1 1 0 0 0 1 0 1

0 10 1 1 11 0 1 0 0 001 0 1

Figure 1.5: Uniform crossover in a typical recombination step.

Each geneis separatelyassignedto a geneof the o�springs at random.

1.1.6 Mutation

Mutation is neededto re-introduce lost genetic material to the population and
avoid inbreeding. Mutation should occur rather rarely and at random with a
�xed probability, typically pmutate � 0:001. If a certain geneis mutated its value
is changedto another value in the alphabet A .

0 1 0 1 0 0 11

1 0 0 1000 1

Figure 1.6: Mutation in a typical mutation step
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1.1.7 Schemata and Building Blo cks

A schema H is a similarity template describing a subset of individuals with
similarities at certain genepositions. The alphabet is expandedby the wildcard
character \ ?". From now on it is assumedthat the population consistsof n
individuals with length l, which are encoded by using the alphabet of binary
numbers. In that casethe alphabet A + that is usedto describeschematabecomes
A + = f 0; 1; ?g. To give an example, the schema H = ?001? comprisesthe
individuals 00010, 00011, 10010, and 10011. Each individual of length l is a
member of 2l schemataasthe digit in the schemais either the onein the individual
or the wildcard ?. Therefore, a population consistingof n individuals contains
between2l (if all individuals are identical) and n2l (if all individuals aremutually
di�erent) schemata. The schemaorder o(H ) is de�ned as the number of digits
unequal \ ?" in the schemaand the de�ning length � (H ) is the distancebetween
the �rst and the last digit unequal \ ?". Someexamples:

H = ? ? 1 ? 0 ? ? o(H ) = 2 � (H ) = 2
H =1 0 ? ? 0 1 0 o(H ) = 5 � (H ) = 6
H = ? ? ? ? 1 ? ? o(H ) = 1 � (H ) = 0

The �tness value of a schema f (H; t) is de�ned as average�tness value of all
individuals in the population P(t) that are elements of H . The frequency of
schemaH in the population P(t) is denotedby m(H; P(t)). Then

m(H; Q(t + 1)) = m(H; P(t))n
f (H; t)
nP

i =1
f (i )

= m(H; P(t))
f (H; t)

�f
; (1.1)

where �f is the average�tness of the population. In the selectionstep schemata
that have a �tness value higher than �f will propagate while those that have
a �tness value lower than �f will diminish. Assuming that H has the �tness
f (h; t) = �f + c �f , the frequencym(H; Q(t + 1)) becomes

m(H; Q(t + 1)) = m(H; P(t))
�f + c �f

�f
= m(H; P(t))(1 + c):

Under the assumptionthat �f is constant

m(H; Q(t)) = m(H; P(0))(1 + c) t :

Therefore the number of schemata with a �tness value above �f will increase
exponentially while the oneswith a �tness value below �f decreaseexponentially .
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While the individuals areprocessedin the algorithm moreschemataareprocessed
at the sametime (implicit parallelism). It can be shown that in generalO(n3)
schemata are processedin a population consistingof n individuals that use the
binary alphabet [18].

The crossover createsboth new schemata and destroys someof the old ones.
The probability that the crossover point lies in the interval of the de�ning length
and hencethe schemais most likely destroyed is given by

pdestroy =
� (H )
l � 1

with the corresponding survival probability

precombination
surviv al > 1 �

� (H )
l � 1

: (1.2)

Inserting equation (1.2) in (1.1) yields

m(H; R(t)) > m(H; P(t))
f (H; P(t))

�f

�
1 �

� (H )
l � 1

�
: (1.3)

A schemais untouchedby mutation if no �xed geneis mutated and the probability
of survival is

pmutation
surviv al = (1 � pm )o(H ) � 1 � o(H )pm : (1.4)

Above approximation is accuratefor very small mutation probabilities pm . Com-
bining equations (1.3) and (1.4) gives the �nal frequencyof the schema in the
new population

m(H; P(t + 1)) > m(H; P(t))
f (H; P(t))

�f

�
1 �

� (H )
l � 1

�
(1 � o(H )pm)

or approximately,

m(H; P(t + 1)) > m(H; P(t))
f (H; P(t))

�f

�
1 �

� (H )
l � 1

� o(H )pm

�
:

This relation leadsto the Schema Theorem : The frequencyof schemata with
high �tness, small de�ning length, and low order increasesexponentially in the
population. These schemata are called building blocks. The genetic algorithm
e�cien tly combines these building blocks to form better individuals from the
best partial solutionsof the former population. Thereforethe arrangement of the
genesin the individual is important and the encoding has to be appropriate for
the problem.
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1.2 Comparison to other Optimization Strate-
gies

1.2.1 Hill clim bing Strategies

The basic strategy in hil l climbing is the intuitiv e method any wanderer would
use to reach the peak of a mountain in a densefog: always walk uphill. Hill
climbing doesnot necessarilyneedderivativesof the function to beoptimized and
constraints canbe includedquite easily. An overviewof di�erent implementations
can be found in [33].

The major problem with hill climbing is that the result strongly dependson
the starting point of the search. It will work perfectly on functions that have
only one optimum as depicted in �gure 1.7. When there are more peaksas in
�gure 1.8 then the algorithm might �nd the global optimum quite often but is
almost completelyuselesswhen the objective function is multimodal like the one
in �gure 1.9.

Figure 1.7: Single-peak function

1.2.2 Random Search

The enumeration of all possiblesolutions and the looking for an optimum by
comparingthem is called randomsearch. The order of the solutions is arbitrary,
accordingly the position of the global optimum in the search is random. While
it guaranteesthe exact global optimum of the problem, the method is in general
too time consumingto be useful for any problemsbut the most simple ones.
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Figure 1.8: Double-peak function

Figure 1.9: Multimo dal function with many peaks

1.2.3 Simulated Annealing

This optimization technique was not inspired by biology but by metalworking.
To harden steel, it is �rst heated up and then cooled down. Depending on the
speedof the temperature reduction, the atomshave more or lesstime to arrange
themselvesin a crystal lattice. Fast cooling freezesthe atomsin a local minimum
of the freeenergywhile slow cooling allows the atoms to reach the positions that
correspond to the global minimum of the free energy. This technique is known
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as annealing.
Simulated Annealing [34,35] is basedon this conceptand Metropolis' Monte-

Carlo simulation method. A starting solution x(0;0), temperature T (0) , and vari-
ation d(0) are chosen. The objective function that will be minimized is denoted
by f (x), the actual best solution by x � , and the actual solution by ~x which is set
to x(0;0) at the beginning. A Monte-Carlo simulation is performed, where new
solutions are createdby

x(i;j ) = ~x + d(i )z;

wherez is a uniformly distributed random vector for all coordinatesof the solu-
tion. If f (x(i;j )) < f (x � ) then x � is set to x(i;j ) , if f (x(i;j )) < f (~x) or the random
number r 2 [0; 1] is smaller than exp[(f (x(i;j )) � f (~x))=T(k) ] then ~x is set to x(i;j )

and the algorithm starts by constructing a new possiblesolution x (i;j +1) . If the
valueof the objective function hasnot improved within the last N stepsthen the
temperatureand possiblythe displacement d(i ) is decreaseduntil the temperature
hasreacheda pre-de�ned threshold Tmin and the �nal result of the solution is the
current x � .

While the algorithm itself is quite simple the proper choiceof the parameters
like the starting temperature, the initial displacement, the number N , the amount
of temperature reduction, the displacement decrease,and the upper bound on the
temperature Tmin are di�cult to �nd. There are somerules for speci�c objective
functions but a general one is not known. Genetic algorithms and simulated
annealingsharesomecommonproperties like the abilit y to escape local optima
but there are somefundamental di�erences aswell. Simulated annealingchanges
the parametersof the solutions themselves and has only one possiblesolution.
In a GA the genetic representations of the parametersare processedand there
is a large number of possiblesolutions in every population. A more detailed
comparisoncan be found in [36].

1.3 Application of the GA to the Freezing Tran-
sition

The conventional approach to the freezing transition would be to choosea set
of candidate structures and to calculate the free energy of each of them. The
structure with the lowest free energywould be the equilibrium structure.

It is possibleto usea GA to determinethe crystal structure in which a given
substancewill freeze. In this approach the lattice is described by the primitiv e
vectors and possibly the positions of additional basis particles of the lattice.
Thesequantities areencodedin the individual and the �tness function is designed
in such a way that a lower free energyleadsto an increasedpropagation in the
algorithm. The �nal result of the GA is then re�ned with a hill climbing algorithm
and the crystal structure is identi�ed by the symmetry transformations of the
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primitiv e vectors.

1.3.1 Parametrization of Lattices

1.3.1.1 Three-dimensional Lattices

The three primitiv e vectors a, b, and c of a three-dimensionallattice can be
written as follows

a = a

0

@
1
0
0

1

A b = a

0

@
x cos'
x sin'

0

1

A c = a

0

@
xy cos cos#
xy sin� cos#

xy sin#

1

A (1.5)

where
a
�

=
�

nbnc

�� 3x2y sin' sin#

� 1
3

;

� is a (problem speci�c) length scale,nb is the number of basisparticles of the
crystal structure, nc the cluster size(nc = 1 for non-clusteredlattices), and � the
bulk number density. The �v e parametersx, y, � ,  , and # have to satisfy the
constraints

0 < x 6 1 0 < ' 6 � =2
0 < y 6 1 0 6  < �

0 < # 6 � =2:
(1.6)

Without lossof generality the basisvector of the �rst particle is

B 1 =

0

@
0
0
0

1

A :

Basisvectorsfor possiblyadditional particles in the basisarerepresented aslinear
combinations of the primitiv e vectorsand can be assumedto lie in the primitiv e
cell.

B i = � i a + � i b + 
 i c i = 2; : : : ; nb

with the constraints

0 6 � i < 1; 0 6 � i < 1; 0 6 
 i < 1: (1.7)

The total number of parametersnp requiredto describe a crystal structure is thus
givenby np = 5+ 3(nb� 1) = 2+ 3nb. To encodetheseparametersin an individual
the string of genesis divided in np parts, three of them with length la that encode
the parameters' ,  , and # and (3nb � 1) of them with length ln that encode the
remainingparameters.Each of thosesubstringsis the binary representation of an
integernumber m� 2 [0; : : : ; 2l � 1], � 2 f x; y; ';  ; #; � 2; � 2; 
 2; : : : ; � nb; � nb; 
 nbg.
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Once a quantit y m� has beenevaluated, the corresponding parameter � can be
determinedvia

x =
mx + 1

2ln

y =
my + 1

2ln

' =
�
2

m' + 1
2la

 = �
m 

2la

# =
�
2

m# + 1
2la

� i =
m� i

2ln

� i =
m� i

2ln


 i =
m
 i

2ln
: (1.8)

The parameters� obtained with theseformulas ful�ll the constraints (1.6) and
(1.7) automatically.

The parametersla and ln are covered in more detail in section1.4.

1.3.1.2 Tw o-dimensional Lattices

The parametrization of two-dimensionallattices can be realizedin a fashionsim-
ilar to the three-dimensionalone. The primitiv e vectorsare written as

a = a
�

1
0

�
b = a

�
x cos'
x sin'

�

where
a
�

=
�

nb

� � 2x sin'

� 1
2

;

� is a (problem speci�c) length scale,nb the number of basisparticles, and � the
areanumber density. The vectorsof the basisparticles are written similar to the
procedurein three dimensions:

B 1 =
�

0
0

�
;

and
B i = � i a + � i b i = 2; : : : ; nb:

The constraints on the parametersencoded in the individual areanalogousto the
three-dimensionalcase.
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1.3.1.3 Layered Lattices

A layeredlattice consistsof nl layersof identical parallel two-dimensionallattices;
their respective origins are shifted: The (nl � 1) inter-layer vectorsci connectthe
origin of the i -th layer to the oneof the (i + 1)-th level. Without lossof generality
the two-dimensionallattices are assumedto lie perpendicular to the z-axis. The
relation betweenthe volumenumber density � of the systemand the areanumber
density � in each layer is

� =
�D
nl

;

whereD is the distancebetweenthe �rst and last layer. The 2-d lattice in each
layer is parameterizedasin section1.3.1.2.The ci introducedabove are given by

ci = � i a + � i b + hi

0

@
0
0
1

1

A i = 1; : : : ; nl � 1

wherethe vectorsa and b are the primitiv e vectorsof the two-dimensionallattice
in each layer with zeroz-component and hi the distanceof the i -th to the (i + 1)-th
layer. The parametershi have to ful�ll

hi > 0 i = 1; : : : ; nl � 1
n l � 1X

i =1

hi = D: (1.9)

If the the parametershi areencodedin the individual additional constraints have

D

h

h

h

1

2

3

n

2

n

l

1

nl-1
l-1

Figure 1.10: Sketch of a layered lattice

to be consideredduring the calculation. To allow a convenient implementation
in the GA, the quantities zi 2 [0; 1), i = 1; : : : ; nl � 2 are introduced,which can
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easilybe included in the individual without external constraints. The parameters
hi are then given by

h1 = z1D

h2 = z2(D � h1)
...

hi = zi

 

D �
i � 1X

j =1

hj

!

...

hn l = D �
n l � 1X

j =1

hj :

This parametrization,which might seemunnecessarilycomplicatedat �rst sight,
guaranteesthat the relation (1.9) is automatically satis�ed.

The total number of parametersnp that characterize the particle positions
in this system is built up by 2nb parametersfor the two-dimensionallattice in
the layers, 2(nl � 1) parametersfor the x- and y-components of the inter-layer
vectorsci , and nl � 2 parametersfor their z-component. They are encoded in an
individual in a similar fashionas described for the three-dimensionalcase.

1.3.1.4 Additional Parameters

It is possibleto encode additional parametersof the systemunder consideration
in the individual if they have to be optimized together with the lattice structure.
In this work, the cluster sizenc of clusteredcrystals (seesection4.3) and the lo-
calization parameter� in the Einstein model (seesection2.1.2)wereincorporated
into the calculations.

� Cluster Size
A substring with length lc is addedto the individual that de�nes an integer
number mnc . The cluster sizenc is then given by

nc = 1 +
mnc

2lcp
:

The parameterlcp < lc de�nes the resolution of nc which lies in the interval
[1; (2lc + 2lcp � 1)=2lcp ].

� Lo calization Parameter
A substring with length l � is added to the individual that encodes the
integer number m� . The localization parameter � can be calculatedvia

� = � min + m� � inc :
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The parameter � min ensuresa lower limit for � becausea crystal with
� . 30 can hardly be considereda solid. The parameter� inc > 1 is usedto
have a higher upper bound on the value of � without the needto increase
the length of the substring.

