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Kurzfassung

In dieser Arbeit wurde ein neuer Ansatz zur Vorhersagevon stabilen Kristall-
strukturen, die beim Gefrierenauftreten, untersudit. DieseMethode basiert auf
der Verwendungvon genetistien Algorithmen, die eine Sude nach dem globalen
Minimum der freien Energie ermeglichen.

Mit Hilfe dieser Methode war es meglich, das aus der Literatur bekannte
Phasendigrammvon neutralen Sternpolymeren zu verbessernund das Phasendi-
agramm fur ionisthe Mikrogele neu zu beredinen, das ungewehnliche Kristall-
strukturen wie hexagonaleund trigonale Gitter enthelt. Zusatzlich wurden par-
allel gestichtete zweidimensionaleGitter, sowvie Systeme,die bei hohenDichten
sog.cluster bilden, studiert.

Das neue Verfahren erwies sich als e zient und exib el und kennte mit
ensprechendenModi k ationen fur eineVielzahl von ahnlichen Problemenin der
Theorie der kondensiertenMaterie verwendet werden.






Abstract

In this work a new conceptto predict equilibrium crystal structures in freezing
processedas beenintroduced. This approad is basedon a genetic algorithm
that allows an unbiasedseart through the parameterspaceof all possiblecrystal
lattices.

It was possibleto improve the already published phasediagram of neutral
star polymers,and to calculatethe phasediagram of ionic microgelsthat includes
unusual structures sud as hexagonaland trigonal lattices. Additionally, layers
of two-dimensionallattices and systemthat freezeinto clustered crystals were
studied.

The newmethod provedits versatility and power for all casest wasappliedto
and could be usedfor numeroussimilar problemsin condensednatter physics.
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In tro duction

Changesn the thermodynamic state of a system,like the increaseof temperature
or pressure,can lead to the transformation of one phaseinto another. A phase
transition occurs when a thermodynamic potential, sud as the free energy or
oneof its derivativeshasa singularity and it is accompaniedby a suddenchange
in someof the propertiesof the substance.Thesephasetransitions are ubiquitous
in everyday life and range from transitions betweenthe vapor, liquid, and solid
phases,transitions betweenthe isotropic and nematic phasesin liquid crystals,
transitions betweenthe ferromagneticand the paramagneticphasesof magnetic
substancesto transitions to a superconductingstate below a certain temperature.
If oneor moreofthe rst derivativesof the thermodynamic potential have a nite
discortinuity the transition is calleddiscontinuousor rst order transition. If the
rst derivativesare cortinuousand secondderivativesare discortinuousor in nite
the transition is called continuous critical, or higher order transition.

The study of phasetransitions started in the 1870swith the theoriesof van
der Waals. His model predicted the critical point, which is descriked by a critical
temperature and a critical pressure,on a qualitative level. Below the critical
temperature, the transition betweenthe liquid and the vapor phaseis discorin-
uous but above the critical temperature, the liquid phasecan be cortinuously
transformedinto the vapor phase. At the critical point a critical phasetransition
occurs.

Nearly all substancesarrange themseles in periodic structures upon su -
ciert cooling. This liquid-solid transition is accompaniedby a drastic changein
the symmetry properties of the substance. The isotropic liquid with an in nite
number of symmetry transformations s replacedby a solid that hasonly a nite
number of symmetry transformations, dependingon the crystal lattice. This uni-
versal,symmetry breakingphenomenons a very interesting eld of study. In the
1950st waspossibleto shav that a systemof hard spheredreezesnto an ordered
solid at padking fractions & 0:5 with the help of computer simulations [1, 2].
This nding suggestedhat the freezingtransition is in generalmainly driven by
ertropy as the free energy of hard spheresis purely entropic. It has becomea
commonbeliefthat a repulsive part in the interaction poterntial is neededfor the
stabilization of the solid and attractiv e forcesof su cient rangeare required for
a liquid-gas transition.



Due to considerableprogressduring the last years,the thermodynamic prop-
erties of crystalline solids can be calculated very accurately A host of di erent
theoriesis available for the calculation of the free energyof the solid phasethat
includes simple lattice sums[3], cell models [4, 5, 6, 7], harmonic solid theories
[8, 9], and density functional approates[10, 11, 12, 13, 14]. Togetherwith the
free energyof the liquid, which can be calculatedvia theories, like integral equa-
tion theoriesor perturbation theories[15, 16], the full liquid-solid phasediagram
can be determinedon a qualitativ e level, sometimeseven on a quartitativ e level.
Howe\er, it still remainsan unsolved problemto predict a priori the stable crystal
structures of the solid phaseby theoretical means.In the corvertional approad,
a set of possiblecandidate structures - relying on experience,intuition, or plau-
sible argumernts - is selectedand the respective free energiesare calculated and
compared. The structure with the lowest free energyfor a given point of state is
the stable structure and phaseboundariescan be calculatedvia a doubletangert
construction.

The choice of thesecandidatesis rather obvious for systemsof particles that

have a harshly repulsive interaction potertial (e.g. atoms) where padcking e ects
play a dominart role. Typically, onetakesfcc, bcc, and hcp into accourt. This
preselectionprocessbears the additional risk that further equilibrium crystal
structures are not amongthe candidatesand thereforewill newver appear in the
phasediagram. However, if soft matter (seebelow) is consideredwherethe inter-
action potertial of the particles divergesweakly near the origin or even remains
nite at full overlap of the particles, the crystal structuresthat thesesystemscan
freezein canbe di cult to predict and their phasebehavior is much more diver-
si ed than expected. For instance, simulations predict stable bco and diamond
structuresfor a systemof neutral star polymerseventhough the e ectiv e interac-
tion is radially symmetric [17]. Even simulations tend to favor crystal structures
with cuboidal primitiv e cellsif the simulation box is, asusual, cubic.

The aim of this thesisis the study of an alternate approad to optimize the
seard for stable crystal structures of a given substanceat a certain thermody-
namic state. The certral tool in this new approad is a genetic algorithm that
tries to mimic natural ewlutionary processesGeneticalgorithms weredeweloped
in the 1970sby J.H. Holland [18]to abstract and explain the adaptive processesf
natural systemsand to designarti cial systemsthat retain the important med-
anismsof natural systems. The theory of genetic algorithms has been steadily
improved ewer since [19, 20]. While they are used quite frequertly in a large
variety of di erent optimization problems, like the traveling salesmanproblem,
or electronic circuit design,their usein physics has beenrather limited. They
wereusedto optimize moleculargeometry[21, 22], and to optimize laserpulsesto
cortrol moleculeg23]. In this application, geneticalgorithms o er the possibility
to seard the parameter spaceof all possiblecrystal structures in an unbiased
way and to predict stable crystal structures without having to resortto preselect
candidate structures. It turned out that the new approad is an improvemert
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over the corvertional method but still has some shortcomingslike the erratic
behavior of the algorithm closeto phasetransitions.

The systemsthat are investigated in this work belong to the classof soft
matter. Thesematerials are composedof mesoscopi@articles (typical sizelnm{
1 m) that aredispersedin a solvert whoseconstituert particles are much smaller
in size. Thesesystemsare alsoknown under the namescomplex uids or colloidal
dispersions Examplesinclude biological substancedike proteins and viruses;in-
dustrial products like paints, inks, polishes, cosmetics,detergens, and drilling
muds; micellesand vesiclesformed of surfactart molecules;and syrthetic poly-
meric particles. These substancesare called soft becausetheir rigidity against
medanical deformationsis many ordersof magnitude smallerthan that of atomic
systemsand they can be deformedby humanswithout the useof tools. Soft mat-
ter is of great diversity, for a generaloverview seg[24, 25, 26]. An intriguing prop-
erty of these substancess the fact that the resolution of modern optic devices
is so high that the trajectories of single colloids can be analyzed[27], whereas
one had to solely rely on scattering experimerts in atomic liquids. Therefore
soft matter serwes as an ideal model systemto study phenomenaand theoret-
ical predictions in a detailed way. Another attractiv e feature of soft matter is
that, unlike systemsconsistingof atoms or small molecules,the interaction be-
tweenthe particles canbe easilyaltered by changingthe properties of the solvert
(e.g. by adding salt), or by changing the chemical structure of the mesoscopic
particles directly (e.g. by using di erent monomersor side groups for polymer
chains, changingthe cross-linkingdensity, or changingthe length of the polymer
chains). Researb on thesesubstanceshasrevealeda large number of interesting
phenomena,like re-ertrant melting, where the liquid freezesupon compression
but becomediquid again upon further compression.

There are two reasonswhy soft systemswere chosenin this work: Firstly,
due to their immenserichnesstheir phasebehavior still holds many secretswhile
systemswith a hard core have already been studied in great detail by theory,
simulations, and experimerts; and secondly soft systemscan freezein rather
unusual crystal structures [3, 17, 28, 29], which could serne as bendmarks for
this new approad.

The genetic algorithm was rst usedto predict three-dimensional crystal
structures of star polymersand ionic microgelsand proved its power and versatil-
ity by correcting previousresults [30, 31]. After this successit was alsoapplied
to study the structure of layered two-dimensionallattices and the formation of
clusteredcrystals.

This thesis is dedicatedto show that this new approad is superior to the
corvertional method and that the world of crystalline soft matter comprisesex-
citing and unexpected phenomenathat this work could help to uncover.

This thesisis organizedas follows:



Chapter 1 givesan overview of genetic algorithms and comparesthem to
other optimization strategieslike hill climbing, simulated annealing, and
random seart. Furthermore, the implemertation of a geneticalgorithm to
predict crystal structures is explained.

Chapter 2 covers the statistical medanical foundations and the di erent
methods that were usedto calculate the thermodynamic properties of the
solid and liquid phasesof the systemsthat were consideredin this work.

Chapter 3 speci es the systemsthat were investigated, namely star poly-
mers, ionic microgels,and the Gaussiancore model and its generalization.

The results are presetted in chapter 4: Freezingof star polymersand ionic
microgels, the formation of layered structures of polymer solutions, and
freezing of clustered crystals in the generalizedGaussiancore model are
studied.

The appendix cortains information about three- and two-dimensionalBra-
vais lattices and their identi cation by meansof analysisof symmetry prop-
erties.



Chapter 1

Genetic Algorithms

After the dewelopmen of integral and di erential calculusby Leibnitz and New-
ton in the 18" certury the problem of nding maxima and minima of functions
becamesolhable for the rst time in an analytic way by looking for a zeroof the
gradiert of the function. With this tool at hand the seard for the best solution
of a problem (optimization) could also be solved analytically if the problem had
a simple enoughstructure. The ladk of a universal method of optimization for
the more complex problems occurring in reality led to the dewelopmer of an
enormousamourt of di erent optimization strategiesboth driven by advances
in mathematics and the increasedpower of modern computers. These new al-
gorithms included both deterministic methods like hill climbing, or the simplex
methal, and heuristic methods like evolutionary algorithms, or simulated anneal-
ing.

Genetic algorithms (GAs) form a subsetof ewlutionary algorithms and are
adaptive, heuristic seart algorithms that mimic natural ewlution rst descriked
by Darwin [32] by including featuressud as natural selection, survival of the
ttest individual, sexualreconbination, and mutation. They wereintroducedby
Holland in the 1970s[18] and later improved by Goldberg [19] and Michalewicz
[20]. GAs areaiming at the global optimum instead of the next local oneand they
do not imposeany restrictions on the function to be optimized, like cortinuity,
the existenceof derivatives,or dimensionality. They are best suited for problems
in a large, complexseart spacewherethe enumeration of all possiblesolutions
(random search) is not possible. An attractiv e feature of GAs is that the imple-
mertation and parallelization is easyand e cien t. Another notable di erence to
other optimization conceptsis the fact that GAs do not use the parametersto
be optimized themsehes but an encaled version of the parameters. They were
applied successfullyto a tremendousnumber of di erent elds that range from
molecular structure optimization, protein folding, cortainer loading optimiza-
tion, gametheory, timetabling problems, electronic circuit design,the traveling
salesmarproblem, criminal identi cation, economicsjo forecastingstock market
pricesand foreign exdhange.