The values of the parameters lc, lcp, � min , and � inc that were chosen for the
calculations in this work are detailed in section1.4.

1.3.2 Lattice Uni�cation

The choiceof the primitiv e vectorsfor a given lattice is not unique and this fact
posesa seriousproblem for any optimization method due to the in�nite number
of di�erent primitiv e vectors that describe exactly the samelattice. On top of
that, there is an additional ambiguity in the choice of the basis vectors if the
number of basisparticles is greater than one.

To ensurethe useof a uniquely de�ned set of primitiv e vectorsand basisvec-
tors for every crystal structure, the following strategy wasutilized whendecoding
the information contained in the individual:

� Decode the primitiv e vectorsand basisvectors from the individual.

� Modify the primitiv e vectors.

� Rotate the primitiv eand basisvectorsto have the form asin equation (1.5).

� Modify the basisvectors.

� Calculate the projection of the vectorsin the discretespaceimposedby the
binary accuracy.

� Re-encode the primitiv e and basisvectors in the individual.

� Calculate the �tness value of the new lattice.

Thesestepsaredescribedin the following paragraphswhereon the assumption
that a three-dimensionallattice is considered.For the other two casesdiscussed
above the algorithm follows similar lines.

1.3.2.1 Uni�ed description of the lattice

The primitiv e vectorswerechosenin such a way asto minimize the surfaceof the
cell spannedby the three vectors. To that end the following iterativ e algorithm
was applied: Starting with three primitiv e vectors(a� ,b � ,c� ), the quantit y

� � = ja� � b � j + ja� � c� j + jb � � c� j
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which represents half of the surfaceof the primitiv e cell is evaluated. Then the
corresponding � � -value of the primitiv e cells spannedby the following twelve
linear combinations of the primitiv e vectorsare calculated:

(a� � b � ; b � ; c� ) (a� � c� ; b � ; c� )
(a� ; b � � c� ; c� ) (a� ; b � � a� ; c� )
(a� ; b � ; c� � a� ) (a� ; c� ; c� � b � ):

and the smallestof thesevaluesis denotedby ~�. If ~� is smaller than � � the cor-
responding combination represents the new primitiv e vectorsand the algorithm
starts again. If ~� is greater than � � the algorithm is �nished.

1.3.2.2 Rotation of the Vectors

The three primitiv e vectors are ordered by their magnitude so that a is the
longest,b the second-longest,and c the shortestvector. Then the vectorsare ro-
tated sothat a is parallel to the x-axis and b lies in the x-y-plane. Via additional
inversionof the vectorsand/or coordinate axesonearrivesat the representation
(1.5) that ful�lls the constraints (1.6).

1.3.2.3 Mo di�cation of the Basis Vectors

The lattice remains invariant under the following transformations of the basis
vectors f B i g: Firstly, the set f B i + v j klmg with

v j klm = � B j + ka + lb + mc; j = 1; : : : ; nb k; l ; m 2 Z

describesthe samelattice. Secondly, the indicesof the basisvectorsf B i g can be
permuted without changing the lattice.

To arrive at a uniquely de�ned set of basisvectors theseambiguities have to
be removed by imposing certain constraints on the basisvectors. In this work
the following algorithm was used:

1. Create the setsf ~B (j )
i g = f B i � B j g; j = 1; : : : ; nb.

2. Solve the equations

�� (j )
i a + �� (j )

i b + �
 (j )
i c = ~B (j )

i

3. Calculate

� (j )
i = �� (j )

i � [ �� (j )
i ]

� (j )
i = �� (j )

i � [ �� (j )
i ]


 (j )
i = �
 (j )

i � [�
 (j )
i ];

where[x] denotesthe largestintegersmalleror equalx. The resulting values
of � (j )

i , � (j )
i , and 
 (j )

i lie in the interval [0; 1).
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4. Calculate � (j ) via

� (j ) =
nbX

i =1

(� (j )
i + � (j )

i + 
 (j )
i )

and �nd � (j � ) = minf � (j )g.

5. Sort in ascendingorder by � (j � )
i , then by � (j � )

i , and then by 
 (j � )
i . This

ensuresthat the vector (0; 0; 0) will always be �rst.

6. Calculate the uniquely de�ned set of basisvectorsvia

B i = � (j � )
i a + � (j � )

i b + 
 (j � )
i c; i = 1; : : : ; nb:

1.3.2.4 Pro jection in to the Search Space

The binary representation of the vectorsin the individual createsa discretesearch
space.In general,the vectorsa; b; c; f B i g that have beenobtained by the modi-
�cations outlined above are not an element of that space.The primitiv e vectors
and the basis vectors have to be projected to the appropriate element of the
search spaceso that the vectorscan be stored in the individual.

First the parametersx; y; ';  ; # are calculated from the primitiv e vectors:

x =
b
a

y =
b
c

' = arctan
by

bx

 = arctan
cy

cx

# = arctan
cz sin 

cy
;

where v denotes the magnitude of the vector v and v� , � 2 f x; y; zg, is the
� -component of the vector v . Then the corresponding integer number mc is
computed by inverting the appropriate equation in (1.8) and rounding to the
nearestinteger. The binary representation of thesenumbers is then stored in the
individual.

The basisvectorsalso have to be transformed and to that end the primitiv e
vectorsa0, b0, and c0 that are now encoded in the individual are calculated�rst.
The parameters� i , � i , and 
 i are obtained by solving the equations

� i a0+ � i b0+ 
 i c0 = B i i = 2; : : : ; nb:

Again, the appropriaterelations(1.8) areinverted and the numbersm� 2 ; : : : ; m
 n b

are obtained as outlined above and their binary representation is stored in the
individual.
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1.3.3 Fitness Function

To �nd the crystal structure with the lowest free energyF , solutions with a low
free energyhave to be preferred over oneswith a higher free energy. Therefore
the positive de�nite �tness function should increasewith decreasingfree energy.
In addition it has to be taken into account that the free energy can take both
positive and negative values. The following two forms for the �tness functions
were usedfor the calculationsin this thesis. The �rst onereads

f (I ) = exp
�

1 �
F (I )
Ffcc

�
(1.10)

and the secondone

f (I ) = exp

 

1 �
�

F (I )
Ffcc

� g(i )
!

; (1.11)

where F (I ) is the free energyfor the crystal structure that is described by the
individual I , Ffcc is the free energyof a fcc structure, and g(i ) a scalar function
that dependson the number of the population i in the algorithm. The di�erent
conceptsto calculate the free energyare detailed in section2.1.

1.3.4 Hill Clim bing Metho d

During the run of the geneticalgorithm the individual I � that encodesthe crystal
structure with the lowest free energy is saved. As a consequenceof the limited
accuracydue to the binary representation of the parameterswith a �nite number
of digits this solution is re�ned with a hill climbing algorithm. The np parameters
x; y; ';  ; #; � 2; : : : ; 
 nb aredecodedfrom the individual I � and de�ne the starting
point of the search, the np-dimensionalvector q

q = (x; y; ';  ; #; � 2; : : : ; 
 nb):

The initial step size� is set to

� =
�

1
2

� min f ln ;lag

:

The vectore� , � 2 f x; y; ';  ; #; � 2; : : : ; 
 nbg represents the unit vector in � -direction.
Then F (q), the free energyof the crystal structure that corresponds to the pa-
rameters in q, is calculated. The free energy of the vectors q i 2 f q � � e� g is
computed and if the free energyF (q� ) = minf F (qi )g is lower than F (q) then
q is set to q� . If not, then � is decreased,typically � ! � =3. Once � is lower
than somethreshold � thresh then the algorithm is terminated and the �nal crystal
structure is calculatedfrom q� . The typical number of stepsrequiredfor a lattice
with onebasisparticle is � 150.
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1.4 Numerical Details

1.4.1 Values of the Parameters

Most of the calculations in this thesiswere carried out with the following values
for the parameters

Parameter Value
ln 12
la 6
lc 8
lcp 3
� min 30
� inc 5
l � 10
pmutate 0.005
number of individuals n 1000
maximum number of new populations 100
� thresh 1 � 10� 10

1.5 Comparison to other Implemen tations

Evolutionary algorithms have beenusedbeforeto calculate the equilibrium con-
�guration of molecular clusters [21, 22]. Even though the method used there
is called \genetic algorithm" this terminology is not correct as the parameters
themselveswere optimized and not their genetically encoded version.

In this contribution, a possiblesolution was characterizedby its coordinates
and it was assignedto a �tness value. As in the GA, parents were selectedand
o�springs wereproducedthat formed the next generationof solutions. However,
in this implementation the algorithm that createsa child from the parents did
not happen on the genetic level but on a geometric level. A plane was selected
at random that separatedeach parent and the two parts were cross-combined.
Then the cluster was possibly mutated by displacing the particles in the cluster
in a random fashion.
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Chapter 2

Statistical Mec hanics

To calculatethe �tness function for all possiblecandidatestructures onemust be
able to compute the free energyof crystal structures. In this work two approxi-
mations were used: lattice sumsand the Einstein model which are described in
section2.1.

The calculation of the free energyof the liquid state which is important to
determinethe completephasediagram is covered in section2.2.

2.1 Solid State

2.1.1 Lattice Sums

The lattice sumL of a crystal structure givesthe exactfreeenergyat zerotemper-
ature and neglectsthe in
uence of entropy on the free energy. The free energy
per particle F=N (which is now identical with the internal energy) for simple
lattices, i.e. lattice with just onebasisparticle, is

Flatticesum

N
=

1
2

X

f R i g

0
�( Ri ) (2.1)

wherethe set f R i g consistsof all lattice positions and �( r ) is the pair potential
between the particles of the lattice and the prime denotesthe omissionof the
(0; 0; 0)-term. If the three primitiv e vectorsa, b, and c of the lattice are known
F=N can be written as

Flatticesum

N
=

1
2

X

ij k

0
�( jia + j b + kcj) =

1
2

X

ij k

0
�( jv ij k j):

If the lattice has a basis,then not all points in the lattice are indistinguishable.
Therefore the lattice sum has to be averaged over the positions of the basis
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particles. The �nal result is

Flatticesum

N
=

1
2

X

ij k

0
�( jv ij k j) +

1
nb

X

ij k

X

l>m

�( jv ij k + B m � B l j): (2.2)

Note that the (0; 0; 0)-term is included in the secondsummation.

2.1.2 Einstein Mo del

The Gibbs-Bogoliubov inequality [15]

F 6 F0 + hH � H 0i 0 (2.3)

relatesthe free energyF of a systemwith the Hamiltonian H to the free energy
F0 of a referencesystemwith the Hamiltonian H 0. The expressionh:i 0 denotes
an ensemble averagein the referencesystem. If the referencesystem is \close
enough" to the system under consideration,both F0 and the ensemble average
hH � H 0i 0 can be calculated easily. If the Hamiltonian H 0 has one or more
variational parametersthen the r.h.s. of equation (2.3) can be minimized with
respect to theseparametersto obtain an upper bound of the free energyof the
systemof interest that can be usedas an approximation for the same.

In the Einstein model each particle at position r i is assumedto be attached
to a lattice site R i by a spring with spring constant k. The Hamiltonian of the
referencesystemis then

H 0 =
NX

i =1

�
p2

i

2m
+

k
2

(r i � R i )2

�
; (2.4)

whereN is the number of particles, m the massof each particle, and p i the mo-
mentum of particle i . The parameterk will be usedasthe variational parameter.
The Hamiltonian H of the systemunder considerationis given by

H =
NX

i =1

p2
i

2m
+

1
2

NX

i 6= j

�( jr i � r j j): (2.5)

The kinetic contributions to the ensemble averagein equation (2.3) canceland
this relation becomes

F 6 F0 + hVi 0 � hV0i 0 :

To calculate the free energyof the referencesystem,the partition function

Q0
N =

1
h3N

Z
dr N

Z
dpN e� � H 0 (r ;p ) (2.6)

is evaluated�rst. Note that the usualpre-factor1=N ! is missingsincethe particles
are distinguishableby the lattice site they are attached to. Due to the functional
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form of H 0, all the integralsin (2.6) areGaussianwhich canbesolvedanalytically
to yield

Q0
N =

�
�
�

� � 3N � �
�

� � 3N=2
;

where � = � k� 2=2 is the dimensionlessspring constant, � a length scale,and
� =

p
2� � ~2=m the thermal de Broglie wavelength.

The free energyF0 is then given by

F0 = � kBT logQ0
N = 3N kBT log

�
�
�

�
+

3
2

N kBT log
� �

�

�
: (2.7)

As a consequenceof the equipartition theoremthe internal energyhV0i 0 is given
by

hV0i 0 = 3N kBT=2: (2.8)

The ensemble average in the referencesystem of the potential energy of the
system,hV i 0, can be obtained via

hVi 0 =
1
2

Z
dr 0

Z
dr 00�( jr 0 � r 00j)� (2)

0 (r 0; r 00; f R i g) (2.9)

with the two-particle density � (2)
0 (r 0; r 00; f R i g). The one-particle density is pro-

portional to the Boltzmann factor of the harmonic potential:

� (1)
0 (r ; f R i g) =

� �
�

� 3
2

X

f R i g

e� � (r � R i )2
(2.10)

and the two-particle density can then be approximated by

� (2)
0 (r 0; r 00; f R i g) = � (1)

0 (r 0; f R i g)� (1)
0 (r 00; f R i g):

Inserting this expressionin the integral (2.9) yields

hVi 0 =
N
2

r
�
2�

"

2�
Z 1

0
dx x2e� �

2 x2
�( x) +

X

f R i g

0 1
Ri

Z 1

0
dx x�( x)

�
e� �

2 (x � R i )2
� e� �

2 (x+ R i )2
�

#

which can be rewritten as

� hV i 0

N
= � � E (0; � ) +

1
2

X

f R i g

0
� � E (Ri ; � ) (2.11)

31



which is equivalent to the lattice sum with the Einstein potential � E (r ; � )

� E (r ; � ) =

8
>><

>>:

q
� 3

2�

1R

0
dx x2e� �

2 x2
�( x) r = 0

p �
2�

1
r

1R

0
dx x�( x)

�
e� �

2 (x � r )2
� e� �

2 (x+ r )2
�

r > 0

Whencrystalswith singlesiteoccupancyareconsidered,the �rst term in equation
(2.11) is neglectedbecauseit corresponds to the potential energyof the particle
at the origin. If clustered crystals are considered,the averageof the potential
energybecomes

� hVi 0

N
= (nc � 1)� � E (0; � ) +

nc

2

X

f R i g

0
� � E (Ri ; � ); (2.12)

with the cluster sizenc which reducesto the correct expressionfor nc = 1.
Inserting equations(2.11), (2.8), and (2.7) into the Gibbs-Bogoliubov inequal-

it y yields (for nc = 1)

� F
N

6 3log
�

�
�

�
+

3
2

log
� �

�

�
�

3
2

+
1
2

X

f R i g

0
� � E (Ri ; � ): (2.13)

To allow comparisonto other freeenergyvaluescalculatedwith di�erent theories
the �rst term is, asusual,dropped in practice becauseit is possibleto choosethe
massso that log(� =� ) vanishes. To minimize the remaining terms of equation
(2.13) the contribution proportional to log� favors � ! 0 while the last one
favors � ! 1 . The interplay of thesetwo terms can lead to a local minimum at
� > 0. The free energyof the solid accordingto the Einstein model is then

� Feinstein

N
= min

�

0

@3
2

log
� �

�

�
�

3
2

+
1
2

X

f R i g

0
� � E (Ri ; � )

1

A : (2.14)

It can be shown that the Einstein model is equivalent to a density-functional
theory wherea mean-�eld form for the functional for the excessfree energyand
a Gaussianshaped one-particledensity is used[37].

2.2 Liquid State

The thermodynamic properties of a liquid in equilibrium are described by the
total correlation function h(r ) and the direct correlation function c(r ). Thesetwo
functions are related via the Ornstein-Zernike (OZ) equation[15] which readsfor
a spatially homogeneousand isotropic liquid

h(r ) = c(r ) + �
Z

dr 0c(jr � r 0j)h(r 0); (2.15)
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where the number density is denoted by � . The OZ equation can formally be
solved for h(r ) by repeatedly inserting it into itself

h(r ) = c(r )+ �
Z

dr 0c(jr � r 0j)c(r 0) + � 2
Z

dr 00
Z

dr 0c(jr � r 0j)c(jr 0� r 00j)c(r 00) + : : : :

This equation can be interpreted in the following way: The total correlation
betweentwo particles is equalto the sumof the direct correlationplus the indirect
correlation mediatedby an increasingnumber of other particles.

The Fourier transform of the OZ equation becomesthe algebraicequation

~h(k) = ~c(k) + � ~h(k)~c(k) (2.16)

and the Fourier transformedcorrelation functions which aredenotedby the tilde,
are related to the static structure factor S(k) through

S(k) = 1 + � ~h(k) =
1

1 � � ~c(k)
:

The static structure factor can be measuredby scattering experiments and rep-
resents a very important link to comparetheory and experiments.

The total correlation function is related to the radial distribution function
g(r ) that is de�ned for a homogeneoussystemas

g(r ) =
1

4� r 2�N

*
X

i 6= j

� (r � r ij

+

via
h(r ) = g(r ) � 1:

2.2.1 In tegral Equation Theory

In generalh(r ) and c(r ) arenot known and the OZ equationaloneis not su�cien t
for determining both correlation functions. Another relation betweenh(r ), c(r ),
and the potential �( r ) is required. Such a relation, F [c;h; �; r ] = 0, is called
closure relation. The knowledge of the exact closure relation is equivalent to
knowing the partition function of the system which is only possiblefor simple
systemslike the ideal gas. Various levels of simpli�cation can be usedto derive
closuresfrom exact results of statistical mechanics.

In this work three closureswereusedto calculatethe thermodynamic proper-
ties of the liquid state: the mean spherical approximation (MSA), the hypernetted
chain approximation (HNC), and the Rogers-Youngclosure(RY) [38].

� MSA Closure :The closurereads

g(r ) = 0 r < �
c(r ) = � � �( r ) r > � ;

(2.17)
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for a hard coresystemwith hard corediameter � . If there is no hard core
then the MSA closurebecomes

c(r ) = � � �( r ) 8r: (2.18)

In that casec(r ) is explicitly known and h(r ) can be calculatedby Fourier
transforming c(r ) to ~c(k), inserting it in equation (2.16) and transforming
~h(k) back to h(r ).

� HNC Closure : The HNC closurehas the form

h(r ) = e� � �( r )+ h(r )� c(r ) � 1: (2.19)

� PY Closure : The Percus-Yevick closure(PY) reads

c(r ) =
�
e� � �( r ) � 1

�
(h(r ) � c(r ) + 1) :

� RY Closure : The RY closureinterpolatesbetweenthe PY closurerelation
and the HNC closureto achieve thermodynamic consistencybetween two
thermodynamic routes (see below). The functional form of this closure
reads

c(r ) = e� � �( r )

�
1 +

e(h(r )� c(r )) f (r ) � 1
f (r )

�
� h(r ) + c(r ) � 1 (2.20)

and the mixing function f (r ) is usually chosento be

f (r ) = 1 � e� �r � 2 [0; 1 ):

In the limit � ! 1 the RY closurebecomesthe HNC closureand in the
limit � ! 0 the PY closureis obtained. Independently of � the RY closure
shows PY-like behavior for small distancesand HNC-like behavior for large
distances.The mixing parameter is chosenso that the compressibility cal-
culated via two di�erent thermodynamic routes coincide(for more details
seesections2.2.2and 2.2.3).

2.2.2 Thermo dynamic Inconsistency

The thermodynamic propertiesof the 
uid canbe calculatedfrom the correlation
functions via three di�erent routes: the virial, the compressibility, and the energy
route. If the exactcorrelation functionswereknown, the resultsof all three routes
would coincide. If the correlation functions are obtained with closurerelations
that contain approximations, then the results di�er. This phenomenonis known
as thermodynamic inconsistency.
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From statistical mechanics one can derive the following three equations of
state:

� Virial Route : The pressureP v can be calculatedwith the virial equation

� P v

�
= 1 �

2�
3

�
Z 1

0
dr r 3g(r )

d� �( r )
dr

:

� Energy Route : A thermodynamic quantit y can be consideredthe sum
of an ideal part (\id") that corresponds to the thermodynamic property
of an ideal systemwhich can be calculatedanalytically, and an excesspart
(\ex") that stemsfrom the pair interactionsandusuallyhasto becalculated
numerically. The excessinternal energy Uex is obtained from the energy
equation

Uex

N
= 2� �

Z 1

0
dr r 2g(r )�( r ):

The excessfree energyF ex can then be calculatedwith

� F ex

N
=

Z �

0
d� 0Uex(� 0):

From this expressionthe excesspressureis obtained via

Pe;ex = �
�

@F ex

@V

�

T

:

� Compressibilit y Route : The isothermal compressibility � T can be cal-
culated by the compressibility equation

�k BT� T = 1 + �
Z

dr (g(r ) � 1) = 1 + � ~h(k = 0)

where

� T = �
1
V

�
dV
dPc

�

T

is the isothermal compressibility. Integration of this relation with respect
to the volume leadsto the pressureP c.

2.2.3 Numerical Algorithms

2.2.3.1 Bro yles' Algorithm

There are several algorithms that are usedto solve the OZ equationalongwith a
closurerelation for the correlation functions. In this work the Broyles' algorithm
was used[39].
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Instead of the pair of correlation functions c(r ) and h(r ) rather c(r ) and the
indirect correlation function 
 (r ) = h(r ) � c(r ) are usedin this algorithm. The
Fourier transform of the OZ equation readsin terms of thosefunctions

~
 (k) =
� ~c2(k)

1 � � ~c(k)
(2.21)

and the closurerelation is solved for c(r ):

c(r ) = G[
 (r ); �( r )]: (2.22)

The iterativ e algorithm works as follows:

1. Set the iteration index i to 0 and make an initial guessfor c(i )(r ). Usually,
either a previoussolution for c(r ) or the MSA expressionis used.

2. Fourier transform c(i )(r ) to obtain ~c(i )(k).

3. Useequation (2.21) to obtain ~
 (i )(k).

4. Make an inverseFourier transform to obtain 
 (i )(r ).

5. Useequation (2.22) to obtain c(i + 1
2 )(r )

6. Obtain c(i +1) (r ) by mixing c(i )(r ) and c(i + 1
2 )(r ):

c(i +1) (r ) = �c (i + 1
2 )(r ) + (1 � � )c(i )(r ) 0 < � 6 1

7. Check for convergence:If

maxjc(i +1) (r ) � c(i +1) (r )j < "

then the iteration is �nished. If not, return to step 2.

The choiceof the mixing parameter� hasa signi�cant impact on the convergence
behavior of the algorithm. A smallervalueof � leadsto a slower yet moreensured
convergence.If the correlation functionsstart to increaseto extremelyhigh values
(i.e. � 1 � 106), then a completerestart is necessarywith a reducedvalue of � .
The parameter " is typically of order " = 1 � 10� 8.

2.2.3.2 Ac hieving Thermo dynamic Consistency with the RY Closure

Thermodynamic consistencybetween the virial route and the compressibility
route is achieved by modifying the parameter � in the RY closure(seesection
2.2.1). The function � � (� ) is de�ned as the di�erence of the isothermal com-
pressibility � T calculatedvia the two routes:

� � (� ) = �k BT� v
T (� ) � �k BT� c

T (� );
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with
�k BT� c

T (� ) = 1 + � ~h(k = 0;�; � );

and
�k BT� v

T (� ) =
1

@[� P v (� )]
@�

:

The derivative of the pressurewith respect to the density can be calculatedvia

@[� P v(� )]
@�

= 1 �
4�
3

�
Z 1

0
dr r 3 d� �( r )

dr
g(r ; �; � )

�
2�
3

� 2
Z 1

0
dr r 3 d� �( r )

dr
@g(r ; �; � )

@�

�
2�
3

� 2
Z 1

0
dr r 3 d� �( r )

dr
@g(r ; �; � )

@�
d�
d�

: (2.23)

The last term in equation (2.23) above is usually omitted as it is much smaller
than the other two termsand the neglectof the density dependenceof � makesthe
calculationsmuch easier.The derivative @g(r ; �; � )=@� is calculatednumerically:

@g(r ; �; � )
@�

�=
g(r ; � + � �; � ) � g(r ; �; � )

� �
:

The numerical implementation of the algorithm works as follows:

1. Choosea starting value of � (0) and set the iteration index i to 0. Usually
� = 1 or a known solution for similar systemparametersis used.

2. Calculateg(r ; �; � (i )), g(r ; � + � �; � (i )), g(r ; �; � (i )+ � ), andg(r ; � + � �; � (i ) + � ).
The value of � � is typically � �� 3 � 1 � 10� 5

3. Calculate � � (� (i ) ) and � � (� (i ) + � ).

4. If � � (� (i ) ) < &then the algorithm is �nished. Typically, &� 1 � 10� 6.

5. Set � (i +1) = � (i ) + � � � (� (i ) )=
�
(� � (� (i ) + � ) � � � (� (i ))

�
and return to step

2.

It is possiblethat for no positive � -valueconsistencybetweenthe two routes can
be achieved. In this casethe RY closurecannot be usedfor that particular state
of the liquid.

2.2.4 Calculation of the Free Energy

To calculatethe full phasediagram of a systemthat includesboth the liquid and
the solid phase,onemust be able to calculate the free energyof the liquid from
the correlation functions. Someof the pair potentials that are consideredin this
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work are explicitly state-dependent and this fact has to be taken into account
when calculating of the free energyF (� ) [40]. The ideal free energyper volume
f id (� ) is given by

� f id (� ) = � (log � � 1) + � log� 3;

and the excesspart per volume f ex is obtained by evaluating

� f ex(� ) =
1
2

� 2
Z

dr � �( r )
Z 1

0
d� g(� )(r ; � );

where g(� )(r ; � ) represents the radial distribution function for the scaled pair
potential � �( r ).

2.2.5 Phase Transitions

The coexistenceof two phasesis de�ned by thermal, mechanical, and chemi-
cal equilibrium which translates in the equality of temperature, pressure,and
chemical potential. As all calculations were performedat constant temperature
only the last two conditions are important. The pressureP and chemicalpoten-
tial � can be calculated in the following way from the free energy per volume
F � (� ) = F (� )=V:

P = �
@F
@V

= �
@(F � (� )V )

@V

= � F � (� ) � V
@F � (� )

@�
@�
@V|{z}

� N=V 2

= �
@F � (� )

@�
� F � (� )

� =
@F
@N

=
@(F � (� )V )

@N

= V
@F � (� )

@�
@�
@N|{z}
1=V

=
@F � (� )

@�
:

The equality of pressureand chemicalpotential betweentwo phases1 and 2 can
be interpreted geometricallyas tangent to both F �

1 (� ) and F �
2 (� ) (doubletangent

construction, see�gure 2.1).
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Figure 2.1: Schematic representation of the double tangent construction closeto
the phasetransition. The free energiesof the two coexisting phasesare denoted
by F �

i (� ).
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Chapter 3

Systems

The systemsthat wereconsideredin this thesisbelongto the classof soft matter.
These materials are composedof mesoscopicparticles (typical size 1nm{1� m)
that are dispersedin a solvent whoseconstituent particles are much smaller in
size. Such systemsare also known as complex 
uids or colloidal dispersions.
Thesesystemshave a great diversity, for a generaloverview see[24, 25, 26].

Calculations for three di�erent typesof systemswereperformedin this work:
Ionic microgelswhich are coveredin moredetail in section3.1, star polymers(see
section3.2), and the Gaussiancoremodel and its generalization(seesection3.3).

3.1 Ionic Microgels

Microgels [41] are cross-linked latex particles that are swollen by a good sol-
vent. Depending on their monomer-and cross-linking density they can behave
like hard-sphereparticles [42] or soft colloids [43]. They are used as rheologi-
cal control agents in automotive surfacecoatings and show promise in printing
applications. Additionally , they might be usedas drug delivery systemsif they
can be designedto swell in closeproximit y to the target sites in the body. The
most commonconstituent polymer of microgelsis poly(N -isopropylacrylamide)
(PNIPAM) which producesmicrogelsthat swell in water (see�gure 3.1). Other
polymers like polyacrylic acid, polystyrene, or starch are also used. The poly-
mers of an ionic microgel carry ionizable groups so that the microgel carries a
net chargein the solution.

An e�ective interaction potential that does not depend on the lessrelevant
degreesof freedom(like 
uctuations of the macromolecules,or the coordinates
andmomenta of the counterionsandsolvent molecules)facilitates the calculations
enormouslyfor theoretical purposes.The e�ective Hamiltonian H e� hasthe form

H e� =
NX

i =1

P i

2m
+

X

i<j

� e� (jr i � R j j) + E0;
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Figure 3.1: The structural formula of Isopropylacrylamide.

where P i denotesthe momentum and R i the position of the center of the i -th
microgel particle, and N is the total number of microgel particles. The term
E0 is usually called volume term becauseit does not depend on the positions
or momenta of the microgelsbut on their number density � . This term will be
discussedbelow.