1.1 Basic Concepts

Since natural ewlution works on the level of chromosomesrather than on the
biological ertities themsehes, a possiblesolution is represeted by an encaled
versionof the parameters(genoty®) instead of the value of the parameters(phe-
notype) in a genetic algorithm. This represemation is realized as linear string
of genesand called individual. The prescription that mapsthe genotpe to the
correspnding phenotype dependsertirely on the structure of the problem and
hasto be adapted by the user. According to nature one does not use a single
individual but a setof them, the population P (t). After initialization of the rst

population a number is assignedto ead individual that determinesthe tness
for survival. Two individuals are chosenwith probabilities proportional to the
relative position in the current population and matedto producenewindividuals.
This stepis repeateduntil enoughindividuals are createdto form the next pop-
ulation. Thesenew individuals can be modi ed again by mutation which occurs
with a xed but small probability. Afterwards this new population is evaluated
and subsequen populations are createduntil a termination condition is met. A
canonicalgeneticalgorithm in pseudaode could read:

begin
t=0
initialize( P (t))
evaluate(P (1))
while (not termination-condition) do
t=t+1
Q(t)=select(P(t 1))
R(t)=recombine(Q(t))
P (t)=m utate(R(t))
done
end

The average tness of the population will increasewith the number of new
populations but it usually reachesa threshold and oscillatesaround that value
(see gure 1.1).

Dueto the randomnessnvolvedin the creation of eat newpopulation genetic
algorithms do not belongto the classof corvergen algorithms that fulll the
condition

iXker X Ji 6 Clixe X ji%;
wherex is the exact solution of the problem, x; the appraximate solution in the
i-th iteration step,with C > O and p > 0.

For most problemswhere genetic algorithms are typically applied there are

no cornvergen algorithms available.
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Figure 1.1: Progressionof the average tness for two typical runs of the GA.

1.1.1 Individual

The individual | is a linear string of geneswith xed length | and eat of its

numbersis the most frequerily usedalphabet with APy = {0; 1g. In this case
the seart spaceconsistsof 2' possiblesolutions. This discrete represemation

is on the one hand very useful for problems that have discrete variables like
combinatorial problemsbut on the other hand it imposesimplicitly lower and
upper boundson cortinuous variables of the solution.

0/1/0/1/1/0/0|1

Figure 1.2: Schematic represetation of an individual with length | = 8 usingthe
binary alphabet.

1.1.2 Initialization

The rst population is generally chosenat random by assigningead genein
ewvery individual an elemen of the alphabet A accordingto uniformly distributed
random numbers.
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1.1.3 Evaluation and Fithess Function

In this stepa positive number called tness numter f is assignedo ead individ-
ual that descritesthe quality of the encaled solution. A higher tness number
correspnds to a better and a lower one to a worse solution. To calculate this
number, the individual, which is then inserted into a problem specic tness
function f (I ), hasto be decaled into its phenotype rst. The ewaluation of the
tness function must be possiblefor all individuals I which in turn correspnd
to all possiblesolutionsin the seard space.

The choice of this tness function is not unique as any function g(x) with
g(x) >0 8x>0andg(x+")> g(x) 8x> 0" > 0leadsto another possible
tness function f {1 ) = g(f (1)) that ewaluatesthe individuals of the sameprob-
lem. The functional form the tness function determinesthe sele&tion pressue
which is de ned asthe ratio of the selectionprobability of the bestindividual to
the averageselectionprobability of all individuals; it represets a measureof the
preferenceof good to bad individuals. If the selectionpressureis too high, good
individuals are highly preferredand propagatevery fast, the diversity in the pop-
ulation decreaseand the algorithm is very likely to corvergeto a local optimum.
If the selectionpressureis too low, good individuals are hardly preferred, bad
individuals remainin the population and the GA corvergesvery slowly or not at
all; the algorithm degeneratego a random seard.

When the solutions have to ful Il certain constrairts, it is bestto make the
construction of the phenotypes in a way that all possiblesolutions are valid.
If this is not possible,individuals that descrike solutionsthat violate thesecon-
straints have to be assignedo alow tness number to suppresgheir propagation.
Experienceshows that the number of invalid individuals is typically much higher
than the number of valid onesthereforethe GA will not corvergeif the same
tness number (e.g. f = 0) is assignedto all invalid ones. The decreaseof the
tness value hasto be linked to the seriousnes®sf the violation of the constrairt.
Oneintroducesa penalty function (1) and an assaiated weight r; for eat of
the n constrairts and modi es the tness function to

X
IR(DERE(D i)

i=1

1.1.4 Selection

In the selectionstep the parerts that will createthe next population are selected
at random but accordingto natural selectionwhich statesthat tter individuals
will produce more o springs than individuals with lower tness numbers.

Fitness Prop ortional Selection
The probability p; that the i-th individual is chosenin the selectionamong

12



a population that consistsof n individuals is
o fd)
I
- )
j=1
Rank Selection
The probability that a given individual is selecteddoesnot depend on its
tness value itself but on the rank of the individual comparedto other

individuals. Two possibleimplemertations of rank selectionstrategiesare
linear ranking and tournamernt selection:

{ Linear Ranking
The number of o0 springs amax for the bestindividual is a xed num-
ber. The individuals in the next population are createdin sud a way
that the number of o springs for the secondbestindividuals decrease
linearly. Thusonly the best 2n=a,.x individuals act as parerts for
the next generation.

{ Tournamern Selection
To selectan individual, k individuals are selectedat random from the
population and the one with the highest tness value is chosen. The
value of k determinesthe selectionpressure. This selectiontype is
best suited for problemswhereindividuals cannot be ewvaluated inde-
penderly from the others,e.g. whentrying to nd awinning strategy
for a game.

1.1.5 Recombination

In the reconbination step newindividuals are createdfrom the parerts that were
selectedin the previousstep as follows:

1-point crosseer

0l1fof[1/1]olol1] [1][1lolofol1]0]1]

o/1/0/o/ol1]/of2 [1]1]0/1/1/0]01]

Figure 1.3: One-point crosseer in a typical reconbination step.

The crosseer point is chosenrandomly and the genesbeforeand after that
point are exdianged.
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2-point crosswoer

oj/1/o/1/1/0/0[2] [1]/1]/0/0/0/1]0[1]

o/1/0/0/o/o/of1] [1]1]0/1/1]/1]0[1]

Figure 1.4: Two-point crosseer in a typical reconbination step.

Two points are chosenrandomly and the genesbetweenthese points are
exdanged.

Uniform crosseer

01011001 (aizjofooftfo L

1f1]ofol1[1]0]1]

ol1]0[1]0/0/0[1

Figure 1.5: Uniform crosseer in a typical reconbination step.

Eadh geneis separatelyassignedo a geneof the o springs at random.

1.1.6 Mutation

Mutation is neededto re-introduce lost genetic material to the population and
avoid inbreeding. Mutation should occur rather rarely and at random with a
xed probability, typically pmuate  0:001. If a certain geneis mutated its value
is changedto another value in the alphabet A.

0/1/0/1]/1]/0/0[1]

v
0/1/0/1/0/0/0]1]

Figure 1.6: Mutation in a typical mutation step
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1.1.7 Schemata and Building Blo cks

A schemaH is a similarity template describing a subset of individuals with
similarities at certain genepositions. The alphabet is expandedby the wildcard
character \ ?". From now on it is assumedthat the population consistsof n
individuals with length |, which are encaded by using the alphabet of binary
numbers. In that casethe alphabet A, that is usedto descrite shematabecomes
A, = f0;1;79. To give an example, the sdhema H = ?001? comprisesthe
individuals 00010,00011,10010,and 10011. Ead individual of length | is a
menber of 2' shemataasthe digit in the sdhemais either the onein the individual
or the wildcard ?. Therefore, a population consisting of n individuals contains
between?2 (if all individuals areidertical) and n2' (if all individuals are mutually
di erent) schemata. The schemaorder o(H) is de ned as the number of digits
unequal\ ?" in the shemaand the de ning length (H) is the distance between
the rst and the last digit unequal\?". Someexamples:

H=221?20?? oH)=2 (H)=2
H=10??010 oH)=5 (H)=6
H=22?2?21?? oH)=1 (H)=0

The tness value of a schemaf (H;t) is de ned as average tness value of all
individuals in the population P(t) that are elemeits of H. The frequency of
shemaH in the population P(t) is denotedby m(H; P(t)). Then
m(H; P(O)n D
f )
i=1
f(H;t)
f

m(H; Q(t + 1))

m(H; P(t))

; (1.1)

wheref is the average tness of the population. In the selectionstep sthhemata
that have a tness value higher than f will propagate while those that have
a tness value lower than f will diminish. Assuming that H has the tness
f(h;t) = f + cf, the frequencym(H; Q(t + 1)) becomes

m(H; Q(t + 1))

m(H;PO)

m(H; P(t))(1 + ©):
Under the assumptionthat f is constan
m(H; Q1)) = m(H; P(0))(1 + o)

Therefore the number of schemata with a tness value above f will increase
exponertially while the oneswith a tness value below f decreasesxponertially .
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While the individuals are processedn the algorithm more sthemataare processed
at the sametime (implicit parallelism). It can be shavn that in generalO(n3)
sthemata are processedn a population consistingof n individuals that usethe
binary alphabet [18].

The crossweer createsboth new shemata and destroys someof the old ones.
The probability that the crosseer point liesin the interval of the de ning length
and hencethe shemais most likely destroyed is given by

Pdestroy = %
with the correspnding survival probability
premereion > 1 (), 1.2)
Inserting equation (1.2) in (1.1) yields
m(H; R(t)) > m(H;P(t))f(H;fﬂ 1 % : (1.3)

A schemais untouchedby mutation if no xed geneis mutated andthe probability
of survival is

pouation = (1 pm)®™) 1 o(H)pm: (1.4)

Above approximation is accuratefor very small mutation probabilities p,,. Com-
bining equations(1.3) and (1.4) givesthe nal frequencyof the sthemain the
new population

m(H;P(e+ 1) > mH;pe) D oy
or approximately,
m(H;P(t+ 1)) > m(H;P(t))if(H;fP(t)) 1 % o(H)p

This relation leadsto the Schema Theorem : The frequencyof sdhemata with
high tness, small de ning length, and low order increasesexponertially in the
population. These sthemata are called building blacks The genetic algorithm
e ciently conmbines these building blocks to form better individuals from the
bestpartial solutionsof the former population. Thereforethe arrangemen of the
genesin the individual is important and the encaling hasto be appropriate for
the problem.
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1.2 Comparison to other Optimization Strate-
gies
1.2.1 Hill climbing Strategies

The basic strategy in hill climbing is the intuitiv e method any wanderer would
useto read the peak of a mountain in a densefog: always walk uphill. Hill
climbing doesnot necessarilyneedderivativesof the function to be optimized and
constrairts canbeincluded quite easily An overviewof di erent implemenations
can be found in [33].

The major problem with hill climbing is that the result strongly dependson
the starting point of the seart. It will work perfectly on functions that have
only one optimum as depictedin gure 1.7. When there are more peaksas in
gure 1.8 then the algorithm might nd the global optimum quite often but is
almost completely uselessvhenthe objective function is multimodal like the one
in gure 1.9.
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Figure 1.7: Single-peak function

1.2.2 Random Search

The erumeration of all possible solutions and the looking for an optimum by
comparingthem is called random search. The order of the solutionsis arbitrary,
accordingly the position of the global optimum in the seard is random. While
it guararteesthe exact global optimum of the problem, the method is in general
too time consumingto be usefulfor any problemsbut the most simple ones.
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Figure 1.8: Double-peak function

Figure 1.9: Multimo dal function with many peaks

1.2.3 Simulated Annealing

This optimization technique was not inspired by biology but by metalworking.
To harden steel, it is rst heatedup and then cooled down. Depending on the
speedof the temperature reduction, the atoms have more or lesstime to arrange
themselesin a crystal lattice. Fast cooling freezeghe atomsin alocal minimum
of the free energywhile slowv cooling allows the atomsto read the positionsthat
correspnd to the global minimum of the free energy This technique is known
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as annealing.

Simulated Annealing [34, 35] is basedon this conceptand Metropolis' Monte-
Carlo simulation method. A starting solution x| temperature T©, and vari-
ation d©@ are chosen. The objective function that will be minimized is denoted
by f (x), the actual best solution by x , and the actual solution by x which is set
to x©9 at the beginning. A Monte-Carlo simulation is performed, where new
solutions are created by

xW) = e+ diz

wherez is a uniformly distributed random vector for all coordinates of the solu-
tion. If f (x(®)) < f(x ) then x is setto x4 if f (x()) < f (%) or the random
number r 2 [0; 1] is smallerthan exp[(f (x(1))  f (%))=T®] then x is setto x()
and the algorithm starts by constructing a new possiblesolution x( *9 I the
value of the objective function hasnot improved within the last N stepsthen the
temperature and possiblythe displacemen d”) is decreasedintil the temperature
hasreated a pre-de ned threshold T,,;, andthe nal result of the solution is the
currernt X .

While the algorithm itself is quite simple the proper choice of the parameters
likethe starting temperature, the initial displacemety the number N, the amourt
of temperature reduction, the displacemei decreaseand the upper bound on the
temperature T, aredicult to nd. There are somerulesfor speci c objective
functions but a generalone is not known. Genetic algorithms and simulated
annealing share somecommon properties like the ability to esca local optima
but there are somefundamertal di erencesaswell. Simulated annealingchanges
the parametersof the solutions themsehes and has only one possiblesolution.
In a GA the geneticrepresetations of the parametersare processedand there
is a large number of possible solutions in every population. A more detailed
comparisoncan be found in [36].

1.3 Application of the GA to the Freezing Tran-
sition

The corvertional approadt to the freezingtransition would be to choosea set
of candidate structures and to calculate the free energy of eat of them. The
structure with the lowest free energywould be the equilibrium structure.

It is possibleto usea GA to determinethe crystal structure in which a given
substancewill freeze. In this approad the lattice is described by the primitiv e
vectors and possibly the positions of additional basis particles of the lattice.
Thesequartities areencaledin the individual andthe tness function is designed
in sud a way that a lower free energyleadsto an increasedpropagationin the
algorithm. The nal result of the GA isthenre ned with ahill climbing algorithm
and the crystal structure is identied by the symmetry transformations of the
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primitiv e vectors.

1.3.1 Parametrization of Lattices
1.3.1.1 Three-dimensional Lattices

The three primitiv e vectors a, b, and c of a three-dimensionallattice can be
written as follows

0 1 0 1 0 1
1 X COS' Xy COS COS#
a=a@0A p=a@xsin' A c=a@ xysin cost A (1.5)
0 0 Xy sin#
where .
a NpN¢ 3

3x2ysin' sin#
is a (problem speci c) length scale,ny, is the number of basis particles of the
crystal structure, n. the cluster size(n. = 1 for non-clusteredlattices), and the

bulk number density. The v e parametersx, y, , , and# have to satisfy the

constrairts
O<x61 0<' 6 =2

O<y61 06 < (1.6)
O<#6 =2

Without lossof generality the basisvector of the rst particle is

0 1
0

B]_:@OA:
0

Basisvectorsfor possiblyadditional particlesin the basisarerepreseted aslinear
conbinations of the primitiv e vectorsand can be assumedo lie in the primitiv e
cell.

Bi= ja+ b+ ic =2 Np

with the constrairs
06 ;<1 06 ;<1 06 ;<1 a.7)

The total number of parametersn, requiredto descrite a crystal structure is thus
givenby n, = 5+ 3(n, 1) = 2+ 3n,. To encade theseparametersin an individual
the string of geness divided in n, parts, three of them with length |, that encale
the parameters' , , and# and (3n, 1) of them with length |, that encale the
remaining parameters. Each of thosesubstringsis the binary represetation of an
integernumberm 2 [0;:::;2 1], 2fxy; % 2 20 2500 ner ngs e
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Oncea quartity m has beenevaluated, the correspnding parameter can be
determinedvia
my + 1
2In
my+ 1
2In
m +1
2 2a
m
2la
myg+ 1

2 2a
m .

— 2|nI
m,
D
m .
P = 2|n': (18)

The parameters obtained with theseformulas ful Il the constrairts (1.6) and
(1.7) automatically.
The parametersl, and |, are coveredin more detail in section1.4.

1.3.1.2 Two-dimensional Lattices

The parametrization of two-dimensionallattices can be realizedin a fashionsim-
ilar to the three-dimensionalone. The primitiv e vectorsare written as

1 X COS'
a=a b=a o
0 X Sin

where

N

a o
2x sin'
is a (problem speci c) length scale,n, the number of basisparticles, and the

areanumber density. The vectorsof the basisparticles are written similar to the
procedurein three dimensions:

Bi= ;
and
Bi= ja+ ib i= 200N

The constrairts on the parametersencaledin the individual are analogougo the
three-dimensionalcase.
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1.3.1.3 Layered Lattices

A layeredlattice consistsof n; layersof idertical parallel two-dimensionallattices;
their respective origins are shifted: The (n, 1) inter-layer vectorsc; connectthe
origin of the i-th layer to the oneof the (i + 1)-th level. Without lossof generality
the two-dimensionallattices are assumedo lie perpendicularto the z-axis. The
relation betweenthe volumenumber density of the systemand the areanumber

density in ead layeris
D

n’
whereD is the distancebetweenthe rst and last layer. The 2-d lattice in eah
layer is parameterizedasin section1.3.1.2. The c¢; introducedabove are given by

0 1
0

c= a+ b+h @Q0A i=1:::n 1
1

wherethe vectorsa and b arethe primitiv e vectorsof the two-dimensionallattice
in ead layer with zeroz-componert and h; the distanceof the i-th to the (i+ 1)-th
layer. The parametersh; have to ful ll

hi = D: (19)

If the the parametersh; areencaledin the individual additional constrairnts have

n
hn|-1
n-1
D
3
hy
2
hl
1

Figure 1.10: Sketch of a layered lattice

to be consideredduring the calculation. To allow a corveniert implemertation
in the GA, the quartities z 2 [0;1),i = 1;:::;n; 2 areintroduced, which can
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easilybeincludedin the individual without external constraints. The parameters
h; are then given by

h]_ = z;D
ho = z(D hy)
|
Xt
hh = z D h;
j=1
rxl
hn| = D hj:

This parametrization,which might seemunnecessarilycomplicatedat rst sigh,
guararteesthat the relation (1.9) is automatically satis ed.

The total number of parametersn, that characterizethe particle positions
in this systemis built up by 2n, parametersfor the two-dimensionallattice in
the layers, 2(n; 1) parametersfor the x- and y-componerts of the inter-layer
vectorsci, and n, 2 parametersfor their z-componert. They are encaledin an
individual in a similar fashionas descrited for the three-dimensionalcase.

1.3.1.4 Additional Parameters

It is possibleto encale additional parametersof the systemunder consideration
in the individual if they have to be optimized together with the lattice structure.
In this work, the cluster sizen, of clusteredcrystals (seesection4.3) and the lo-
calization parameter in the Einstein model (seesection2.1.2)wereincorporated
into the calculations.

Cluster Size
A substringwith length | is addedto the individual that de nes aninteger
number m,.. The cluster sizen, is then given by

mnc .
lep

n.=1+

The parameterl, < |; de nes the resolution of n. which liesin the interval
[1; (2'c + 2o 1)=2ler].

Lo calization Parameter
A substring with length | is added to the individual that encales the
integer number m . The localization parameter can be calculatedvia

= mint M inc -
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The parameter ., ensuresa lower limit for  becausea crystal with

30can hardly be considereda solid. The parameter i, > 1is usedto
have a higher upper bound on the value of without the needto increase
the length of the substring.

The values of the parametersle, lc;, min, and i, that were chosenfor the
calculationsin this work are detailed in section1.4.

1.3.2 Lattice Uni cation

The choice of the primitiv e vectorsfor a given lattice is not unique and this fact
posesa seriousproblem for any optimization method due to the in nite number
of di erent primitiv e vectorsthat descrike exactly the samelattice. On top of
that, there is an additional ambiguity in the choice of the basis vectorsif the
number of basisparticles is greaterthan one.

To ensurethe useof a uniquely de ned set of primitiv e vectorsand basisvec-
tors for every crystal structure, the following strategy was utilized whendecaling
the information contained in the individual:

Decale the primitiv e vectorsand basisvectorsfrom the individual.
Modify the primitiv e vectors.

Rotate the primitiv e and basisvectorsto have the form asin equation (1.5).
Modify the basisvectors.

Calculate the projection of the vectorsin the discretespaceimposedby the
binary accuracy

Re-encale the primitiv e and basisvectorsin the individual.
Calculate the tness value of the new lattice.

Thesestepsaredescritedin the following paragraphswhereon the assumption
that a three-dimensionallattice is considered.For the other two casesdiscussed
above the algorithm follows similar lines.

1.3.2.1 Unied description of the lattice

The primitiv e vectorswere chosenin sud away asto minimize the surfaceof the
cell spannedby the three vectors. To that end the following iterativ e algorithm
was applied: Starting with three primitiv e vectors(a ,b ,c ), the quartity

= ja bj+ja cj+jb Cj
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which represens half of the surfaceof the primitiv e cell is evaluated. Then the
correspnding  -value of the primitiv e cells spannedby the following twelve
linear conmbinations of the primitiv e vectors are calculated:

(@ b;bic) (a cib;c)
(a;b c;c) (a;b a;c)
(a;b;c a) (a;c;c b))
and the smallestof thesevaluesis denotedby = If ~ issmallerthan  the cor-

responding conbination represeis the new primitiv e vectorsand the algorithm
starts again. If ~ is greaterthan  the algorithm is nished.

1.3.2.2 Rotation of the Vectors

The three primitiv e vectors are ordered by their magnitude so that a is the
longest,b the second-longestand c the shortestvector. Then the vectorsare ro-
tated sothat a is parallel to the x-axisand b liesin the x-y-plane. Via additional
inversion of the vectorsand/or coordinate axesonearrivesat the represemation
(1.5) that ful lls the constrairts (1.6).

1.3.2.3 Mo dication of the Basis Vectors

The lattice remains invariant under the following transformations of the basis
vectorsfB;g: Firstly, the setfB; + v;img with
Vikm = Bj + ka+ |b + mc; j=21::5n kilim2Z

descrikesthe samelattice. Secondly the indicesof the basisvectorsf B;g canbe
permuted without changingthe lattice.

To arrive at a uniquely de ned set of basisvectorstheseambiguities have to
be removed by imposing certain constraints on the basisvectors. In this work
the following algorithm was used:

1. Createthe setszi(”g: fBi Bjg; j =100
2. Solwe the equations

g+ Bp+ Gc= g

3. Calculate
() — () ()
i - i [ i ]
H o= O 0y
1)y - i(J) [ i(J)];

i
where[x] denotesthe largestintegersmalleror equalx. The resulting values
of M ® and @ lie in the interval [0; 1).
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4. Calculate 0) via
' xe () () ()
- J
D= P+ P+
i=1
and nd () =minf Ug.