The e�ective Hamiltonian H e� ful�lls the relation

Z =


e� � H

�
=



e� � H e�

�
m

;

whereH represents the Hamiltonian of the full system,including counterions and
solvent molecules,h: : : i denotesa canonicaltrace, and the subscript m refersto
a trace with respect to the coordinates and momenta of the microgelsonly.

Within the formalism of linear responsetheory onecan approximately calcu-
late the e�ective potential (for details see[44]). It has the following functional
form:

� � e� (r ) =

8
>>>>>><

>>>>>>:

Z 2 � B
�

h
24

� 2 � 2 � 72
� 3 � 3

�
e� ��

�
1 + 2

��

� 2
+

�
1 � 4

� 2 � 2

� �i
r = 0

Z 2 � B
�

h
24

� 2 � 2 + r
�

�
144

� 4 � 4 � 36
� 2 � 2

�
+ r 3

� 3
12

� 2 � 2

� 72
� 4 � 4

�
r

�
e� ��

�
1 + 2

��

� 2
sinh(�r ) +

�
1 � 4

� 2 � 2

�
(1 � e� �r )

� i
r 6 �

Z 2 � B
�

144
� 4 � 4

�
cosh(�� =2) � 2 sinh( �� =2)

��

� 2
�
r e� �r r > � :

(3.1)
In this equation Z is the net chargenumber of the microgels(possibleManning-
condensedcounterions have been subtracted), � is the diameter of a microgel
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particle, � is the inverseDebye screeninglength, namely,

� =
p

4� Z �� B ;

and � B is the Bjerrum length that denotesthe distanceat which the electrostatic
interaction betweentwo elementary chargesroughly equalsthe thermal energy:

� B =
e2

�k BT
;

whereedenotesthe elementary chargeand � the dielectric constant of the solvent.
The Bjerrum length has the value � B = 0:714nmfor water at room temperature
and is kept �xed at that value in this work. The resulting e�ective potential
shows an explicit density dependencethrough � . It is visualized in the �gures
3.2 and 3.3.
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Figure 3.2: The e�ective interaction potential betweenchargedmicrogelsfor �xed
chargeZ = 200and varying density.

The volume term E0 contains contributions from the counterion degreesof
freedomand is given by:

E0 = ZN kBT
�
ln(Z � � 3) � 1

�
� N

6Z 2e2

��

(
1
5

�
2

� 2� 2
+ (3.2)

6
� 3� 3

�
1 �

4
� 2� 2

+
�

1 +
4

��
+

4
� 2� 2

�
e� ��

� )

� ZN
kBT

2
;
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Figure 3.3: The e�ective interaction potential betweenchargedmicrogelsfor �xed
density �� 3 = 4 and varying Z .

where � is the thermal de Broglie wavelength. Though the volume term has no
in
uence on the correlation functions of the microgelparticles it is an important
contribution to the thermodynamics of the system. The dimensionlessvolume
term � � 3E0=V is depicted in �gure 3.4.

This model neglectsthe steric repulsionthat stemsfrom the overlap between
the monomersof two interacting microgels. If the microgelsare consideredas
homogeneoussphereswith diameter � and monomervolumefraction � the steric
free energyof a singlemicrogel particle is given by [45]

F (1)
st =

V0

vc
kBT

�
1
2

� �
�

� 2;

where V0 = � � 3=6 is the volume of a microgel particle, vc is the volume of a
monomer, and � characterizesthe solvent quality (0 < � < 1=2 represents a
good solvent and � > 1=2 a poor one). The generalizationof the Flory-Huggins
theory to two overlapping microgelswith a center-to-center distancer < � leads
to [31]

F (2)
st (r ) =

2V0

vc
kBT

�
1
2

� �
�

� 2

�
1 �

3
2

� r
�

�
+

1
2

� r
�

� 3
�

+ 2F (1)
st :

Thereforethe steric interaction potential, � st(r ) = F (2)
st (r ) � F (2)

st (1 ), reads

� st(r ) =

(
�

h
1 � 3

2

�
r
�

�
+ 1

2

�
r
�

� 3
i

r 6 �

0 r > � :
(3.3)
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Figure 3.4: The dimensionlessvolume term of chargedmicrogelsfor varying Z .

The pre-factor � is given by

� =
2V0

vc
kBT

�
1
2

� �
�

� 2:

Inserting typical valuesfor PNIPAM microgelsyields an estimate for the range
of � �

1
2

� �
�

. � . 200
�

1
2

� �
�

;

with 0 6 � 6 1=2. The steric interaction potential is visualizedin �gure 3.5.
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3.2 Star Polymers

Star polymersare particles of mesoscopicsize,wheref linear polymer chains are
anchored on a commoncore. The number of \arms" f is called functionality of
the star polymer. The �nite sizeof the core can be neglectedif the chains are
much longer than the diameter of the core. Similar to the procedurein the above
section 3.1, an e�ective interaction potential � sp(r ) between two star polymer
particles can be obtained that depends on the distance between their centers
only [46, 47]. For f & 10 it is given by (see�gure 3.6)

� � sp(r ) =
5
18

f 3=2

8
<

:

� log r
� + 1

1+
p

f =2 r 6 �

�
r (1+

p
f =2) e

�
p

f
2� (r � � ) r > � ;

(3.4)

where� is the coronadiameter. The interaction divergesonly logarithmically at
the origin so this systemis alsoconsideredto be a soft one.
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Figure 3.6: The e�ective interaction potential of star polymers for varying func-
tionalit y f .

3.3 The Gaussian Core Mo del and its General-
ization

The Gaussiancoremodel (GCM) approximates the e�ective interaction between
the centers of massof two polymer chains. The Flory-Krigbaum potential [48]
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that describesthe exact interaction potential betweenpolymer chains is given by

� � FK (r ) = N 2 v2
seg

vsolv

�
3

4� R2
g

� 3=2

(1 � 2� )e
� 3r 2

4R 2
g ;

whereN denotesthe degreeof polymerization (the number of monomersof the
polymer), vseg is the volume of a monomersegment, vsolv the volume of a solvent
molecule,Rg the radius of gyration of the chains, and � characterizesthe quality
of the solvent. The interaction potential of the GCM reads

� GCM (r ) = "e� (r =� )2
; (3.5)

with an energyscale" and a length scale� . The thermodynamicsand the phase
behavior of the GCM have already beenstudied [49, 50].

The generalized Gaussiancore model (GGCM) [51] is a generalizationof the
GCM and is characterizedby the interaction potential

� GGCM � n (r ) = "e� (r =� )n
; (3.6)

where� de�nes the length scaleand " the energyscale.The parametern governs
the steepnessof the repulsion: n = 2 equalsthe GCM and in the limit n ! 1
the interaction potential of the penetrablespheremodel (PSM) is obtained:

� PSM (r ) =
�

" r 6 �
0 r > � :

Figure 3.7 shows the potential of the three models.
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Figure 3.7: The interaction potential of the Gaussiancoremodel (GCM), the pen-
etrable spheremodel (PSM), and the generalizedGaussiancoremodel (GGCM)
for n = 4; 10; 100.
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Chapter 4

Results

4.1 Freezing

4.1.1 Star Polymers

The �rst test of the utilit y of the GA was checking the zero-temperature phase
diagramof star polymersolutionsthat hadalreadybeenpublished[3] (reproduced
in �gure 4.1). That phasediagram was determined by comparing the lattice
sum of 3 di�erent crystal structures - bco, diamond, and A15 (for details see
appendix A). The �rst calculation with the GA was performedwith 1,2, and 8
basisparticles using �tness function (1.10). The GA con�rmed the fcc structure
for low densitiesand the diamond structure for 2 . �� 3 . 2:6 but predicted a
trigonal structure insteadof bco for 1:3 . �� 3 . 1:9. A moredetailed calculation
with a bco, trigonal anddiamondstructure ascandidatesshowedthat the trigonal
structure hasindeeda lower freeenergythan the bcoone(see�gure 4.2). Instead
of the bco structures proposedin [3] for densities�� 3 & 2:6 the GA predicts a
simple hexagonallattice and then a hexagonalclose-packed structure that both
have lower free energiesthan the respective bco structure. The phasediagram
calculatedwith the GA is plotted in �gure 4.3.

An obvious 
a w of the calculations with the GA are the problemsnear the
phasetransition. Closeto the intersection of the free energycurves of the two
competing structures the respective valuesof the �tness function arealmost iden-
tical and both structures propagatein the population. As a consequenceof the
random elements in the algorithm the �nal crystal structure waseither oneof the
two structures or a di�erent onewith a free energyvalue betweenthe oneof the
two competing structures (see�gure 4.4). This problem can easily be overcome
by calculating the freeenergiescloseto the phaseboundaries,usingthe structures
predicted by the GA as candidates.

Another shortcomingis the fact that the GA doesneither �nd any structure
that hasa lower free energythan the A15 structure, nor the A15 structure itself
for densities�� 3 & 4 which led to the conjecturethat indeedthe A15 structure is
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the stable crystal structure for high densities. Thus the zero-temperature phase
diagram wascalculatedusing fcc, trigonal, diamond, hexagonal,hcp, and A15 as
candidatestructures (see�gure 4.5).
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Figure 4.1: The zero-temperature phasediagram of star polymers in reproduced
from [3]. The packing fraction is denotedby � = � �� 3=6 and the functionality of
the star polymersby f .

The inabilit y of the GA to �nd the A15 structure at high densitiesis most
likely due to the high number of local minima near the global minimum. The
values of the reduced free energy becomequite large in these density ranges
(typically � 1500) and the �tness function (1.10) barely discriminates values
that di�er only slightly (� � 5). To improve the performanceof the GA the
�tness function (1.11) was usedwith di�erent functional forms for g(i ):

g(i ) = 1 + ai a 2 f
1
10

;
2
10

;
3
10

g:

With this �tness function the behavior at low generation number i is almost
identical to the oneof (1.10) while small changesin the free energyhave a more
signi�cant impact in later generations(see�gure 4.6) With this enhancement the
GA was able to �nd a structure with eight basisparticles that has a lower free
energyvalue than the oneof an A15 structure (see�gure 4.7). The structure in
thesecasesis a single-facecentered monoclinic lattice with eight basisparticles
(see�gure 4.8).
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Figure 4.2: The freeenergyper volumeasa function of density of a bco, trigonal,
and diamond structure for star polymerswith f = 40.
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Figure 4.3: The zero-temperature phasediagram of star polymers(functionalit y
f vs. density) calculated with the geneticalgorithm. The Symbols indicate the
respective stable crystal structure.
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Figure 4.4: The dimensionlessfree energyper particle asa function of density of
star polymerswith f = 40 for a fcc structure, a trigonal structure, and calculated
with the geneticalgorithm closeto the transition from fcc to trigonal.
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Figure 4.5: The zero-temperature phasediagram (functionalit y f vs. density) of
star polymers calculated using fcc, trigonal, diamond, hexagonal,hcp, and A15
structuresascandidates.The linesdenotethe points wherethe freeenergycurves
intersect.
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Figure 4.8: Unit cell of the crystal structure of a star polymer with f = 100and
�� 3 = 5 found with the GA. The underlying Bravais lattice is single-facecentered
monoclinic.
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4.1.2 Microgels

4.1.2.1 Predictions

The phasebehavior of looselycross-linked microgelswith low monomerdensity,
for which the interaction potential (3.1) was derived, was yet unknown, so the
investigation started with the calculation of the zero-temperature phasediagram
via the genetic algorithm (�gure 4.9) to �nd the possiblecandidates. The free
energyof the solid was calculatedvia lattice sums(seesection2.1.1)
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Figure 4.9: The zero-temperature phasediagram (chargenumber Z vs. density)
of an ionic microgel with � =100nm calculated with the geneticalgorithm. The
symbols denotethe respective stable crystal structure.

It was unclear, whether taking into account the in
uence of entropy on the
freeenergywould have a signi�cant impact on the phasediagram of the solidsfor
T > 0. To investigate this phenomenon,the free energywas calculated via the
Einstein model (seesection2.1.2) and the localization parameter� was included
in the individual to optimize it at the sametime as the lattice parameters. The
calculationsshowedthat the sequenceof crystal structuresasa function of density
stays the samebut the phasebordersareslightly shifted and a narrow bco-region
shows up betweenthe bcc- and the hexagonalregion (see�gure 4.10).

In both casesthe algorithm hasproblemscloseto the phaseboundariesso in
order to obtain their exact locations additional calculations using the predicted
structures as candidatesare required (see�gures 4.12and 4.13).

The Hansen-Verlet criterion [52] predicts a liquid-solid phasetransition where
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Figure 4.10: The phasediagram of an ionic microgel (chargenumber Z vs. den-
sity) with � =100nm calculated with the genetic algorithm using the Einstein
model to calculate the free energy. The crystal structures in the points labeled
\unde�ned" vary rapidly with the density, sono singlestructure can be assigned
to this region. This proved to be no problem sincethe systemwas liquid in this
region.

the main peak of the structure factor S(k) reachesa value of � 2:85. The OZ-
equationwassolvedwith the HNC closurerelation (2.19)and the structure factor
was calculated from the correlation functions. The value of the main peak of
S(k) can be seenin �gure 4.11. According to this criterion a re-entrant melting
transition is predicted at densities 1 & �� 3 & 2:5 and 150 & Z & 250. Re-
entrant melting, where the liquid freezesupon compressionbut becomesliquid
again upon further compression,is onescenariothat can happen in soft systems
(for more details seesection 4.3). The system should be frozen for Z & 300
everywhereexcept for very low densities. The increaseof the �rst peak of the
structure factor upon compressionis typical for all substancesbut the subsequent
decreaseonly happensin soft systemsand hints at a re-entrant melting process.
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Figure 4.11: The valueof the main peakof the structure factor S(k) for microgels
calculatedwith the HNC closureas a function of chargenumber Z and density.
The blue line marks the parametervalueswhereS(k) = 2:85.
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4.1.2.2 Liquid-Solid Phase Diagram

The full liquid-solid phasediagram of microgelswas determined by calculating
the free energyof the solid structures predicted by the GA within the Einstein
approximation and the free energy of the liquid using both the HNC and the
RY closure. The phasediagramscalculated with the HNC closure(�gure 4.12)
and calculated with the RY closure(�gure 4.13) look qualitativ ely similar. The
most notable quantitativ e di�erence is the location of the liquid-fcc-bcc-liquid
transition. The comparisonwith the prediction from the Hansen-Verlet criterion
shows a good agreement for low densitiesbut it fails to predict the double re-
entrant melting at �� 3 � 3.