5. Sort in ascendingorder by i(j ) then by i(j ), and then by i(j ). This

ensuresthat the vector (0; 0; 0) will always be rst.
6. Calculate the uniquely de ned set of basisvectorsvia

Bi= Yla+ U)o+ Ulg =100

1.3.2.4 Pro jection into the Search Space

The binary represetation of the vectorsin the individual createsa discreteseard
space.In general,the vectorsa; b;c; fB;g that have beenobtained by the modi-
cations outlined above are not an elemen of that space.The primitiv e vectors
and the basis vectors have to be projected to the appropriate elemen of the
seart spacesothat the vectorscan be storedin the individual.

First the parametersx;y;'; ;# are calculatedfrom the primitiv e vectors:
b
X = =
a
_ b
y c
. by
= arctan >
b
= arctan S
sin
# = arctan G ;
Cy

where v denotesthe magnitude of the vector v and v, 2 fx;y;zg, is the
-componert of the vector v. Then the correspnding integer number mc is
computed by inverting the appropriate equation in (1.8) and rounding to the
nearestinteger. The binary represetation of thesenumbersis then storedin the
individual.
The basisvectorsalso have to be transformed and to that end the primitiv e
vectorsa®, b% and c®that are now encaled in the individual are calculated rst.

The parameters ;, i, and ; are obtained by solving the equations
@%+ b%+ c®=B;  i=2:ny
Again, the appropriaterelations (1.8) areinverted and the numbersm ,;:::;m

are obtained as outlined above and their binary represetation is stored in the
individual.
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1.3.3 Fitness Function

To nd the crystal structure with the lowest free energyF, solutionswith a low
free energyhave to be preferred over oneswith a higher free energy Therefore
the positive de nite tness function should increasewith decreasingree energy
In addition it hasto be taken into accourt that the free energy can take both
positive and negative values. The following two forms for the tness functions
were usedfor the calculationsin this thesis. The rst onereads

f(l)=exp 1 F() (1.10)
chc
and the secondone I
F(l) (i)
f(l)=exp 1 ; (1.11)
chc

whereF (1) is the free energyfor the crystal structure that is described by the
individual 1, F¢. is the free energyof a fcc structure, and g(i) a scalarfunction
that dependson the number of the population i in the algorithm. The di erent
conceptsto calculate the free energyare detailed in section2.1.

1.3.4 Hill Clim bing Metho d

During the run of the geneticalgorithm the individual 1 that encalesthe crystal
structure with the lowest free energyis saved. As a consequencef the limited

accuracydueto the binary represetation of the parameterswith a nite number
of digits this solution is re ned with a hill climbing algorithm. The n, parameters
X,y i # 211t n, aredecaledfrom the individual | andde ne the starting

point of the seart, the ny-dimensionalvector g

a= Gy #2010

The initial stepsize is setto

Thevectore , 2 fx;y;", # 2 :::; n,grepresets the unit vectorin -direction.
Then F(q), the free energyof the crystal structure that correspndsto the pa-
rametersin g, is calculated. The free energy of the vectorsqg; 2 fq egis
computed and if the free energyF (g ) = minfF(q;)g is lower than F(q) then
g issetto g . If not, then is decreasediypically ! =3. Once is lower
than somethreshold esn then the algorithm is terminated and the nal crystal
structure is calculatedfrom q . The typical number of stepsrequiredfor a lattice
with onebasisparticle is  150.
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1.4 Numerical Details

1.4.1 Values of the Parameters

Most of the calculationsin this thesiswere carried out with the following values
for the parameters

| Parameter | Value |
In 12
la 6
lc 8
lep 3
min 30
inc 5
I 10
Pmutate 0.005
number of individuals n 1000
maximum number of new populations | 100
thresh 1 10 10

1.5 Comparison to other Implemen tations

Evolutionary algorithms have beenusedbeforeto calculate the equilibrium con-
guration of molecular clusters [21, 22. Even though the method used there
is called \genetic algorithm™ this terminology is not correct as the parameters
themseheswere optimized and not their genetically encaled version.

In this cortribution, a possiblesolution was characterizedby its coordinates
and it was assignedto a tness value. As in the GA, parerts were selectedand
o springs were producedthat formed the next generationof solutions. Howe\er,
in this implemertation the algorithm that createsa child from the parerts did
not happen on the geneticlevel but on a geometriclevel. A plane was selected
at random that separatedead parert and the two parts were cross-corbined.
Then the cluster was possibly mutated by displacingthe particles in the cluster
in a random fashion.
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Chapter 2

Statistical Mec hanics

To calculatethe tness function for all possiblecandidate structures onemust be
able to compute the free energyof crystal structures. In this work two approxi-
mations were used: lattice sumsand the Einstein model which are descrited in
section2.1.

The calculation of the free energyof the liquid state which is important to
determinethe completephasediagram is coveredin section2.2.

2.1 Solid State

2.1.1 Lattice Sums

The lattice sumL of a crystal structure givesthe exactfreeenergyat zerotemper-
ature and neglectsthe in uence of ertropy on the free energy The free energy
per particle F=N (which is now identical with the internal energy) for simple
lattices, i.e. lattice with just one basisparticle, is

1X o

I:Iatticesum _

N 2
fRig

( Ri) (2.1)

wherethe setf R ;g consistsof all lattice positionsand ( r) is the pair potertial
betweenthe particles of the lattice and the prime denotesthe omissionof the
(0; 0; 0)-term. If the three primitiv e vectorsa, b, and c of the lattice are known
F=N can be written as

X X

I:Iatticesum _

1 0. . ) . 1 o ..
N > ( jla+ jb+ kcj) = > ( JViK)):

ij k ij k

If the lattice hasa basis,then not all points in the lattice are indistinguishable.
Therefore the lattice sum has to be averagedover the positions of the basis
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particles. The nal resultis

= 1X o ) . 1 X X . .
latticesum _ (Jvijkl) + n (Jvik+t Bm Byj): (2.2)

N 2 b .
ij k ij k I>m

Note that the (0; 0; 0)-term is included in the secondsummation.

2.1.2 Einstein Mo del
The Gibbs-Bogoliubov inequality [15
F 6 Fo+ hH Hoi, (2.3)

relatesthe free energyF of a systemwith the Hamiltonian H to the free energy
Fo of a referencesystemwith the Hamiltonian Ho. The expressionhi, denotes
an enserble averagein the referencesystem. If the referencesystemis \close
enough” to the systemunder consideration,both Fo and the ensenble average
hH Hoi, can be calculated easily If the Hamiltonian H, has one or more
variational parametersthen the r.h.s. of equation (2.3) can be minimized with
respect to these parametersto obtain an upper bound of the free energy of the
systemof interest that can be usedas an approximation for the same.

In the Einstein model ead particle at position r; is assumedto be attached
to a lattice site R; by a spring with spring constart k. The Hamiltonian of the
referencesystemis then

XN 2
_ Pi E _ N2 .
Ho = o + 2(rI Ri)* (2.4)

whereN is the number of particles, m the massof eat particle, and p; the mo-
mertum of particle i. The parameterk will be usedasthe variational parameter.
The Hamiltonian H of the systemunder considerationis given by

X [2 X

p; 1 , .
H = —+ = i rij): :

 m 2 (jri 1)) (2.5)

i=1 i6]
The kinetic cortributions to the ensenble averagein equation (2.3) canceland
this relation becomes

F6 Fo+ Wi, hWi,:
To calculate the free energyof the referencesystem,the partition function

Z Z
o _ 1 N N Ho(r;p)
Qn = AN dr dp“e : (2.6)

isewvaluated rst. Note that the usualpre-factor 1=N! is missingsincethe particles
are distinguishableby the lattice site they are attachedto. Due to the functional
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form of Hg, all the integralsin (2.6) are Gaussianwhich canbe solved analytically
to yield

SN 3N=2

Q= - - ;

where = k 2=2is the dimensionlessspring constart,  a length scale,and
= 2 ~2=m the thermal de Broglie wavelength.
The free energyF, is then given by

Fo= ksTlogQ{ = 3NksTlog — + gNkBTIog — (2.7)

As a consequencef the equipartition theoremthe internal energyhvoi, is given
by
hVoiy = 3NkgT=2: (2.8)

The enserble averagein the referencesystem of the poterntial energy of the
system,hVi,, can be obtained via
Z Z

Wig= 2 dr® dr jr® r°f) P%r®fR;g) (2.9)

NI =

with the two-particle density & (r®r%fR;g). The one-particle density is pro-
portional to the Boltzmann factor of the harmonic potential:

3
PrfRig= — 7 e R (2.10)
fRig

and the two-patrticle density canthen be approximated by
O (rSr0tRig) = (8 TRig) ¢ (rfRig):

Inserting this expressionin the integral (2.9) yields

Y
— — 2 dx x2e 7%° ( x) +
5 3 . 2% ( X)

#
X 01 Zl 2 2
= dxx(x) ez R)T g z(*Ri)
R' 0

Wi, =

fRig
which can be rewritten as

Vi, _ 1X o .
N 9 = e(0; )+§ e(Ri; ) (2.11)




which is equivalent to the lattice sumwith the Einstein potertial g(r; )
49 —-Rr
5 2—30 x x2e 7%° ( x) r=0
e(r; )=
3 P 2—%0 dxx ((x) e z(x N* e 2(*N* >0
When crystalswith singlesite occupancyare consideredthe rst term in equation
(2.11) is neglectedbecausedt correspndsto the potertial energyof the particle
at the origin. If clustered crystals are considered,the averageof the potertial
energybecomes
hVi n. X o
= (n. 1) e(0; )+ 5‘: e(Ri; ); (2.12)
fRig

with the cluster sizen. which reducesto the correct expressionfor n, = 1.
Inserting equations(2.11), (2.8), and (2.7) into the Gibbs-Bogoliulov inequal-
ity yields (for nc = 1)
F

3
- -+ — _
N 6 3log log

X
e(Ri; ): (2.13)

NI W
+
NI =

fRig

To allow comparisonto other free energyvaluescalculatedwith di erent theories
the rst term is, asusual, droppedin practice becausat is possibleto choosethe
massso that log( = ) vanishes. To minimize the remaining terms of equation
(2.13) the cortribution proportional to log favors ! 0 while the last one
favors ! 1 . The interplay of thesetwo terms canleadto alocal minimum at

> 0. The free energyof the solid accordingto the Einstein model is then
0 1

I:einstein 1— X 0

e(Ri; A (2.14)

NI W
+

. =3
=mn@Zlog —
2
fRig
It can be shavn that the Einstein model is equivalent to a density-functional

theory wherea mean- eld form for the functional for the excesdree energyand
a Gaussianshaped one-particledensity is used[37].

2.2 Liquid State

The thermodynamic properties of a liquid in equilibrium are descriked by the
total correlation function h(r) and the direct correlation function ¢(r). Thesetwo
functions are related via the Ornstein-Zernike (OZ) equation[15] which readsfor
a spatially homogeneousnd isotropic liquid

h(r) = c(r) + dr%(r  rHHn9; (2.15)
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where the number density is denotedby . The OZ equation can formally be
solved for h(r) by repeatedly inserting it into itself
Z z z

h(r) = c(r)+ drer r9erd+ 2 dr® dr%(r r3)c|r® rPe(r®+::::

This equation can be interpreted in the following way: The total correlation
betweentwo particlesis equalto the sumof the direct correlation plus the indirect
correlation mediatedby an increasingnumber of other particles.

The Fourier transform of the OZ equation becomeghe algebraicequation

(k) = e(k) + R(k)e(k) (2.16)

and the Fourier transformed correlation functions which are denotedby the tilde,
are related to the static structure factor S(k) through
S(k) = 1+ h(k) = 1 .
1 k)
The static structure factor can be measuredby scattering experimerts and rep-
resens a very important link to comparetheory and experimerts.
The total correlation function is related to the radial distribution function
g(r) that is de ned for a homogeneousystemas
* +

X
g(r)=m o (r rj
via

h(r)=g(r) I

2.2.1 Integral Equation Theory

In generalh(r) and c(r) arenot known and the OZ equationaloneis not su cien t
for determining both correlation functions. Another relation betweenh(r), c(r),
and the potertial ( r) is required. Sud a relation, F[c;h; ; r] = 0, is called
closure relation. The knowledge of the exact closurerelation is equivalent to
knowing the partition function of the system which is only possiblefor simple
systemslike the ideal gas. Various levels of simpli cation can be usedto derive
closuresfrom exact results of statistical medanics.

In this work three closureswere usedto calculatethe thermodynamic proper-
ties of the liquid state: the mean spheri@l approximation (MSA), the hypernetted
chain approximation (HNC), and the Rogers-Youngclosure(RY) [38].

MSA Closure :The closurereads

o(r) = 0 r <

c(r) = (r)y r>; (2.17)
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for a hard core systemwith hard corediameter . If there is no hard core
then the MSA closurebecomes

c(r) = (r) 8r: (2.18)

In that casec(r) is explicitly known and h(r) can be calculated by Fourier
transforming c(r) to e(k), inserting it in equation (2.16) and transforming
h(k) bad to h(r).

HNC Closure : The HNC closurehasthe form

h(r) = e (r)+h(r) cr) 1 (219)

PY Closure : The Percus-Yevidk closure(PY) reads

cr)= e (7 1 (h(r) ofr)+1):

RY Closure : The RY closureinterpolatesbetweenthe PY closurerelation
and the HNC closureto achieve thermodynamic consistencybetweentwo
thermodynamic routes (see belon). The functional form of this closure
reads

gh(r) cr)f()

cr)y=e (D 1+ 0 h(r)+ c(r) 1 (2.20)
and the mixing function f (r) is usually chosento be
f(ry=1 e’ 2[0;1):
In the limit ! 1 the RY closurebecomesthe HNC closureand in the
limit ! Othe PY closureis obtained. Independerly of the RY closure

shonvs PY-like behavior for small distancesand HNC-like behavior for large
distances. The mixing parameteris chosensothat the compressibiliy cal-
culated via two di erent thermodynamic routes coincide (for more details
seesections2.2.2and 2.2.3).

2.2.2 Thermo dynamic Inconsistency

The thermodynamic propertiesof the uid canbe calculatedfrom the correlation
functionsvia three di erent routes: the virial, the compressibiliy, and the energy
route. If the exactcorrelation functions wereknown, the resultsof all three routes
would coincide. If the correlation functions are obtained with closurerelations
that cortain approximations, then the results di er. This phenomenonis known
as thermadynamic inconsistency
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From statistical medanics one can derive the following three equations of
state:

Virial Route : The pressureP" canbe calculatedwith the virial equation
Z
PY 2

' d (r)
3 .
=1 3 dr r>g(r) a

Energy Route : A thermodynamic quartity can be consideredthe sum
of an ideal part (\id") that correspndsto the thermodynamic property
of an ideal systemwhich can be calculatedanalytically, and an excesgart
(\ex") that stemsfrom the pair interactionsand usually hasto be calculated
numerically. The excessinternal energy U®* is obtained from the energy

equation 7
uex 1
=2 drr2g(r) ( r):
N 0
The excesdree energyF ¢ can then be calculatedwith
FeX Z ({J
= d U( O):

From this expressionthe excesgressureis obtained via

@GX .
@

Pe;ex =

Compressibilit y Route : The isothermal compressibiliy  can be cal-
culated by the compressibiliy equation
V4

keT 1=1+  dr(gr) 1)= 1+ h(k=0)

where
1 dv

vV dPe .

is the isothermal compressibiliyy. Integration of this relation with respect
to the volume leadsto the pressureP®.

T=

2.2.3 Numerical Algorithms
2.2.3.1 Broyles' Algorithm

There are se\eral algorithms that are usedto solve the OZ equationalongwith a
closurerelation for the correlation functions. In this work the Broyles' algorithm
was used|[39].
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Instead of the pair of correlation functions ¢(r) and h(r) rather c(r) and the
indirect correlation function (r) = h(r) ¢(r) are usedin this algorithm. The
Fourier transform of the OZ equationreadsin terms of those functions

e(k
~(k) = 17(6()@ (2.21)
and the closurerelation is solved for ¢(r):
c(r)=G[ (r); ( NI (2.22)

The iterativ e algorithm works as follows:

1. Setthe iteration index i to 0 and make an initial guessfor ¢)(r). Usually,
either a previoussolution for ¢(r) or the MSA expressionis used.

Fourier transform ¢ (r) to obtain &V (k).

Useequation (2.21) to obtain ~ (k).

w0 D

Make an inverseFourier transform to obtain  ()(r).
5. Useequation (2.22) to obtain c(i*2)(r)
6. Obtain ¢V (r) by mixing ¢ (r) and ¢* 2)(r):

D= c*Ir)+ @ H)r) o< 61

7. Ched for corvergence:lf
manC(i+l) (r) C(i+l) (r)j <"
then the iteration is nished. If not, return to step 2.

The choiceof the mixing parameter hasa signi cant impact on the corvergence
behavior of the algorithm. A smallervalueof leadsto a slover yet moreensured
convergence.If the correlation functions start to increaseto extremely high values
(i.,e. 1 10P), then a completerestart is necessarywith a reducedvalue of
The parameter” is typically of order” = 1 10 &,

2.2.3.2 Achieving Thermo dynamic Consistency with the RY Closure

Thermodynamic consistencybetween the virial route and the compressibiliy
route is achieved by modifying the parameter in the RY closure (seesection
2.2.1). The function ( ) is de ned asthe di erence of the isothermal com-
pressibility 1 calculatedvia the two routes:

()= keT 7() keT ()
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with
keT $()=1+ Ak=0;; );
and
1 .
@ Pv()l"

@
The derivative of the pressurewith respect to the density can be calculatedvia

v Z
@P()] = 1 4 ldrr3d (rr)g( )

ksT T( )=

@ 3 7 0 d .
2 ! dr rsd (na(;; )
3 20 dr @
2,0t o ad (n@(;; )d |
3 . drr ar @ g (2.23)

The last term in equation (2.23) above is usually omitted asit is much smaller
than the other two terms and the neglectof the density dependenceof makesthe
calculationsmuch easier. The derivative @(r; ; )=@ is calculatednumerically:

@ )_9o(ms + 5 ) 905 ).
& :

The numerical implemertation of the algorithm works as follows:

1. Choosea starting value of @ and set the iteration index i to 0. Usually
= 1 or a known solution for similar systemparametersis used.

2. Calculateg(r; ; M), g(r; + ; ®),g(r;; O+ ) andg(r; + ; O+ ).
The valueof istypically * 1 10°

3. Calculate ( W)and ( @+ ).
4.1f (M) < &then the algorithm is nished. Typically, & 1 10 °.

5. Set (*D) = )4 (M= ( D+ ) ( M) andreturn to step
2.

It is possiblethat for no positive -value consistencybetweenthe two routes can
be achieved. In this casethe RY closurecannot be usedfor that particular state
of the liquid.

2.2.4 Calculation of the Free Energy

To calculatethe full phasediagram of a systemthat includesboth the liquid and
the solid phase,one must be able to calculate the free energyof the liquid from
the correlation functions. Someof the pair potertials that are consideredin this
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work are explicitly state-dependert and this fact hasto be taken into accourt
when calculating of the free energyF ( ) [40]. The ideal free energyper volume
fig( ) is given by
fia( )= (log 1)+ log ¥
and the excessart per volumef ¢, is obtained by evaluating
Z Z,
2odr () d g )

0

NI =

fex( ) =

where g( )(r; ) represets the radial distribution function for the scaled pair
potertial ( r).

2.2.5 Phase Transitions

The coexistenceof two phasesis de ned by thermal, medanical, and chemi-
cal equilibrium which translates in the equality of temperature, pressure,and
chemical potertial. As all calculationswere performedat constart temperature
only the last two conditions are important. The pressureP and chemical poten-
tial  can be calculated in the following way from the free energy per volume
F()=F()=V:

P =

The equality of pressureand chemical potential betweentwo phasesl and 2 can
be interpreted geometricallyastangert to both F, ( ) and F,( ) (doubletangent
construction, see gure 2.1).
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— F, (1)

—F, (1)
double tangent

F(r)

Figure 2.1: Sthematic represemation of the double tangert construction closeto
the phasetransition. The free energiesof the two coexisting phasesare denoted

by F; ().
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Chapter 3

Systems

The systemsthat were consideredn this thesisbelongto the classof soft matter.
These materials are composed of mesoscopigarticles (typical size Inm{1 m)
that are dispersedin a solvert whoseconstituert particles are much smaller in
size. Sud systemsare also known as complex uids or colloidal dispersions
Thesesystemshave a great diversity, for a generaloverview see[24, 25, 26].
Calculationsfor three di erent typesof systemswere performedin this work:
lonic microgelswhich are coveredin more detail in section3.1, star polymers(see
section3.2), and the Gaussiancoremodel and its generalization(seesection3.3).

3.1 lonic Microgels

Microgels [41] are cross-linled latex particles that are swollen by a good sol-
vert. Depending on their monomer-and cross-linking density they can behave
like hard-sphereparticles [42] or soft colloids [43]. They are used as rheologi-
cal cortrol agers in automotive surfacecoatings and shav promisein printing
applications. Additionally, they might be usedas drug delivery systemsif they
can be designedto swell in closeproximity to the target sitesin the body. The
most common constituert polymer of microgelsis poly(N -isopropylacrylamide)
(PNIPAM) which producesmicrogelsthat swell in water (see gure 3.1). Other
polymers like polyacrylic acid, polystyrene, or starch are also used. The poly-
mers of an ionic microgel carry ionizable groups so that the microgel carries a
net chargein the solution.

An e ective interaction potential that doesnot depend on the lessrelevant
degreesof freedom (like uctuations of the macromoleculespr the coordinates
and momerna of the courterions and solvert molecules)acilitates the calculations
enormouslyfor theoretical purposes.The e ective Hamiltonian H, hasthe form

Xp. X
H = _r + ir. R: i)+ Eq:
e . om e (Jrl jJ) 0y

i<j
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Figure 3.1: The structural formula of Isopropylacrylamide.

where P; denotesthe momenium and R; the position of the certer of the i-th
microgel particle, and N is the total number of microgel particles. The term
E, is usually called volume term becauseit does not depend on the positions
or momerta of the microgelsbut on their number density . This term will be
discussedelow.

The e ective Hamiltonian He ful lls the relation

Z=¢e " = g He

m
whereH represets the Hamiltonian of the full system,including courterions and
solvert moleculesh ::i denotesa canonicaltrace, and the subscript m refersto
a trace with respect to the coordinates and momerta of the microgelsonly.

Within the formalism of linear responsetheory one can appraximately calcu-
late the e ective potential (for details see[44]). It hasthe following functional
form:

h [
% ZZBh§42 Zzs e 1+ 2 2+ 1 242 r=20
2?24 41 144 36 4 r° 12 i
e(r)_g 2_ e 1+2Z°%snh(r)+ 1 A, (1 e') r6
018 cosf( =) M D g i

(3.1)
In this equation Z is the net charge number of the microgels(possibleManning-
condensedcourterions have been subtracted), is the diameter of a microgel
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particle, is the inverseDebye screeninglength, namely,

p
= 4 7 B

and g isthe Bjerrum length that denotesthe distanceat which the electrostatic
interaction betweentwo elememary chargesroughly equalsthe thermal energy:

s
kgT’

B =

wheree denotesthe elememary chargeand the dielectric constart of the solvert.
The Bjerrum length hasthe value g = 0:714nmfor water at room temperature
and is kept xed at that value in this work. The resulting e ective potential
shows an explicit density dependencethrough . It is visualizedin the gures
3.2and 3.3.