The coordination number of the crystal structures decreasewith increasing
density from twelve (fcc), eight (bcc), to two (hexagonal, trigonal, and bco).
The correlation functions of the liquid calculatedcloseto the transitions show a
precursorof thesevalues. The number of next neighbors nn:n: in a liquid can be
calculatedvia

nn:n: = 4� �

r cZ

0

r 2g(r )dr;

where r c denotes the position of the �rst minimum of g(r ). The correlation
functions werecalculatedwith the HNC closure. The following state points were
chosento calculate thesevalues:

� �� 3 = 0:3, Z = 200, near the liquid-fcc transition (see�gure 4.14). The
point is marked by \(a)" in �gure 4.12. The number of neighbors is ap-
proximately twelve, i.e. the number of next neighbors in a fcc lattice.

� �� 3 = 2:3, Z = 200, near the bcc-liquid transition (see�gure 4.15). The
point is marked by \(b)" in �gure 4.12. The number of neighbors is ap-
proximately 14, i.e. the sum of the �rst two next neighbors shellsin a bcc
lattice which are very closetogether (eight particles at distance 3

p
2=�

p
3=2

and six particles at distance 3
p

2=� ).

� �� 3 = 3:2, Z = 400, near the liquid-hexagonaltransition (see�gure 4.16).
The point is marked by \(c)" in �gure 4.12. Here the location of the �rst
minimum is hard to �nd due to the shoulderin g(r ) but the next neighbor
number of two in the hexagonallattice is reasonablywell predicted.

� �� 3 = 4:8, Z = 520, near the trigonal-liquid transition (see�gure 4.17).
The point is marked by \(d)" in �gure 4.12. In this casethe �rst minimum
is again pronouncedand the number of neighbors in the liquid is two as in
the trigonal lattice.
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Figure 4.12: Liquid-solid phasediagram (chargenumber Z vs. density) of micro-
gelswith � = 100nm. The propertiesof the liquid phasewerecalculatedwith the
HNC closureand the properties of the solid phasewith the Einstein model. The
circlesmark the points wherethe number of next neighbors were investigated.
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Figure 4.13: Liquid-solid phasediagram (chargenumber Z vs. density) of micro-
gelswith � = 100nm. The properties of the liquid were calculatedwith the RY
closureand the properties of the solid phasewith the Einstein model.
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Figure 4.14: Pair correlation function g(r ) and number of neighbors nn:n:(r c) of
a microgel with �� 3 = 0:3, Z = 200, and � = 100nm. The correlation functions
were calculatedwith the HNC closure.
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Figure 4.15: Pair correlation function g(r ) and number of neighbors nn:n:(r c) of
a microgel with �� 3 = 2:3, Z = 200, and � = 100nm. The correlation functions
were calculatedwith the HNC closure.
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Figure 4.16: Pair correlation function g(r ) and number of neighbors nn:n:(r c) of
a microgel with �� 3 = 3:2, Z = 400, and � = 100nm. The correlation functions
were calculatedwith the HNC closure.
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Figure 4.17: Pair correlation function g(r ) and number of neighbors nn:n:(r c) of
a microgel with �� 3 = 4:8, Z = 520, and � = 100nm. The correlation functions
were calculatedwith the HNC closure.
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4.1.2.3 Lindemann Ratio

The Lindemannparameter[53]L is de�ned asthe root-meansquaredisplacement
of a particle from a lattice site, dueto the harmonicoscillations,over the nearest-
neighbor distancea0:

L =

q
hr 2i �

a0
;

with


r 2

�
�

=

R
dr r 2� (r )

R
dr � (r )

:

For the density (2.10) this expressionbecomes



r 2

�
�

=
3

2�
:

The Lindemann ratio of the crystals encountered in the phase diagrams was
calculated for Z = 300 (�gure 4.18), Z = 350 (�gure 4.19), Z = 400 (�gure
4.20), Z = 450 (�gure 4.21), Z = 500 (�gure 4.22), Z = 550 (�gure 4.23), and
Z = 600(�gure 4.24). The microgeldiameterwas�xed at � = 100nm. Usually, a
Lindemann ratio of 10 to 13%is consideredan indication of a melting transition.
However, this criterion was only used for systemsthat show a steep repulsion
near overlap, accordingly its validit y for soft systemsis not granted.

Similar to the predictionsof the Hansen-Verlet criterion the Lindemannratios
predict the �rst re-entrant melting but fail at the secondone. The crystals are
delocalized very strongly and the stable structures are not the oneswith the
lowest Lindemann ratio. Instead, the crystal structure that has the lowest value
of L asidefrom fcc and bcc is the stable one.
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Figure 4.18: Lindemann ratio of fcc, bcc, hexagonal,trigonal, and bco crystals
of microgelswith Z = 300and � = 100nm.
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Figure 4.19: Lindemann ratio of fcc, bcc, hexagonal,trigonal, and bco crystals
of microgelswith Z = 350and � = 100nm.
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Figure 4.20: Lindemann ratio of fcc, bcc, hexagonal,trigonal, and bco crystals
of microgelswith Z = 400and � = 100nm.
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Figure 4.21: Lindemann ratio of fcc, bcc, hexagonal,trigonal, and bco crystals
of microgelswith Z = 450and � = 100nm.

67



0 1 2 3 4 5 6

rs
3

0

0.05

0.1

0.15

0.2

0.25

0.3

L
fcc
bcc
hexagonal
trigonal
bco

Figure 4.22: Lindemann ratio of fcc, bcc, hexagonal,trigonal, and bco crystals
of microgelswith Z = 500and � = 100nm.
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Figure 4.23: Lindemann ratio of fcc, bcc, hexagonal,trigonal, and bco crystals
of microgelswith Z = 550and � = 100nm.
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Figure 4.24: Lindemann ratio of fcc, bcc, hexagonal,trigonal, and bco crystals
of microgelswith Z = 600and � = 100nm.
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4.1.2.4 Steric In teraction

The inclusion of the steric interaction (3.3) between the microgel particles will
have no impact on the phasebehavior for high values of Z as the interaction
potential that stems from the electrostatic interactions scaleswith Z 2 and the
maximum value of the steric interaction is limited to � . 200. The additional
repulsion from the steric interaction should stabilize the solid and decreasethe
value of Z where re-entrant melting occurs �rst. A su�cien tly large value of �
should lead to two separate
uid phases.The calculation of the phasediagrams
shows that thesee�ects indeedoccur (see�gures 4.25,4.26,and 4.27)
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Figure 4.25: Low density part of the phasediagram of an ionic microgel (charge
number Z vs. density) including steric interactions. The systemparametersare
� = 100nm and � = 50. The properties of the liquid phasewere calculatedwith
the HNC closure.
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Figure 4.26: Low density part of the phasediagram of an ionic microgel (charge
number Z vs. density) including steric interactions. The systemparametersare
� = 100nm and � = 70. The properties of the liquid phasewere calculatedwith
the HNC closure.
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Figure 4.27: Low density part of the phasediagram of an ionic microgel (charge
number Z vs. density) including steric interactions. The systemparametersare
� = 100nm and � = 100. The propertiesof the liquid phasewerecalculatedwith
the HNC closure.
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4.2 Layer Transition

The aim of the investigationsof layered systemswas to study the formation of
three-dimensionallattices out of a few layers as well as the transition from (n)
to (n + 1) layers. The constituent particles of the system were chosen to be
polymers with GCM interaction potential (3.5) becausethe phasebehavior of
the bulk systemis already known [49]: the stable crystal structures of the three-
dimensionalsystemare fcc and bcc. The zero-temperature solid phasediagram
of the bulk systemis as follows:

� fcc for 0 6 �� 3 < 0:1794

� phasecoexistencebetweenfcc and bcc for 0:17946 �� 3 6 0:1798

� fcc for 0:1798< �� 3

Both fcc and bcc lattices can be realized as stacked two-dimensional lattices,
which will be shown in the following paragraphs:

fcc lattice

� Square : The two-dimensionallattice is a squarelattice with a lattice pa-
rameter of a and each layer is displacedby (a=2; a=2). If the distancebe-
tweentwo layers is a=

p
2 then the resulting three-dimensionallattice built

up by an in�nite number of layers is a fcc lattice with lattice constant
p

2a
(see�gure 4.28).

� Rectangular : The two-dimensional lattice is a rectangular lattice with
the lattice parametersa and a=

p
2 and each layer is displacedby half of

the diagonal. If the distancebetweentwo layers is a=
p

8 then the resulting
three-dimensionallattice built up by an in�nite number of layers is a fcc
lattice with lattice constant a (see�gure 4.29).

� Hexagonal : The two-dimensionallattice is a hexagonallattice with lattice
parameter a and each layer is displacedby (a=2; a=

p
12). If the distance

between two layers is
p

2=3a then the resulting three-dimensionallattice
built up by an in�nite number of layers is a fcc lattice with lattice constantp

2a (see�gure 4.30).

bcc lattice

� Square : The two-dimensionallattice is a squarelattice with a lattice pa-
rameter of a and each layer is displaced by (a=2; a=2). If the distance
betweentwo layers is a=2 then the resulting three-dimensionallattice built

73



d aa

Figure 4.28: The representation of a fcc lattice by layered squarelattices. The
particles in di�erent layershave di�erent colorsand the two-dimensionalunit cell
is drawn in red.

up by an in�nite number of layers is a bcc lattice with lattice constant a
(see�gure 4.31).

� Centered Rectangular : The two-dimensionallattice is a centered rectan-
gular lattice with lattice parametersa and

p
2a and each layer is displaced

by a=
p

2 in the direction of the longer primitiv e vector. If the distancebe-
tweentwo layers is a=

p
2 then the resulting three-dimensionallattice built

up by an in�nite number of layers is a bcc lattice with lattice constant a
(see�gure 4.32).

� Hexagonal : The two-dimensionallattice is a hexagonallattice with lattice
parameter a and each layer is displacedby (a=2; a=

p
12). If the distance

between two layers is a=
p

24 then the resulting three-dimensionallattice
built up by an in�nite number of layersis a bcc lattice with lattice constant
a=

p
2 (see�gure 4.33).

The structures that are expectedare summarizedin table 4.1.
The layersare assumedto be con�ned by hard walls which are separatedby a

distanceD and the �rst and last layer are locateddirectly in the walls (for details
see1.3.1.3). The calculationswere carried out at �xed bulk number density �� 3
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Figure 4.29: The representation of a fcc lattice by layered rectangular lattices.
The particles in di�erent layershave di�erent colorsand the two-dimensionalunit
cell is drawn in red.

and wall distanceD. The wall distancewas increasedfrom � to 10� in intervals
of � =2. The following numbers of layers were considered:n l 2 f 2; 3; 4; 5; 6; 7; 8g.
The free energywasapproximated via lattice sumsand all results wereobtained
by the GA with a subsequent hill climbing search algorithm.

In the following sectionsthe results are presented in detail for densities0:1,
0:2, and 0:5. To identify the bulk crystal structure the layered arrangement is
more similar to, the respective ratio of layer distance d to lattice constant a is
calculatedand comparedto the valuesin table 4.1.
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a

d

Figure 4.30: The representation of a fcc lattice by layeredhexagonallattices. The
particles in di�erent layershave di�erent colorsand the two-dimensionalunit cell
is drawn in red.

lattice layer layer
2-D structure parameters displacement distance 3-D structure

square a (a=2; a=2) d=a= 1=
p

2 �= 0:71 fcc
square a (a=2; a=2) d=a= 1=2 = 0:5 bcc

rectangular a;a=
p

2 (a=2; a=
p

8) d=a= 1=
p

8 �= 0:35 fcc
centered

rectangular a;
p

2a (a=
p

2; 0) d=a= 1=
p

2 �= 0:71 bcc

hexagonal a (a=2; a=
p

12) d=a=
p

2=3 �= 0:82 fcc
hexagonal a (a=2; a=

p
12) d=a= 1=

p
24 �= 0:20 bcc

Table4.1: The summaryof the parametersof the expectedlayeredarrangements.
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Figure 4.31: The representation of a bcc lattice by layered squarelattices. The
particles in di�erent layershave di�erent colorsand the two-dimensionalunit cell
is drawn in red.
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Figure 4.32: The representation of a bcc lattice by layered centered rectangu-
lar lattices. The particles in di�erent layers have di�erent colors and the two-
dimensionalunit cell is drawn in red.
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Figure 4.33: The representation of a bcc lattice by layered hexagonallattices.
The particles in di�erent layers have di�erent colors and the two-dimensional
unit cell is drawn in red.
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4.2.1 Layer transition for �� 3 = 0:1

At a density of �� 3 = 0:1 the bulk systemfreezesinto a fcc lattice. The number
of layers for the stable layered arrangement rangesfrom two (for D = � ) to six
(for D = 10� ). Even though the distancebetweenthe layersare freeparameters,
the GA predicts that the layers are located equally spacedbetweenthe top and
the bottom layer. The free energy of the layered system as a function of wall
distancecan be seenin �gure 4.34 and the details of the layered con�gurations
are presented in tables 4.2, 4.3, and 4.4.

At low distancesD . 3:0� the stable layered arrangement is characterized
by two layers. First the two-dimensionalBravais lattice is rectangular, which is
then followed by a squarelattice upon increasingwall distance. The increasing
ratio of the two rectangularsides,b=a, could hint at a continuoustransformation
from the rectangular to the squarelattice which could be veri�ed by additional
calculations. For wall distancesD & 2:5� the two layers are arranged in a
hexagonallattice. In all cases,the parametersof the equilibrium structures are
closerto a fcc lattice than to a bcc lattice.

As the wall distance increases,the area density in the layers increasesand
the insertion of a new layer lowers this value. Therefore more and more layers
appear in the stablearrangement. The respective stablearrangement canbe seen
in �gure 4.34: it is the one with the lowest free energy. With two exceptions,
the �rst two-dimensionalBravais lattice is squarewhen the respective number is
reached, then a transition to a hexagonallattice occurs,and �nally an additional
layer is formed and the two-dimensionallattice is squareagain. The parameters
of all thesecon�gurations indicate a fcc-like structure. The two exceptionsare
centered rectangular lattices at wall distances6� and 8� . In those casesthe
parametersindicate a bcc-like structure.