500 T T T T T

— rs 3:0.1
400

300

bF _(r)

200

100

r/s

Figure 3.2: The e ectiv e interaction potential betweenchargedmicrogelsfor xed
chargeZ = 200and varying density.

The volume term E cortains cortributions from the courterion degreesof
freedomand is given by:

(
62%¢ 1 2
Eo = ZNkgT In(Z 3 1 N £ T3t (3.2)
)
6 4 4 4 ke T
33 1 o2t It —*+ 55 e ZN2,
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Figure 3.3: The e ectiv e interaction potential betweenchargedmicrogelsfor xed
density 3= 4 andvarying Z.

where is the thermal de Broglie wavelength. Though the volume term hasno
in uence on the correlation functions of the microgel particlesit is an important
cortribution to the thermodynamics of the system. The dimensionlessvolume
term  3Ey=V is depictedin gure 3.4.

This model neglectsthe steric repulsionthat stemsfrom the overlap between
the monomersof two interacting microgels. If the microgelsare consideredas
homogeneousphereswith diameter and monomervolume fraction the steric
free energyof a single microgel particle is given by [45]

Vo 1
F = keT 2
st Ty 2
where Vg = 3=6 is the volume of a microgel particle, v is the volume of a

monomer, and  characterizesthe sohernt quality (0 < < 1=2 represets a
good sohert and > 1=2 a poor one). The generalizationof the Flory-Huggins
theory to two overlapping microgelswith a certer-to-cernter distancer < leads
to [31]

2Vo 1 ) 3 r 3

1
Cc

Thereforethe steric interaction potertial, «(r) = Fs(tz)(r) Fs(tz)(l ), reads
h [

(
ir
1 > re (3.3)
r>

Nlw
+

st(r) =
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Figure 3.4: The dimensionless/olume term of charged microgelsfor varying Z.

The pre-factor is given by

2V, 1
= —OkBT = 2:
Ve 2

Inserting typical valuesfor PNIPAM microgelsyields an estimate for the range

of

1 1
= . . 200 — ;
2 2

with 06 6 1=2. The steric interaction potertial is visualizedin gure 3.5.
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Figure 3.5: The steric interaction potential of microgels.
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3.2 Star Polymers

Star polymersare particles of mesoscopisize,wheref linear polymer chains are
andored on a commoncore. The number of \arms" f is called functionality of
the star polymer. The nite size of the core can be neglectedif the chains are
much longerthan the diameter of the core. Similar to the procedurein the above
section 3.1, an e ective interaction potertial s,(r) betweentwo star polymer
particles can be obtained that depends on the distance between their certers
only [46,47]. For f & 10it is given by (see gure 3.6)

8
5 < logt + =~ r6
sp(r) = =5f 77,

P~
18 : S ) .
Pt C 2 r=

(3.4)

where is the coronadiameter. The interaction divergesonly logarithmically at
the origin sothis systemis also consideredto be a soft one.

100 \

— =10 T
=50
f=100

bF ()

Figure 3.6: The e ective interaction potertial of star polymersfor varying func-
tionality f .

3.3 The Gaussian Core Mo del and its General-
ization

The Gaussiancoremodel (GCM) approximates the e ectiv e interaction between
the certers of massof two polymer chains. The Flory-Krigbaum potential [48]
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that descrikesthe exactinteraction poterntial betweenpolymer chainsis given by

V2 3=2 ar2
()= NS e

Vsolv 4 RS

where N denotesthe degreeof polymerization (the number of monomersof the
polymer), Vseq is the volume of a monomersegmety vsqy the volume of a sohert
molecule,R, the radius of gyration of the chains,and characterizesthe quality
of the solvert. The interaction potertial of the GCM reads

cem (1) = "e (= > (3.5)

with an energyscale” and a length scale . The thermodynamicsand the phase
behavior of the GCM have already beenstudied [49, 50].

The genearlized Gaussiancore model (GGCM) [51]is a generalizationof the
GCM and is characterizedby the interaction potential

seem n(r) ="e =7 (3.6)

where de nesthe length scaleand " the energyscale. The parametern governs
the steepnes®f the repulsion: n = 2 equalsthe GCM and in the limit n! 1
the interaction potertial of the penetrablespheremodel (PSM) is obtained:

re

psm(r) = 0r>

Figure 3.7 shows the potertial of the three models.
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Figure 3.7: The interaction potertial of the Gaussiancoremodel (GCM), the pen-
etrable spheremodel (PSM), and the generalizedGaussiancore model (GGCM)
for n = 4;10; 100
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Chapter 4

Results

4.1 Freezing

4.1.1 Star Polymers

The rst test of the utilit y of the GA was chedking the zero-temgerature phase
diagramof star polymer solutionsthat had alreadybeenpublished[3] (reproduced
in gure 4.1). That phasediagram was determined by comparing the lattice
sum of 3 di erent crystal structures - bco, diamond, and A15 (for details see
appendix A). The rst calculation with the GA was performedwith 1,2, and 8
basisparticles using tness function (1.10). The GA con rmed the fcc structure
for low densitiesand the diamond structure for 2 . 3. 2:6 but predicted a
trigonal structure insteadof bcofor 1:3. 3. 1.9. A moredetailed calculation
with abco, trigonal and diamond sstructure ascandidatesshovedthat the trigonal
structure hasindeeda lower freeenergythan the bcoone(see gure 4.2). Instead
of the bco structures proposedin [3] for densities 3 & 2:6 the GA predicts a
simple hexagonallattice and then a hexagonalclose-paked structure that both
have lower free energiesthan the respective bco structure. The phasediagram
calculatedwith the GA is plotted in gure 4.3.

An obvious aw of the calculationswith the GA are the problemsnear the
phasetransition. Closeto the intersection of the free energy curves of the two
competing structuresthe respective valuesof the tness function are almostiden-
tical and both structures propagatein the population. As a consequencef the
random elemerts in the algorithm the nal crystal structure waseither oneof the
two structures or a di erent onewith a free energyvalue betweenthe one of the
two competing structures (see gure 4.4). This problem can easily be overcome
by calculating the freeenergiexloseto the phaseboundaries,usingthe structures
predicted by the GA as candidates.

Another shortcomingis the fact that the GA doesneither nd any structure
that hasa lower free energythan the A15 structure, nor the A15 structure itself
for densities 2 & 4 which led to the conjecturethat indeedthe A15 structure is
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the stable crystal structure for high densities. Thus the zero-temgerature phase
diagram was calculated using fcc, trigonal, diamond, hexagonal,hcp, and A15 as
candidate structures (see gure 4.5).

0.104 , , , ,
f — 1st order f
2nd order bco, fcc
0.03 | W\\[ 132
bca,
| : 140
diamon
0.02 r fcc bca A15 148
-1 56
-1 64
-1 80
0.01 ¢
-1 128
-1 256
O | | | |

0.0 0.5 1.0 1.5 2.0 2.5

Figure 4.1: The zero-temperature phasediagram of star polymersin reproduced
from [3]. The pading fraction is denotedby = 3=6 and the functionality of
the star polymersby f.

The inability of the GA to nd the A15 structure at high densitiesis most
likely due to the high number of local minima near the global minimum. The
values of the reduced free energy becomequite large in these density ranges
(typically 1500) and the tness function (1.10) barely discriminates values
that dier only slightly ( 5). To improve the performanceof the GA the
tness function (1.11) was usedwith di erent functional forms for g(i):

10' 10' 10

With this tness function the behavior at low generation number i is almost
idertical to the one of (1.10) while small changesin the free energyhave a more
signi cant impact in later generations(see gure 4.6) With this enhancementhe
GA was ableto nd a structure with eight basisparticles that hasa lower free
energyvalue than the oneof an A15 structure (see gure 4.7). The structure in
thesecasess a single-facecertered monaoclinic lattice with eight basisparticles
(see gure 4.8).

g(i)y= 1+ ai a2f
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Figure 4.2: The freeenergyper volume asa function of density of a bco, trigonal,
and diamond structure for star polymerswith f = 40.
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Figure 4.3: The zero-temperature phasediagram of star polymers (functionality
f vs. density) calculatedwith the geneticalgorithm. The Synbols indicate the
respective stable crystal structure.
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Figure 4.4: The dimensionlesdree energyper particle asa function of density of
star polymerswith f = 40for a fcc structure, a trigonal structure, and calculated
with the geneticalgorithm closeto the transition from fcc to trigonal.

100

90 -
80 -
70 -
— L fcc trigonal Al5 -
60 -
50+ -

40+ -

Il ‘ Il ‘ Il ‘ Il ‘ Il
30O 1 2 3 4 5

3
rs

Figure 4.5: The zero-temperature phasediagram (functionality f vs. density) of
star polymers calculated using fcc, trigonal, diamond, hexagonal,hcp, and A15
structuresascandidates. The linesdenotethe points wherethe freeenergycurves
intersect.
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Figure 4.6: The relative di erence of the tness betweena structure with F=N =
1495and F=N = 1505 calculated with the tness function (1.11) for three
di erent valuesof a. The free energyof the referencestructure was assumedto
have a value of 1500.

1550 ‘

genetic, g(i)=1+0.1i
genetic, g(i)=1+0.2i
(>—© genetic, g(i)=1+0.3i
1500~ — AI15 —
— hcep
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Figure 4.7: The dimensionlesdree energy per particle as a function of density
for a hcp structure, an A15 structure, and calculated with the GA using three
di erent tness functions.
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Figure 4.8: Unit cell of the crystal structure of a star polymer with f = 100and
3 = 5found with the GA. The underlying Bravais lattice is single-facecertered
monaclinic.
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4.1.2 Microgels
4.1.2.1 Predictions

The phasebehavior of looselycross-linked microgelswith low monomerdensity,
for which the interaction potential (3.1) was derived, was yet unknown, so the
investigation started with the calculation of the zero-temperature phasediagram
via the geneticalgorithm (gure 4.9) to nd the possiblecandidates. The free
energyof the solid was calculatedvia lattice sums(seesection2.1.1)

Sef0SeseussecUscEsUEEtsCEsscLsEEEL ' w ' x O
+O0030000C03000003303030000 E

5100/ S€EEEEEEEEEEEEEEEEEECEEELTE! X

400E33033003303300330333033333 &

N FOCCCCCOCC3C3C33033a33a33333a q

300rE30C333330333330033333033333 ]

200rE33300333300333333333333333 -~

i0]0)iS686n868E(1668EAEEEEEEEEAEEEE(] ) ] ; | . e

3
rs

O fec O bece O hexagonal ™ trigonal © bco

Figure 4.9: The zero-temperature phasediagram (charge number Z vs. density)
of an ionic microgelwith =100nm calculated with the geneticalgorithm. The
symbols denotethe respective stable crystal structure.

It was unclear, whether taking into accour the in uence of enropy on the
free energywould have a signi cant impact on the phasediagram of the solidsfor
T > 0. To investigate this phenomenon,the free energywas calculated via the
Einstein model (seesection2.1.2) and the localization parameter wasincluded
in the individual to optimize it at the sametime asthe lattice parameters. The
calculationsshonvedthat the sequencef crystal structuresasa function of density
stays the samebut the phasebordersare slightly shifted and a narrow bco-region
shavs up betweenthe bcc- and the hexagonalregion (see gure 4.10).

In both caseghe algorithm has problemscloseto the phaseboundariessoin
order to obtain their exact locations additional calculations using the predicted
structures as candidatesare required (see gures 4.12and 4.13).