Aside from two rogueresults the layers are arrangedin a fashioncloseto the
three-dimensionallattice of the bulk system.
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Figure 4.34: The free energyper particle � F=N of a layered system with bulk
number density �� 3 = 0:1 as a function of wall distance D=� . The di�erent
curvescorrespond to a di�erent number of layersnl . Details of the structurescan
be found in tables 4.2, 4.3, and 4.4.
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D=� nl 2-D structure layer displacement layer distance

1.0 2 rectangular, b=a= 0:62
1

2 d=a= 0:18

1.5 2 rectangular, b=a= 0:76
1

2 d=a= 0:16

2.0 2 square,a=� = 3:16

1

2

d=a= 0:63

2.5 2 hexagonal,a=� = 3:04 2
1

d=a= 0:82

3.0 2 hexagonal,a=� = 2:77 2
1

d=a= 1:08

3.5 3 square,a=� = 2:93

1,3

2

d=a= 0:60

4.0 3 square,a=� = 2:74

1,3

2

d=a= 0:73

Table 4.2: Structural details of the stable layeredarrangements of a systemwith
�xed bulk number density �� 3 = 0:1. The wall distance is denoted by D, the
number of layers by nl , the distance between two layers by d, and the lattice
parametersby a and b. All numerical valuesare rounded to two digits.
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D=� nl 2-D structure layer displacement layer distance

4.5 3 hexagonal,a=� = 2:77
3
2
1

d=a= 0:81

5.0 3 hexagonal,a=� = 2:63
3
2
1

d=a= 0:95

5.5 4 square,a=� = 2:70

1,3

2,4

d=a= 0:68

6.0 4 centered rectangular, b=a= 0:86 2,4

1,3

d=a= 0:59

6.5 4 hexagonal,a=� = 2:67
3
2
1,4

d=a= 0:81

7.0 4 hexagonal,a=� = 2:57
3
2
1,4

d=a= 0:91

7.5 5 square,a=� = 2:58

1,3,5

2,4

d=a= 0:73

Table 4.3: Structural details of the stable layeredarrangements of a systemwith
�xed bulk number density �� 3 = 0:1. The wall distance is denoted by D, the
number of layers by nl , the distance between two layers by d, and the lattice
parametersby a and b. All numerical valuesare rounded to two digits.
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D=� nl 2-D structure layer displacement layer distance

8.0 5 centered rectangular, b=a= 0:75 2,4

1,3,5

d=a= 0:65

8.5 5 hexagonal,a=� = 2:61
3
2,5
1,4

d=a= 0:82

9.0 5 hexagonal,a=� = 2:53
3
2,5
1,4

d=a= 0:89

9.5 6 square,a=� = 2:51

1,3,5

2,4,6

d=a= 0:76

10.0 6 hexagonal,a=� = 2:63
3,6
2,5
1,4

d=a= 0:76

Table 4.4: Structural details of the stable layeredarrangements of a systemwith
�xed bulk number density �� 3 = 0:1. The wall distance is denoted by D, the
number of layers by nl , the distance between two layers by d, and the lattice
parametersby a and b. All numerical valuesare rounded to two digits.
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4.2.2 Layer transition for �� 3 = 0:2

The density �� 3 = 0:2 represents a state that is closeto the transition from fcc to
bcc in the bulk systembut already in the bcc region. Comparedto the systemat
a density of �� 3 = 0:1, the transitions to an increasingnumber of layersis shifted
to a lower wall distanceand at high wall distances,seven layers start to appear.
Again, the GA predicts that the layers are separatedby an equal distance to
each other. The freeenergyof the layeredsystemasa function of wall distanceis
depicted in �gure 4.35and the details of the layeredcon�gurations are speci�ed
in tables 4.5, 4.6, and 4.7.

The sequenceof two-dimensionalBravaislattices for a �xed number of layersis
similar to the behavior at �� 3 = 0:1: �rst a stablesquarelattice, then a hexagonal
lattice, and then a transition to a squarelattice with oneadditional lattice. All
con�gurations are fcc-like. The exceptionsare centered rectangular lattices for
D = 6� and 6:5� with nl = 5 which corresponds to a bcc-like arrangement.

In this casethe majorit y of the con�gurations of the layers do not corre-
spond to the crystal structure of the bulk systembut the proximit y to the phase
transition could be responsiblefor this e�ect.
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Figure 4.35: The free energyper particle � F=N of a layered system with bulk
number density �� 3 = 0:2 as a function of wall distance D=� . The di�erent
curvescorrespond to a di�erent number of layersnl . Details of the structurescan
be found in tables 4.5, 4.6, and 4.7.
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D=� nl 2-D structure layer displacement layer distance

1.0 2 rectangular, b=a= 0:70
1

2 d=a= 0:26

1.5 2 square,a=� = 2:58

1

2

d=a= 0:58

2.0 2 hexagonal,a=� = 2:40 2
1

d=a= 0:83

2.5 2 hexagonal,a=� = 2:15 2
1

d=a= 1:16

3.0 3 square,a=� = 2:24

1,3

2

d=a= 0:67

3.5 3 hexagonal,a=� = 2:22
3
2
1

d=a= 0:79

4.0 3 hexagonal,a=� = 2:08
3
2
1

d=a= 0:96

Table 4.5: Structural details of the stable layeredarrangements of a systemwith
�xed bulk number density �� 3 = 0:2. The wall distance is denoted by D, the
number of layers by nl , the distance between two layers by d, and the lattice
parametersby a and b. All numerical valuesare rounded to two digits.
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D=� nl 2-D structure layer displacement layer distance

4.5 4 square,a=� = 2:1

1,3

2,4

d=a= 0:71

5.0 4 hexagonal,a=� = 2:15
3
2
1,4

d=a= 0:78

5.5 4 hexagonal,a=� = 2:05
3
2
1,4

d=a= 0:89

6.0 5
centered rectangular,
b=a= 0:89

2,4

1,3,5

d=a= 0:55

6.5 5
centered rectangular,
b=a= 0:68 2,4

1,3,5

d=a= 0:71

7.0 5 hexagonal,a=� = 2:03
3
2,5
1,4

d=a= 0:86

7.5 5 hexagonal,a=� = 1:96
3
2,5
1,4

d=a= 0:96

Table 4.6: Structural details of the stable layeredarrangements of a systemwith
�xed bulk number density �� 3 = 0:2. The wall distance is denoted by D, the
number of layers by nl , the distance between two layers by d, and the lattice
parametersby a and b. All numerical valuesare rounded to two digits.
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D=� nl 2-D structure layer displacement layer distance

8.0 6 hexagonal,a=� = 2:08
3,6
2,5
1,4

d=a= 0:77

8.5 6 hexagonal,a=� = 2:02
3,6
2,5
1,4

d=a= 0:84

9.0 6 hexagonal,a=� = 1:96
3,6
2,5
1,4

d=a= 0:92

9.5 7 hexagonal,a=� = 2:06
3,6
2,5
1,4,7

d=a= 0:77

10.0 7 hexagonal,a=� = 2:01
3,6
2,5
1,4,7

d=a= 0:83

Table 4.7: Structural details of the stable layeredarrangements of a systemwith
�xed bulk number density �� 3 = 0:2. The wall distance is denoted by D, the
number of layers by nl , the distance between two layers by d, and the lattice
parametersby a and b. All numerical valuesare rounded to two digits.
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4.2.3 Layer transition for �� 3 = 0:5

The stable crystal structure of the bulk systemis bcc at a density of �� 3 = 0:5.
The maximum number of layers in the stable con�guration is eight which occurs
at a wall distanceD & 9:5� . The GA predicts that the layers are located evenly
distributed between the top and the bottom layer as in the two previous cases.
The free energyof the layeredsystemas a function of wall distancecan be seen
in �gure 4.36and the details of the layeredcon�gurations are presented in tables
4.8, 4.9, and 4.10.

At a wall distanceof D = � the two layers are arranged in a squarelattice
which corresponds to a bcc-like con�guration. With increasing wall distance
the lattice in the two layers becomeshexagonal. This arrangement resembles
more a fcc lattice, similar to the two previouscases.For three layers and more,
the sequenceof structures is throughout as follows: (n l ) layers with a centered
rectangularlattice, then (nl ) layerswith a hexagonallattice, and then a transition
to (nl + 1) layers with a centered rectangular lattice. In somecasesone of the
two con�gurations is missingwhich is likely due to the step sizeof � =2 between
two subsequent casesstudied, which might be too coarsein these cases. The
arrangements with the square lattice and the centered rectangular lattices are
bcc-like while the oneswith hexagonallattices are fcc-like.

Although the chosendensity value leadsto a bcc crystal in the bulk phase,
the layeredsystemis arrangedboth fcc- and bcc-like.
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Figure 4.36: The free energyper particle � F=N of a layered system with bulk
number density �� 3 = 0:5 as a function of wall distance D=� . The di�erent
curvescorrespond to a di�erent number of layersnl . Details of the structurescan
be found in tables 4.8, 4.9, and 4.10.
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D=� nl 2-D structure layer displacement layer distance

1.0 2 square,a=� = 2:00

1

2

d=a= 0:50

1.5 2 hexagonal,a=� = 1:75 2
1

d=a= 0:85

2.0 2 hexagonal,a=� = 1:52 2
1

d=a= 1:32

2.5 3 centered rectangular, b=a= 0:67 2

1,3

d=a= 0:70

3.0 3 hexagonal,a=� = 1:52
3
2
1

d=a= 0:99

3.5 4 centered rectangular, b=a= 0:70 2,4

1,3

d=a= 0:65

4.0 4 hexagonal,a=� = 1:52
3
2
1,4

d=a= 0:88

Table 4.8: Structural details of the stable layeredarrangements of a systemwith
�xed bulk number density �� 3 = 0:5. The wall distance is denoted by D, the
number of layers by nl , the distance between two layers by d, and the lattice
parametersby a and b. All numerical valuesare rounded to two digits.
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D=� nl 2-D structure layer displacement layer distance

4.5 4 hexagonal,a=� = 1:43
3
2
1,4

d=a= 1:05

5.0 5 hexagonal,a=� = 1:52
3
2,5
1,4

d=a= 0:82

5.5 5 hexagonal,a=� = 1:45
3
2,5
1,4

d=a= 0:95

6.0 5 hexagonal,a=� = 1:39
3
2,5
1,4

d=a= 1:08

6.5 6 centered rectangular, b=a= 0:64 2,4,6

1,3,5

d=a= 0:85

7.0 6 hexagonal,a=� = 1:41
3,6
2,5
1,4

d=a= 1:00

7.5 7 centered rectangular, b=a= 0:65 2,4,6

1,3,5,7

d=a= 0:80

Table 4.9: Structural details of the stable layeredarrangements of a systemwith
�xed bulk number density �� 3 = 0:5. The wall distance is denoted by D, the
number of layers by nl , the distance between two layers by d, and the lattice
parametersby a and b. All numerical valuesare rounded to two digits.
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D=� nl 2-D structure layer displacement layer distance

8.0 7 centered rectangular, b=a= 0:63 2,4,6

1,3,5,7

d=a= 0:90

8.5 7 hexagonal,a=� = 1:38
3,6
2,5
1,4,7

d=a= 1:03

9.0 8 centered rectangular, b=a= 0:64
1,3,5,7

2,4,6,8 d=a= 0:85

9.5 9 hexagonal,a=� = 1:39
3,6

1,4,7
2,5,8 d=a= 0:97

10.0 9 hexagonal,a=� = 1:36
3,6

1,4,7
2,5,8 d=a= 1:05

Table4.10: Structural details of the stablelayeredarrangements of a systemwith
�xed bulk number density �� 3 = 0:5. The wall distance is denoted by D, the
number of layers by nl , the distance between two layers by d, and the lattice
parametersby a and b. All numerical valuesare rounded to two digits.
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4.2.4 Summary

The arrangement of the particles in the layers is in
uenced by the stable bulk
crystal structure but not completely dominated by it. This could be due to
the small di�erence in the free energy between the fcc and the bcc lattice in
the bulk phase(see�gure 4.37) and the e�ects of the con�nement even at large
wall distances.The typical sequenceat low bulk densities- (n l ) layers of square

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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-0.0004
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bcc

Figure 4.37: The di�erence of the freeenergyper particle betweena fcc and a bcc
lattice for a systeminteracting via the GCM. The free energywasapproximated
by lattice sums.

lattices, (nl ) layers of hexagonallattices, and (nl + 1) layers of squarelattices
- was also found experimentally for a con�ned system of polystyrene particles
[54], that freezeinto a fcc crystal without con�nement. The centered rectangular
lattices that occur at higher densitieshave alsobeenfound in simulations [55,56]
and experiments [57]. The prism shaped arrays that were observed in [57] can
not occur in the calculations performed here becausethese phasescan not be
described the parametrization usedhere, i.e. by layers that have the sametwo-
dimensionalstructure.

Even though it is encouragingthat the calculations yield results that have
alreadybeenobserved in simulations and experiments, a quantitativ e comparison
requiresthe following improvements to the model usedhere:

� A more sophisticated model for the calculation of the free energy of the
layeredsystemsis required.
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� A systemwherethe freeenergydi�erence betweena fcc and a bcc is larger
will certainly lead to a more pronounceddi�erence in the sequenceof two-
dimensionallattices in the bcc-region.

� A modi�ed parametrization of the layered structures that includes also
prism phaseswould make it possible for these phasesto appear in the
phasediagrams. This could be achieved by introducing basisparticles that
can have (small) component perpendicular to the layer.

All theseimprovements should lead to more speci�c predictions and alsoallow a
more direct comparisonto experiments.
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4.3 Clustering

Soft systemscan show two di�erent scenariosupon compression[58]: re-entrant
melting and clustering. A liquid that shows re-entrant melting freezeswhen
compressedbut melts again if the density reachesa certain threshold. Systems
that cluster undergoa clustering transition whereclustersof particles are formed
in which the particlesarelocatednearlyon top of each other. This e�ect manifests
itself in a pronouncedpeak at r = 0 in the radial distribution function g(r ) (see
�gure 4.38).

0 1 2 3 4
r/s

0

10

20

30

40

g(
r)

Figure 4.38: Radial distribution function g(r ) of a system with �� 3 = 9, and
T � = 1. The particles interact via the potential of the generalizedGaussiancore
model, equation (3.6), with index 4. The correlation functions were obtained by
a canonicalMC simulation with 4664particles. The diameter of the particles is
denotedby � . The data were kindly provided by B.M. Mladek.

Basedon a mean �eld picture it has beenshown that the Fourier transform
~�( k) of the interaction potential �( r ) determineswhich of the two scenariosis
realized[58]:

� If ~�( k) is positive for all k, then the systemshows re-entrant melting (Q+ -
class).

� If ~� (k) attains negativevalues,then the systemshowsclustering(Q� -class).

The number of particles in a cluster is called cluster sizenc and is predicted to
scalelinearly with the density [58]:

nc = � �:

94



In non-clusteredcrystals the lattice constant l scaleswith 1= 3
p

� , while it is inde-
pendent of the density in clusteredcrystals:

l / 3
p

V = 3

s
N
�

/ 3

r
nc

�
= 3

p
� = const:

The lattice constant of clusteredcrystals is uniquely determinedby the functional
form of the interaction potential alone.

According to the criterion above the generalizedGaussiancore model shows
re-entrant melting for n 6 2 and clustering for n > 2 [59]. To �nd the ground

0 10 20
ks
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3

4

F
(k

)
~

Figure 4.39: Fourier transform of the interaction potential of the GGCM with
index 4 asa function of wave vector k.. The negative contributions indicate that
this systemshould show clustering. The diameter of the particles is denotedby
� .

state for the clusteredcrystal structures, calculationswere donewith the GA at
T = 0. The interaction potential was that of the GGCM with varying index
n. The cluster sizenc was encoded in the individual and crystal structures with
oneand two basisparticles were considered.The free energywas calculated via
lattice sums(seesection2.1.1) and �tness function (1.10) was used.

The resulting crystal structures were either bcc or fcc with the transition
betweenthosetwo structuresoccurring nearindex n �= 3 (see�gure 4.40). Similar
to the star polymer and microgel casethe behavior of the GA near the phase
transition wasrather unreliable. The GA wasable to predict the expectedlinear
dependenceof the cluster sizeon the density � for all valuesof n (see�gure 4.41).
The slope of thesecurvesdecreaseswith increasingn.

95



0 2 4 6 8 10

rs
3

2

3

4

5

6

7

n

bcc
fcc

Figure 4.40: Zero-temperaturephasediagramof the GGCM (index n vs. density)
calculatedwith a geneticalgorithm including clustering. The symbols denotethe
respective stable crystal structure.

Basedon the knowledgeof the ground state crystal structures, calculations
at T > 0 can be performedusing bcc and fcc structures as candidates. The free
energyof the solid structures wascalculatedwith a mean�eld density functional
theory (DFT). The particles are assumedto be located accordingto a Gaussian
distribution around the cluster centers, wherethe density of the particles hasthe
form

� (r ) = nc

� �
�

� 3=2 X

f R g

e� � (r � R )2
= nc~� (r ); (4.1)

� is the localization parameterof the Gaussianand f Rg denotesthe set of posi-
tions of the Nc centers of the clusters in the crystal. The excesspart of the free
energyis given by equation (2.12) and the ideal contribution to the free energy
is obtained by evaluating

F id=N =
1
N

Z
dr � (r ) [log� (r ) � 1]

=
1

Ncnc

Z
dr nc~� (r ) [log(nc~� (r )) � 1]

= lognc
1

Nc

Z
dr ~� (r )

| {z }
=1

+
1

Nc

Z
dr [log ~� (r ) � 1] :
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Figure 4.41: The cluster sizenc as a function of density for di�erent n-valuesof
the crystals in �gure 4.40predicted by the GA for the GGCM-n potential.

The last term can be approximated by

1
Nc

Z
dr [log ~� (r ) � 1] �=

3
2

log
�
�

�
3
2

if the Gaussians(4.1) do not overlap, which is ful�lled for � & 50. For lower values
of � this expressionhas to be calculated numerically. The minimum of the free
energyboth with respect to the cluster sizenc and the localization parameter �
de�nes the parametersof the equilibrium stateat a givendensity and temperature
(see�gure 4.42). A lower bound of 1 for the cluster sizewas introduceddue to
physical reasonsand a lower bound of 10 for the localization parameter � had
to be usedas for such a weak localization onecan hardly considerthe systemto
be solid. Someof the results are in
uenced by this choiceas can be seenat low
densitiesin the �gures below.

To obtain an estimate of the transition density from the liquid to the clus-
tered crystal, the free energyof the liquid was calculatedwith the MSA closure.
Although the distribution functions can have unphysical valuesfor high densities
[59] the results in the region wherethe transition occursare not a�ected by this
de�ciency. The error stems from the fact that ~h(k), the Fourier transform of
h(r ), is divergent and in the transformation into real spacenumerical errors oc-
cur. Thesenumericalerrorsmanifest themselvesin large jumps in the freeenergy
as a function of the density.

The following calculationswerecarried out: the freeenergyof a clusteredfcc
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Figure 4.42: The free energy per particle F=N as a function of cluster size nc

and localization parameter � for clusteredfcc crystal with density �� 3 = 6. The
particlesinteract via a GGCM with index6 and " = 1. Contour linesareindicated
in the (� ; nc)-plane. The distanceof the contour lines is 0:2 and the inner line
refersto a free energyvalue of 10:1.

crystal, a clusteredbcc crystal, and the liquid phasewere computed, as well as
the cluster sizenc and the localization parameter� of the two crystal structures.
The indicesn 2 f 4; 7; 10g and the pre-factors " 2 f 1; 2; 10g were consideredfor
the potential (3.6). The results are depicted in �gures 4.43 to 4.57. The insets
in the �gures show the freeenergydi�erence of the three competing phasesclose
to the phasetransitions.
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Figure 4.43: left : Freeenergyof a GGCM-systemwith n = 4 and" = 1 calculated
with DFT for the solid phasesand the MSA closurefor the liquid phase.righ t :
The samefor " = 2.
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Figure 4.44: The cluster sizenc of the crystals consideredin �gure 4.43.

0 5 10 15 20

rs
3

0

50

100

150

200

a

fcc
bcc

0 5 10 15 20

rs
3

0

50

100

150

200

250

300

a

fcc
bcc

Figure 4.45: The localization parameter � of the crystals consideredin �gure
4.43.
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Figure 4.46: left : Free energy of a GGCM-system with n = 4 and " = 10
calculated with DFT for the solid phasesand the MSA closure for the liquid
phase.righ t : The samefor n = 7, " = 1.
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Figure 4.47: The cluster sizenc of the crystals consideredin �gure 4.46.
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Figure 4.48: The localization parameter � of the crystals consideredin �gure
4.46.
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Figure 4.49: left : Freeenergyof a GGCM-systemwith n = 7 and" = 2 calculated
with DFT for the solid phasesand the MSA closurefor the liquid phase.righ t :
The samefor " = 10.
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Figure 4.50: The cluster sizenc of the crystals consideredin �gure 4.49.
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Figure 4.51: The localization parameter � of the crystals consideredin �gure
4.49.
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Figure 4.52: left : Free energy of a GGCM-system with n = 10 and " = 1
calculated with DFT for the solid phasesand the MSA closure for the liquid
phase.righ t : The samefor " = 2.
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Figure 4.53: The cluster sizenc of the crystals consideredin �gure 4.52.
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Figure 4.54: The localization parameter � of the crystals consideredin �gure
4.52.
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Figure 4.55: Free energyof a GGCM-systemwith n = 10 and " = 10 calculated
with DFT for the solid phasesand the MSA closurefor the liquid phase.
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Figure 4.56: The cluster sizenc of the crystals consideredin �gure 4.55.
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Figure 4.57: The localization parameter � of the crystals consideredin �gure
4.55.

103



The cluster sizenc and the localization parameter� seemto have a linear de-
pendenceon the density above the transition density. Thereforelinear regression
was applied to the data points. The slope of the line, kf cc or kbcc, that approxi-
matesthe cluster sizeasa function of the density shows a very weak dependence
on the pre-factor " and a non-linear dependenceon the index n (see�gure 4.58),
while the slope of the line that approximates the localization parametershows a
linear dependenceboth on the index n (see�gure 4.59)and on " (see�gure 4.60).
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Figure 4.58: The slope k of a linear regressionof the cluster size{density curve
as a function of pre-factor " .
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Figure 4.59: The slope k of a linear regressionof the localization parameter{
density curve asa function of pre-factor " .
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Figure 4.60: The slope k of a linear regressionof the localization parameter{
density curve asa function of index n.

Due to the erratic behavior of the MSA closurefor densitiesbeyond the es-
timated transition, the calculation of a full phase diagram was very hard to
accomplish. Up to now it was successfulfor the index n = 4 (see�gure 4.61).
A more accurateand reliable description of the liquid phasewill certainly lead
to a wider rangeof parameterswherea liquid-clustered crystal transition can be
predicted.

The results obtained by this mean �eld density functional theory, such as
cluster size, and the location of phasetransitions, are in good agreement with
simulations on a quantitativ e level [60].
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of the coexistenceregion and the dotted line denotesthe point wherethe liquid
and the solid free energycurves intersect. The calculation of a double tangent
was not possiblein this region.
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Conclusions

In this work a new approach to predict equilibrium crystal structures in freezing
transitions was introduced and applied to selectedproblems in soft condensed
matter theory.

In this method the equilibrium crystal lattice was found via a genetic algo-
rithm. According to the strategy of GAs, the crystal lattice was encoded in an
individual in binary form. The individuals are evaluated via a �tness function
that assignsa higher value to lattices with a lower free energy. Individuals with
a higher �tness value propagatefaster than oneswith a lower �tness value. The
results obtained in this way were re�ned with a subsequent hill climbing search
algorithm to compensatethe discreterepresentation induced by the binary rep-
resentation of the individual.

This technique has demonstrated its power and versatility in a number of
di�erent problems. Consideringdi�erent freezingtransitions, it was possibleto
demonstratethat this procedureis indeedsuperior to the conventional approach
to determinesolid equilibrium structures in freezingprocesses,that relieson an
a priori selectionof possiblecandidatestructures.

The �rst application wasdedicatedto a revisionof the phasediagram of neu-
tral star polymersthat wasalready publishedin literature. Indeedthe GA could
�nd newequilibrium structures that had not beenconsideredin the conventional
approach. Secondly, the phasebehavior of ionic microgelswas investigated. The
properties of the solid phasewere calculated with the Einstein model and the
localization parameter was successfullyincluded in the individual where it was
optimized together with the lattice parameters. Using the structures predicted
in this way and calculating the properties of the liquid phasewith integral equa-
tion theories,the full liquid-solid phasediagramwasobtained. Crystal structures
such as bco, trigonal, and hexagonallattices were found to be stable, that have
been consideredup to date as unusual for systemsthat interact via a radially
symmetric pair potential. Two regionsof re-entrant melting were discovered in
the phasediagram,which hasnot beenencountered before. The freezingcriterion
by Hansenand Verlet, as well as the melting criterion of Lindemann were able
to predict the �rst re-entrant melting transition on a qualitativ e level but failed
to predict the secondtransition which occursat densitieswell above the overlap
density.
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However, closeto the transitions between two phasesthe free energiesand
thus the �tness valuesof the competing phasesbecomealmost identical and due
to the randomnessinvolved in the genetic algorithm, both structures might be
consideredasthe equilibrium structure. Thereforethe exact location of the tran-
sition is impossibleto compute with the GA but can be calculated separately
using the structures predicted in the proximit y of the transition as candidates.
Furthermore, problemsarosewhencrystal structureswith a high number of basis
particles (typically eight and more) were considered. With the help of a modi-
�ed �tness function, convergencecould be achieved for lattices with eight basis
particles.

The results for systemsthat consistof parallel layers of two-dimensionallat-
tices showed the same sequenceof structures for increasing distance between
the top and bottom layer as experiments and simulations but unfortunately the
model that wasusedwas too simple to allow a quantitativ e comparison.A more
realistic model and an improved parametrization of the lattices shouldbe able to
remedythis shortcoming.

A systemthat interacts via a generalizedGaussiancoremodel wasalsostud-
ied. For this system a clustering transition was predicted upon compression,
whereclustersof particles are formed that sit nearly on top of each other. These
clusters form regular lattices, such as fcc or bcc. It was possibleto con�rm the
predicted linear dependenceof the cluster sizeon the density and to calculatea
phasediagramthat includesthe liquid phaseand two crystalline clusteredphases.
The theoretical calculationswerein good agreement with data from Monte Carlo
simulations.

Basedon the experiencegained,the GA could certainly be applied to a num-
ber of other problemsin condensedmatter theory, such as:

� Calculations with more sophisticatedtheories for the solid phase,ranging
from density functional theory to ab initio calculations.

� Phasetransitions under extreme conditions that are not accessibleto ex-
periments.

� The formation of clustersand the arrangement of particles in the clusters.

� Phasebehavior of soft matter.
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App endix A

Three-Dimensional Bra vais
Lattices and Crystal Structures

A three-dimensionallattice is de�ned by threeprimitiv evectorsa; b; c that create
all points of the lattice f R ng via

f R ng = ia + j b + kc i; j; k 2 Z:

Dependingon the symmetry transformationsthat transform the lattice into itself
onecandiscernseven crystal systems.An axis is calledn-fold symmetry axis, if a
rotation by angle� = 2� =n around the axis transformsthe lattice into itself. The
seventhree-dimensionalcrystal systemshavedi�erent symmetry transformations:

2-fold axes 3-fold axes 4-fold axes 6-fold axes �
cubic 9 4 3 0 16
hexagonal 7 1 0 1 9
tetragonal 5 0 1 0 6
trigonal 3 1 0 0 4
orthorhombic 3 0 0 0 3
monoclinic 1 0 0 0 1
triclinic 0 0 0 0 0

Ev-

ery Bravais lattice belongsexactly to one crystal system but since these sym-
metry properties can be ful�lled by more than one lattice there are fourteen
three-dimensionalBravais lattices.
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Figure A.1: Cubic conventional cell and its symmetry axes

A.1 Cubic Lattices
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A.2 Hexagonal Lattice

Figure A.2: Hexagonalconventional cell and its symmetry axes
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A.3 Tetragonal Lattices

Figure A.3: Tetragonalconventional cell and its symmetry axes
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A.4 Trigonal Lattice

Figure A.4: Trigonal conventional cell and its symmetry axes
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A.5 Orthorhom bic Lattices

Figure A.5: Orthorhombic conventional cell and its symmetry axes
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Bo dy-Cen tered Orthorhom bic (b co)
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3=2 is a sc-lattice.
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A.6 Mono clinic Lattices

Figure A.6: Monoclinic conventional cell and its symmetry axes
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Single-F ace-Centered Mono clinic

Primitiv e vectorsof the lattice:

a =

0

@
(asin
 )=2
(acos
 )=2

� c=2

1

A b =

0

@
0
b
0

1

A c =

0

@
(asin
 )=2
(acos
 )=2

c=2

1

A

Volume of the unit cell:

Vc =
1
2

abcsin


A.7 Triclinic Lattice

Triclinic
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A.8 Diamond Structure

The diamond structure is built up by a fcc-lattice with the basisvectors:
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A.9 Hexagonal Close Packed

The hexagonalclosepacked structure (hcp) is built up by a simple hexagonal
lattice with the basisvectors:
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A.10 A15-Structure

The A15 structure is built up by a sc-lattice with the basisvectors:
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App endix B

Tw o-Dimensional Bra vais
Lattices

Similar to the three-dimensionalcasethere are four two-dimensionalcrystal sys-
tems and �v e two-dimensionalBravais lattices.