The Hansen-\érlet criterion [52] predicts a liquid-solid phasetransition where
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Figure 4.10: The phasediagram of an ionic microgel (charge number Z vs. den-
sity) with  =100nm calculated with the genetic algorithm using the Einstein
model to calculate the free energy The crystal structures in the points labeled
\unde ned" vary rapidly with the density, sono singlestructure can be assigned
to this region. This proved to be no problem sincethe systemwas liquid in this
region.

the main peak of the structure factor S(k) readesa value of 2:85. The OZ-
equationwassoledwith the HNC closurerelation (2.19) and the structure factor
was calculated from the correlation functions. The value of the main peak of
S(k) canbe seenin gure 4.11. According to this criterion a re-ertrant melting
transition is predicted at densities1 & * & 25and 150& Z & 250. Re-
ertrant melting, where the liquid freezesupon compressionbut becomesdiquid
again upon further compressionjs one scenariothat can happenin soft systems
(for more details seesection 4.3). The system should be frozen for Z & 300
everywhere except for very low densities. The increaseof the rst peak of the
structure factor upon compressioris typical for all substance$ut the subsequen
decreaseonly happensin soft systemsand hints at a re-ertrant melting process.
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Figure 4.11: The value of the main peakof the structure factor S(k) for microgels
calculatedwith the HNC closureas a function of charge number Z and density.
The blue line marks the parametervalueswhere S(k) = 2:85.
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4.1.2.2 Liquid-Solid Phase Diagram

The full liquid-solid phasediagram of microgelswas determined by calculating
the free energy of the solid structures predicted by the GA within the Einstein
approximation and the free energy of the liquid using both the HNC and the
RY closure. The phasediagramscalculated with the HNC closure( gure 4.12)
and calculatedwith the RY closure( gure 4.13)look qualitatively similar. The
most notable quartitativ e di erence is the location of the liquid-fcc-bcce-liquid
transition. The comparisonwith the prediction from the Hansen-\érlet criterion
shavs a good agreemen for low densitiesbut it fails to predict the double re-
ertrant meltingat 3 3.

The coordination number of the crystal structures decreasewith increasing
density from twelve (fcc), eight (bcc), to two (hexagonal, trigonal, and bco).
The correlation functions of the liquid calculated closeto the transitions shov a
precursorof thesevalues. The number of next neighbors n,,.,. in a liquid can be

calculatedvia
Ze

Nyn: = 4 r2g(r)dr;
0

where r. denotesthe position of the rst minimum of g(r). The correlation
functions were calculated with the HNC closure. The following state points were
chosento calculate thesevalues:

3 = 0:3, Z = 200, near the liquid-fcc transition (see gure 4.14). The
point is marked by \(a)" in gure 4.12. The number of neighbors is ap-
proximately twelve, i.e. the number of next neighbors in a fcc lattice.

3 = 2:3, Z = 200, near the bcc-liquid transition (see gure 4.15). The
point is marked by \(b)" in gure 4.12. The number of neighbors is ap-
proximately 14, i.e. the sum of the rst two next neighbors sh 'SiLB bce
lattice which are very closetorgether(eigrt particles at distance ® 2= 3=2

and six particles at distance ® 2= ).

3= 3:2, Z = 400, near the liquid-hexagonaltransition (see gure 4.16).
The point is marked by \(c)" in gure 4.12. Herethe location of the rst
minimum is hard to nd dueto the shoulderin g(r) but the next neighoor
number of two in the hexagonallattice is reasonablywell predicted.

3 = 458, Z = 520, near the trigonal-liquid transition (see gure 4.17).
The point is marked by \(d)" in gure 4.12.In this casethe rst minimum
is again pronouncedand the number of neighborsin the liquid is two asin
the trigonal lattice.
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Figure 4.12: Liquid-solid phasediagram (chargenumber Z vs. density) of micro-

gelswith

= 100hm. The propertiesof the liquid phasewerecalculatedwith the

HNC closureand the properties of the solid phasewith the Einstein model. The
circlesmark the points wherethe number of next neighbors were investigated.
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Figure 4.13: Liquid-solid phasediagram (chargenumber Z vs. density) of micro-
gelswith = 100hm. The properties of the liquid were calculatedwith the RY
closureand the properties of the solid phasewith the Einstein model.
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Figure 4.14: Pair correlation function g(r) and number of neighbors np.,.(r.) of
amicrogelwith 3= 0:3,Z = 20Q and = 100nm. The correlation functions
were calculated with the HNC closure.
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Figure 4.15: Pair correlation function g(r) and number of neighbors np.,.(r.) of
a microgelwith 2= 2:3, Z = 200 and
were calculated with the HNC closure.
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Figure 4.16: Pair correlation function g(r) and number of neighbors np.n.(r¢) of
3=32 Z = 40Q and
were calculated with the HNC closure.

= 100hm. The correlation functions
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Figure 4.17: Pair correlation function g(r) and number of neighbors np.n.(r¢) of
3= 48,7 =52Q and
were calculated with the HNC closure.

= 100hm. The correlation functions
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4.1.2.3 Lindemann Ratio

The Lindemannparameter[53]L is de ned asthe root-meansquaredisplacemen
of a particle from a lattice site, dueto the harmonic oscillations, over the nearest-
neighbor distanceay:

q

hr2i

L= ;
ag

with R
, Egrr2 (r).
B dr (r) °

For the density (2.10) this expressionbecomes

r

The Lindemann ratio of the crystals encourtered in the phase diagrams was
calculated for Z = 300 (gure 4.18),Z = 350 (gure 4.19), Z = 400 (gure
4.20),Z = 450 (gure 4.21),Z = 500 (gure 4.22),Z = 550( gure 4.23),and
Z = 600( gure 4.24). The microgeldiameterwas xed at = 100nm. Usually, a
Lindemannratio of 10to 13%is consideredan indication of a melting transition.
Howeer, this criterion was only usedfor systemsthat shonv a steep repulsion
near overlap, accordinglyits validity for soft systemsis not granted.

Similar to the predictions of the Hansen-\érlet criterion the Lindemannratios
predict the rst re-ertrant melting but fail at the secondone. The crystals are
delocalized very strongly and the stable structures are not the oneswith the
lowest Lindemann ratio. Instead, the crystal structure that hasthe lowest value
of L asidefrom fcc and bcc is the stable one.
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Figure 4.18: Lindemann ratio of fcc, bcc, hexagonal,trigonal,

of microgelswith Z = 300and = 100hm.
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Figure 4.19: Lindemann ratio of fcc, bcc, hexagonal,trigonal, and bco crystals

of microgelswith Z = 350and

= 100hm.

66

and bco crystals



0.3 ‘
— fcc i
0.25- bce =
— hexagonal
trigonal
0.2 bco
—10.15~
0.1~ _
i \_/ 1
0.05-— _
0 \ \ \ \ !
0 1 2 3 4 5 6

Figure 4.20: Lindemann ratio of fcc, bcc, hexagonal,trigonal, and bco crystals
of microgelswith Z = 400and = 100hm.
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Figure 4.21: Lindemann ratio of fcc, bcc, hexagonal,trigonal, and bco crystals
of microgelswith Z = 450and = 100hm.
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Figure 4.22: Lindemann ratio of fcc, bcc, hexagonal,trigonal, and bco crystals
of microgelswith Z = 500and = 100hm.
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Figure 4.23: Lindemann ratio of fcc, bcc, hexagonal,trigonal, and bco crystals
of microgelswith Z = 550and = 100hm.
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Figure 4.24: Lindemann ratio of fcc, bcc, hexagonal,trigonal, and bco crystals
of microgelswith Z = 600and = 100hm.
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4.1.2.4 Steric Interaction

The inclusion of the steric interaction (3.3) betweenthe microgel particles will
have no impact on the phasebehavior for high valuesof Z as the interaction
potertial that stemsfrom the electrostatic interactions scaleswith Z? and the
maximum value of the steric interaction is limited to . 200. The additional
repulsion from the steric interaction should stabilize the solid and decreasehe
value of Z wherere-ertrant melting occurs rst. A su ciently large value of
should lead to two separate uid phases.The calculation of the phasediagrams
shows that thesee ects indeedoccur (see gures 4.25,4.26,and 4.27)

250 \

200

150

100

liquid

501

— with steric interaction
- — no steric interaction

\ \ \ \ \
OO 0.5 1 15 2 2.5 3
3

Figure 4.25: Low density part of the phasediagram of an ionic microgel (charge
number Z vs. density) including steric interactions. The systemparametersare

= 100hm and = 50. The properties of the liquid phasewere calculatedwith
the HNC closure.
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Figure 4.26: Low density part of the phasediagram of an ionic microgel (charge
number Z vs. density) including steric interactions. The systemparametersare

= 100hm and = 70. The properties of the liquid phasewere calculatedwith
the HNC closure.
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Figure 4.27: Low density part of the phasediagram of an ionic microgel (charge
number Z vs. density) including steric interactions. The systemparametersare

= 10nm and = 100 The propertiesof the liquid phasewere calculatedwith
the HNC closure.
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4.2

Layer Transition

The aim of the investigations of layered systemswas to study the formation of
three-dimensionallattices out of a few layers as well as the transition from (n)
to (n + 1) layers. The constituert particles of the system were chosento be
polymers with GCM interaction potertial (3.5) becausethe phasebehavior of
the bulk systemis already known [49]: the stable crystal structures of the three-
dimensionalsystemare fcc and bcc. The zero-temperature solid phasediagram
of the bulk systemis as follows:

fccfor06 3< 0:1794
phasecoexistencebetweenfcc and bec for 0:17946 36 0:1798

fccfor 0:1798< 3

Both fcc and bcc lattices can be realized as stadked two-dimensional lattices,
which will be shawn in the following paragraphs:

fcc lattice

bcc

Square: The two-dimensionallattice is a squarelattice with a lattice pa-
rameter of a and eact‘bla_lyer is displacedby (a=2;a=2). If the distancebe-
tweentwo layersis a= 2 then the resulting three-dimensionallattice byilt
up by anin nite number of layersis a fcc lattice with lattice constart = 2a
(see gure 4.28).

Rectangular : The two-dimen%'o_nallattice is a rectangular lattice with
the lattice parametersa and a= 2 and ead layer is,displacedby half of
the diagonal. If the distancebetweentwo layersis a= 8 then the resulting
three-dimensionallattice built up by an in nite number of layersis a fcc
lattice with lattice constart a (see gure 4.29).

Hexagonal : The two-dimensionallattice is a hexag(bnillattice with lattice

parameter a and ead Jayer is displacedby (a=2;a= 12). If the distance

betweentwo layersis = 2=3a then the resulting three-dimensionallattice
uilt up by anin nite number of layersis a fcc lattice with lattice constart
2a (see gure 4.30).

lattice

Square: The two-dimensionallattice is a squarelattice with a lattice pa-
rameter of a and ead layer is displaced by (a=2;a=2). If the distance
betweentwo layersis a=2 then the resulting three-dimensionallattice built
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Figure 4.28: The represemation of a fcc lattice by layered squarelattices. The
particlesin di erent layershave di erent colorsand the two-dimensionalunit cell
is drawn in red.

up by an in nite number of layersis a bcc lattice with lattice constart a
(see gure 4.31).

Centered Rectangular : The two-dimensg)gallattice is a certered rectan-
gular F}ﬂtice with lattice parametersa and = 2a and ead layer is displaced
by a= 2 in the directign of the longer primitiv e vector. If the distancebe-
tweentwo layersis a= 2 then the resulting three-dimensionallattice built
up by an in nite number of layersis a bcc lattice with lattice constart a
(see gure 4.32).

Hexagonal : The two-dimensionallattice is a hexag(bnillattice with lattice
parameter a and ead layer is displacedby (a=2;a= 12). If the distance
betweentwo layers is a= 24 then the resulting three-dimensionallattice
bth up by anin nite number of layersis a bcclattice with lattice constan

a= 2 (see gure 4.33).