B.1 Hexagonal Lattice

The hexagonallattice hasa 6-fold rotation axis. Primitiv e vectorsof the lattice:

a =
�

a
0

�
b =

�
a=2p
3a=2

�

Area of the unit cell:

Ac =

p
3a2

2

B.2 Square Lattice

The squarelattice hasa 4-fold rotation axis. Primitiv e vectorsof the lattice:

a =
�

a
0

�
b =

�
0
a

�

Area of the unit cell:
Ac = a2

B.3 Rectangular Lattices

The rectangular lattice has two perpendicular mirror planes.
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Rectangular

Primitiv e vectorsof the lattice:

a =
�

a
0

�
b =

�
0
b

�

Area of the unit cell:
Ac = ab

Centered Rectangular (Rhom bic)

Primitiv e vectorsof the lattice:

a =
�

a
0

�
b =

�
a=2
b=2

�

Area of the unit cell:

Ac =
ab
2

B.4 Oblique Lattice

The oblique lattice has no symmetry axesor mirror planes. Primitiv e vectorsof
the lattice:
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App endix C

Lattice Iden ti�cation

To identify the type of lattice, the crystal systemto which the primitiv e vectors
a, b, and c belong has to be calculated �rst; then the Bravais lattice can be
determined.

Each crystal system has a unique number of symmetry axes(seeappendix
A). An n-fold symmetry can be described by a rotation matrix A which is given
by

A = cos�

0

@
1 0 0
0 1 0
0 0 1

1

A +(1 � cos� )

0

@
exex exey exez

eyex eyey eyez

ezex ezey ezez

1

A +sin �

0

@
0 � ez ey

ez 0 � ex

� ey ex 0

1

A ;

wherethe unit vectore is parallel to the rotation axis. If the lattice is transformed
into itself upon a rotation then the solutions of the equations

xa(Aa) + ya(Ab) + za(Ac) = a

xb(Aa) + yb(Ab) + zb(Ac) = b

xc(Aa) + yc(Ab) + zc(Ac) = c (C.1)

are integer numbers. In a crystal the direction vector e that describes such a
symmetry axis is always parallel to ia + j b + kc, i; j; k 2 Z. The algorithm to
calculate the symmetry axesthus works as follows:

1. Calculate all vectorsv ij k = ia + j b + kc with vij k 6 ja + b + cj, i; j; k 2 Z.

2. Createall unit vectorsel k v ij k that are not collinear and save the shortest
vector v ij k that is parallel to el as ~v ij k;l .

3. Solve the equations(C.1) for all el and � = 2� =n, n = 2; 3; 4; 6.

4. Calculate

� = 16
X

� 2f a;b;cg

�
�x2

� (x � � 1)2 + �y2
� (y� � 1)2 + �z2

� (z� � 1)2
�
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for all solutions, where �x = x � [x] and [x] denotes the largest integer
smaller or equal x. The value of � is zero if all solutions are integersand
is a maximum if all solutions can be written as n + 1=2, n 2 Z. Usually
the primitiv e vectorsthat wereobtained by the GA and the subsequent hill
climbing have errors therefore the condition � < � is used to determine
whether the combination (el ; n) describesa symmetry axis. The parameter
� � 1 � 10� 4 is a �xed but small value.

5. Count the number of symmetry axes. This value determinesthe crystal
system.

Most of the parametersof the lattice can be calculated from the vectors ~v ij k;l .
The length of the vector ~v ij k;l that is parallel to a unit vector, which describesa
n-, m-, and o-fold symmetry axis is denotedby ln;m;o .

� Cubic: a = l2;4.

� Hexagonal:c = l2;3;6; a = minf l2g.

� Tetragonal: c = l2;4; a = minf l2g.

� Trigonal: c = l3; a = l2.

� Orthorhombic: a = l (1)
2 ; b= l (2)

2 ; c = l (3)
2 .

� Monoclinic: c = l2. The other parametersa, b, and 
 can be obtained
by creating the two-dimensionalsub-lattice perpendicular to the symmetry
axis, �nding the shortest vectors that act asprimitiv e vectors for this sub-
lattice, and calculating their length and angle.

After the crystal system is known the Bravais lattice has to be determined for
thosecrystal systemsthat have more than onecorresponding Bravais lattice. In
most casesit can be evaluated by a relation betweenthe lattice parametersa, b,
c, 
 and the volumeof the cell spannedby the primitiv e vectors,which is denoted
by Vabc = a � (b � c).

� Cubic: The ratio Vabc=a3 determinesthe Bravais lattice. It is 1 for a simple
cubic lattice, 1/2 for a bcc-lattice, and 1/4 for a fcc-lattice.

� Tetragonal: The ratio Vabc=(a2c) is 1 for a simple tetragonal lattice, and
1/2 for a body-centered tetragonal lattice.

� Orthorhombic: For a simple orthorhombic lattice the ratio Vabc=(abc) is 1
and 1/4 for a face-centered orthorhombic lattice. A ratio of 1/2 points to
both body-centered and single face-centered orthorhombic accordingly in
this casethe equation

xaa + xbb + xcc =
a
2

~v (1)
ij k;2 +

b
2

~v (2)
ij k;2 +

c
2

~v (3)
ij k;2
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is solved for xa, xb, and xc. If the solutionsare integers,then the primitiv e
vectors form a body-centered orthorhombic lattice. If not, they form a
singleface-centered orthorhombic lattice.

� Monoclinic: A ratio Vabc=(abcsin
 ) of 1 refersto a simplemonoclinic lattice,
oneof 1/2 to a single face-centered monoclinic lattice.

123



124



Ac knowledgmen ts

During the time I worked on this thesis I was supported by a number of people.
Without their help this work could not have beendone:

� My supervisor Gerhard Kahl for his support and for having faith in my
ideas.

� Christos \Herr Wolf" Likos from D•usseldorffor introducing me to the fan-
tastic �eld of soft matter and for his invaluable help with numerousprob-
lems.

� Hartmut L•owen from D•usseldorffor the hospitality during my stay at the
Heinrich-HeineUniversit•at D•usseldorf,whereparts of this work werecom-
pleted.

� Rainer Dirl for the helpful discussionsabout crystal lattices.

� Bianca Mladek for the help with everything that runs under Windows, the
cooking sessionsand the company in D•usseldorf,and for bringing fun to
everyday routine.

� Marie-Jos�e Fernaudfor listening to my gibberish and for encouragement in
times of need.

� J•urgen K•o�nger for the hilarious discussionsabout movies and physics.

� Gernot Pauschenwein for creating a comfortableworking atmosphere.

� SonjaMentl for proof reading.

� Iris Brandstetter for giving methe emotionalstrength to endurethesethree
years.

125



126



Bibliograph y

[1] B.J. Alder and T.E. Wainwright, J. Chem. Phys. 27, 1208(1957).

[2] W.W. Wood and J.D. Jacobson,J. Chem. Phys. 27, 1207(1957).

[3] C.N. Likos, N. Ho�mann, H. L•owen, and A.A. Louis, J. Phys.: Condens.
Matter 14, 7681(2002).

[4] J.G. Kirkw ood, J. Chem. Phys. 18, 380(1950).

[5] W.W. Wood, J. Chem. Phys. 20, 1334(1952).

[6] A. Bonissent, P. Pieranski, and P. Pieranski, Philos. Mag. A 50, 57 (1984).

[7] K.W. Wojciechowski, Phys. Rev. A 122, 377(1987).

[8] C.F Tejero,A. Daanoun,H.N.W. Lekkerkerker, and M. Baus, Phys. Rev. E
51, 558(1995).

[9] H.R. Glyde and G.H. Keech, Ann. Phys. 127, 330(1980).

[10] D. Oxtoby, in Les Houches,SessionLI, Liquids, Freezing and Glass Tran-
sition, edited by J.-P. Hansen, D. Levesque,and J. Zinn-Justin (North-
Holland, Amsterdam, 1991).

[11] Y. Singh, Phys. Rep. 207, 351(1991).

[12] A.D.J. Haymet, in Fundamentalsof Inhomogeneous Liquids, edited by D.
Henderson(Marcel-Dekker, New York, 1992).

[13] H. L•owen, Phys. Rep. 237, 249(1994).

[14] M. Schmidt, J. Phys.: Condens.Matter 15, 101(2003).

[15] J.P. Hansenand I.R. McDonald, Theory of Simple Liquids, 2nd ed. (Aca-
demic Press,London, 1986).

[16] C.N. Likos, Phys. Rep. 348, 267(2001).

[17] M. Watzlawek, C.N. Likos,and H. L•owen, Phys. Rev. Lett. 82, 5289(1999).

127



[18] J.H. Holland, Adaption in Natural and Arti�cial Systems(The University of
Michigan Press,Ann Arbor, 1975).

[19] D.E. Goldberg, Genetic Algorithms in Search, Optimization and Machine
Learning (Addison-Wesley, MA, 1989).

[20] Z. Michalewicz, Genetic Algorithms + Data Structures = Evolution Pro-
grams(Springer, New York, 1992).

[21] D.H. Deaven and K.M. Ho, Phys. Rev. Lett. 75, 288(1995).

[22] S. Darby, T.M. Mortimer-Jones, R.L. Johnston, and C. Roberts, J. Chem.
Phys. 116, 1536(2002).

[23] R.S Judsonand H. Rabitz, Phys. Rev. Lett. 68, 1500(1992).

[24] R.B. Hunter, Foundations of Colloid Science (Clarendon Press, Oxford,
1986).

[25] S.A. Safranand N.A. Clark, Physicsof Complexand Supermolecular Fluids
(Wiley Interscience,New York, 1987).

[26] W.B. Russel, D.A. Saville, and W.R. Schowalter, Colloidal Dispersions
(Cambridge University Press,Cambridge, 1989).

[27] Special Issue: Colloidal Dispersion in External Fields, J. Phys.: Condens.
Matter, 2004,16 , No. 38, 3769-4242.

[28] N. Ho�mann, C.N. Likos, and H. L•owen, J. Chem. Phys. 121, 7009(2004).

[29] M. Watzlawek, PhaseBehavior of Star Polymers(Shaker, Aachen, 2000).

[30] D. Gottwald, C.N. Likos, G. Kahl, and H. L•owen, Phys. Rev. Lett. 92,
068301(2004), selectedfor publication in the Virtual Journal of Nanoscale
Scienceand Technology, issueof 23 February, 2004.

[31] D. Gottwald, C.N. Likos, G. Kahl, and H. L•owen, J. Chem. Phys. 122,
074903(2005).

[32] C. Darwin, The Origin of Speciesby Means of Natural Selection (John Mur-
ray, AlbemarleStreet, London, 1859).

[33] H.-P. Schwefel, Evolution and Optimum Seeking (John Wiley, New York,
1995).

[34] S. Kirkpatric k, C.D. Gelatt, and M.P. Vecchi, Science220, 671(1983).

[35] V. �Cerny, JOTA 45, 41 (1985).

128



[36] Genetic algorithms and simulated annealing, edited by L. Davis (Pitman,
London, 1987).

[37] A.J. Archer, Ph.D. thesis,University of Bristol, 2004,(unpublished).

[38] F.A. Rogersand D.A. Young, Phys. Rev. A 30, 999(1984).

[39] A.A. Broyles, J. Chem. Phys. 33, 456(1960).

[40] C.F. Tejero and M. Baus, J. Chem. Phys. 118, 892(2003).

[41] B.R. Saundersand B. Vincent, Adv. Colloid InterfaceSci. 80, 1 (1999).

[42] T. Eckert and E. Bartsch, Phys. Rev. Lett. 89, 125701(2002).

[43] H. Sen� and W. Richtering, J. Chem. Phys. 111, 1705(1999).

[44] A.R. Denton, Phys. Rev. E 67, 011804(2003); 68, 049904(E)(2003).

[45] P.J. Flory, Priciples of Polymer Chemistry(Cornell University Press,Ithaca,
1953).

[46] C.N. Likos,H. L•owen, M. Watzlawek, B. Abbas,O. Jucknischke, J. Allgaier,
and D. Richter, Phys. Rev. Lett. 80, 4450(1998).

[47] A. Jusu�, M. Watzlawek, and H. L•owen, Macromolecules32, 4470(1999).

[48] P.J. Flory and W.R. Krigbaum, J. Chem. Phys. 18, 1086(1950).

[49] A. Lang, C.N. Likos, M. Watzlawek, and H. L•owen, J. Phys.: Condens.
Matter 12, 5087(2000).

[50] A.A. Louis, P.G. Bolhuis, and J.P. Hansen,Phys. Rev. E 62, 7961(2000).

[51] B.M. Mladek, M.J. Fernaud, G. Kahl, and M. Neumann,Condens.Matter
Phys. 8, 135(2005).

[52] J.-P. Hansenand L. Verlet, Phys. Rev. 184, 151(1969).

[53] F.A. Lindemann, Phys. Z. 11, 609(1910).

[54] P. Pieranski, L. Strzelecki, and B. Pansu,Phys. Rev. Lett. 50, 900(1983).

[55] M. Schmidt and H. L•owen, Phys. Rev. Lett. 76, 4552(1996).

[56] M. Schmidt and H. L•owen, Phys. Rev. E 55, 7228(1997).

[57] S. Neser,C. Bechinger, P. Leiderer, and T. Palberg, Phys. Rev. Lett. 79,
2348(1997).

129



[58] C.N. Likos,A. Lang, M. Watzlawek, and H. L•owen, Phys. Rev. E 63, 31206
(2001).

[59] B.M. Mladek, Diploma thesis,Universit•at Wien, 2003,(unpublished).

[60] B.M. Mladek, D. Gottwald, G. Kahl, C.N. Likos,G. Kahl, and M. Neumann,
(to be published).

130



Curriculum Vitae

Name: Dieter Gottwald
Birth Date: June 2nd, 1975
Birth Place: Vienna, Austria
Citizenship: Austria
Address: Murlingengasse17/418, 1120Wien

1981- 1985 Volkschule Einsiedlergasse,Vienna
1985- 1993 BundesrealgymnasiumV, Reinprechtsdorferstra�e, Vienna
10/1993 - 06/2001 Studies of Technical Physics at the Vienna University of Tech-

nology
06/2001 - 05/2002 Alternativ e civilian serviceat MA 47
06/2002 - 06/2005 PhD in Technical Physicsat the ViennaUniversity of Technology