The structures that are expectedare summarizedin table 4.1.

The layersare assumedo be con ned by hard walls which are separatedby a
distanceD andthe rst and last layer arelocateddirectly in the walls (for details
seel.3.1.3). The calculationswere carried out at xed bulk number density 3
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Figure 4.29: The represetation of a fcc lattice by layered rectangular lattices.
The particlesin di erent layershave di erent colorsand the two-dimensionalunit
cell'is drawn in red.

and wall distanceD. The wall distancewasincreasedirom to 10 in intervals
of =2. The following numbers of layers were considered:n, 2 f2;3;4;5; 6; 7; 8¢.
The free energywas approximated via lattice sumsand all results were obtained
by the GA with a subsequen hill climbing seart algorithm.

In the following sectionsthe results are presetied in detail for densities0:1,
0:2, and 0:5. To identify the bulk crystal structure the layered arrangemet is
more similar to, the respective ratio of layer distanced to lattice constart a is
calculated and comparedto the valuesin table 4.1.
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Figure 4.30: The represemation of afcclattice by layeredhexagonallattices. The
particlesin di erent layershave di erent colorsand the two-dimensionalunit cell

is drawn in red.

lattice layer layer
2-D structure | o5 ameters| displacemen distance 3-D structure

square a (a=2,a=2) | d=a= 1= 2= 0.71 fcc
square a, (a=2;ax2) d=a= 1=2= 05 bcc
rectangular | a;a= 2 | (a=2;a= 8) | d=a= 1= 8= 0:35 fcc

certered p_ p_ p_
rectangular a, 2a (a= 2r;‘0) d=a= r1\: 2=071 bcc
hexagonal a (a=2,a=,12) | d=a= ' 2=3= 0:82 fcc
hexagonal a (a=2;a= 12) | d=a= 1= 24= 0:20 bcc

Table4.1: The summary of the parametersof the expectedlayeredarrangemets.
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Figure 4.31: The represetation of a bcc lattice by layered squarelattices. The
particlesin di erent layershave di erent colorsand the two-dimensionalunit cell

is drawn in red.

o

Figure 4.32: The represemation of a bcc lattice by layered certered rectangu-
lar lattices. The particles in di erent layers have di erent colors and the two-
dimensionalunit cell is drawn in red.
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Figure 4.33: The represetation of a bcc lattice by layered hexagonallattices.
The particles in dierent layers have di erent colors and the two-dimensional
unit cell is drawn in red.
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4.2.1 Layer transition for 3= 0:1

At adensity of 3= 0:1 the bulk systemfreezesnto a fcc lattice. The number
of layers for the stable layered arrangemen rangesfrom two (for D = ) to six
(for D = 10 ). Eventhough the distancebetweenthe layers are free parameters,
the GA predicts that the layers are located equally spacedbetweenthe top and
the bottom layer. The free energy of the layered system as a function of wall
distance can be seenin gure 4.34 and the details of the layered con gurations
are presered in tables 4.2, 4.3,and 4.4.

At low distancesD . 3.0 the stable layered arrangemen is characterized
by two layers. First the two-dimensionalBravais lattice is rectangular, which is
then followed by a squarelattice upon increasingwall distance. The increasing
ratio of the two rectangular sides,b=g could hint at a cortinuoustransformation
from the rectangularto the squarelattice which could be veri ed by additional
calculations. For wall distancesD & 25 the two layers are arrangedin a
hexagonallattice. In all casesthe parametersof the equilibrium structures are
closerto a fcc lattice than to a bcc lattice.

As the wall distance increasesthe area densily in the layers increasesand
the insertion of a new layer lowers this value. Therefore more and more layers
appearin the stablearrangemei. The respective stablearrangemen canbe seen
in gure 4.34: it is the one with the lowest free energy With two exceptions,
the rst two-dimensionalBravais lattice is squarewhen the respective number is
readed, then a transition to a hexagonallattice occurs,and nally an additional
layer is formed and the two-dimensionallattice is squareagain. The parameters
of all these con gurations indicate a fcc-like structure. The two exceptionsare
certered rectangular lattices at wall distances6 and 8 . In those casesthe
parametersindicate a bcc-like structure.

Aside from two rogueresults the layers are arrangedin a fashioncloseto the
three-dimensionallattice of the bulk system.
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Figure 4.34: The free energy per particle F=N of a layered systemwith bulk
number density 2 = 0:1 as a function of wall distance D= . The dierent
curvescorrespnd to a di erent number of layersn,. Details of the structurescan
be found in tables4.2,4.3,and 4.4.
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D= | n| 2-D structure | layer displacemen | layer distance |

1.0 | 2 | rectangular, b=a= 0:62 o ®2 | d=a= 0:18
¢ a4
1.5 | 2 | rectangular,b=a= 0:76 ' 92 d=a= 0:16

20 | 2 square,a= = 3:16 d=a= 0:63
2.5 | 2 | hexagonal,a= = 3.04 d=a= 0:82
3.0 | 2 | hexagonal,a= = 277 d=a= 1.08
35| 3 square,a= = 2:93 d=a= 0:60
40 | 3 square,a= = 2:74 d=a= 0:73

Table 4.2: Structural details of the stable layered arrangemeits of a systemwith
xed bulk number density 3 = 0:1. The wall distanceis denotedby D, the
number of layers by n, the distance between two layers by d, and the lattice
parametersby a and b. All numerical valuesare roundedto two digits.
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D= | n| 2-D structure | layer displacemen | layer distance |

45 | 3 hexagonal,a= = 277 d=a= 0:81
50| 3 hexagonal,a= = 2:63 d=a= 0:95
oL
02
55| 4 square,a= = 2:70 d=a= 0:68
®
@13
6.0 | 4 | certered rectangular, b=a= 0:86 _,_,jﬁiiOiiﬁﬁx_\ @241 d=a= 0:59
e
@14
6.5 | 4 hexagonal,a= = 2:67 e?2 d=a= 0:81
3
@14
70 | 4 hexagonal,a= = 2:57 [ ) d=a= 0:91
3
[ ¥
92
75 1|5 square,a= = 2:58 d=a= 0:73

Table 4.3: Structural details of the stable layered arrangemetts of a systemwith
xed bulk number density 3 = 0:1. The wall distanceis denotedby D, the
number of layers by n, the distance between two layers by d, and the lattice
parametersby a and b. All numerical valuesare roundedto two digits.
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| D= |n 2-D structure | layer displacemeh | layer distance]
=
® 135
8.0 | 5 | certered rectangular, b=a= 0:75 ,_,jﬁiiOiiﬁ;_\ @24 d=a= 0:65
=
®14
85 |5 hexagonal,a= = 2:61 @25 d=a= 0:82
3
@14
9.0 | 5 hexagonal,a= = 2:53 @25 d=a= 0:89
3
® 13¢5
@ 246
95 | 6 square,a= = 2:51 d=a= 0:76
®14
10.0| 6 hexagonal,a= = 2:63 @25 d=a= 0:76
3,6

Table 4.4: Structural details of the stable layeredarrangemeits of a systemwith

xed bulk number density

3 = 0:1. The wall distanceis denotedby D, the

number of layers by n, the distance between two layers by d, and the lattice
parametersby a and b. All numerical valuesare roundedto two digits.
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4.2.2 Layer transition for 3= 0:2

The density 3= 0:2 represets a state that is closeto the transition from fccto
bccin the bulk systembut alreadyin the bcec region. Comparedto the systemat
adensity of 2= 0:1, the transitions to an increasingnumber of layersis shifted
to a lower wall distanceand at high wall distances,se\en layers start to appear.
Again, the GA predicts that the layers are separatedby an equal distance to
ead other. The freeenergyof the layeredsystemasa function of wall distanceis
depictedin gure 4.35and the details of the layered con gurations are speci ed
in tables4.5,4.6,and 4.7.

The sequencef two-dimensionaBravaislattices for a xed number of layersis
similar to the behavior at 3 = 0:1: rst astablesquarelattice, then a hexagonal
lattice, and then a transition to a squarelattice with one additional lattice. All
con gurations are fcc-like. The exceptionsare certered rectangular lattices for
D = 6 and6:5 with n, = 5 which corresppndsto a bcc-like arrangemen

In this casethe majority of the con gurations of the layers do not corre-
spond to the crystal structure of the bulk systembut the proximity to the phase
transition could be responsiblefor this e ect.

0.12

0.1+~ _
0.08— _
< 0 067 |

% ’ =X n|:2
L n|:3 i
L n|:5 i
0.02+ *—X n|:6 _|
L n=7 i

| | | |
% 2 4 6 8 10

Figure 4.35: The free energy per particle F=N of a layered systemwith bulk
number density 3 = 0:2 as a function of wall distance D= . The dierent
curvescorrespnd to adi erent number of layersn,. Details of the structurescan
be found in tables4.5,4.6,and 4.7.
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D= | n| 2-D structure | layer displacemen | layer distance |

1.0 | 2 | rectangular,b=a= 0:70 O :; d=a= 0:26
15| 2 square,a= = 2:58 d=a= 0:58
2.0 | 2 | hexagonal,a= = 2:40 d=a= 0:83
2.5 | 2 | hexagonal,a= = 2:15 d=a= 1:16
30 |3 square,a= = 2:24 d=a= 0:67
3.5 | 3 | hexagonal,a= = 2:22 d=a= 0:79
4.0 | 3 | hexagonal,a= = 2:08 d=a= 0:96

Table 4.5: Structural details of the stable layered arrangemetts of a systemwith
xed bulk number density 3 = 0:2. The wall distanceis denotedby D, the
number of layers by n, the distance between two layers by d, and the lattice
parametersby a and b. All numerical valuesare roundedto two digits.
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D= | n| 2-D structure | layer displacemeh | layer distance]
45 | 4 square,a= = 2:1 d=a= 0:71
@14
5.0 | 4 | hexagonal,a= = 2:15 e?2 d=a= 0:78
3
®14
5.5 | 4 | hexagonal,a= = 2:05 [ ) d=a= 0:89
3
° —9
certered rectangular, ® 13
6.0 | 5 | b=a= 0:89 e & & | d=a= 055
® 9
° —9
certered rectangular, ® 13¢
6.5 | 5| b=a= 0:68 e e %2 | (—3= (071
® 9
®14
7.0 | 5 | hexagonal,a= = 2:03 @25 | d=a= 0:86
3
@14
7.5 | 5 | hexagonal,a= = 1:96 @25 d=a= 0:96
3

Table 4.6: Structural details of the stable layered arrangemeits of a systemwith
xed bulk number density 3 = 0:2. The wall distanceis denotedby D, the
number of layers by n;, the distance between two layers by d, and the lattice
parametersby a and b. All numerical valuesare roundedto two digits.
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D= | n| 2-D structure | layer displacemen | layer distance |

@14
@25 d=a= 0:77
3,6

8.0 | 6 | hexagonal,a= 2:08

@14
@25 d=a= 0:84
3,6

8.5 | 6 | hexagonal,a= = 2:02

@14
@25 d=a= 0:92
3,6

9.0 | 6 | hexagonal,a= = 1:96

® 14,7
@25 d=a= 0:77
3,6

9.5 | 7 | hexagonal,a= = 2:06

® 14,7
@25 d=a= 0:83
3,6

10.0 | 7 | hexagonal,a= 2.01

Table 4.7: Structural details of the stable layeredarrangemeis of a systemwith
xed bulk number density 3 = 0:2. The wall distanceis denotedby D, the
number of layers by n, the distance between two layers by d, and the lattice
parametersby a and b. All numerical valuesare roundedto two digits.
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4.2.3 Layer transition for 3= 05

The stable crystal structure of the bulk systemis bcc at a density of 3 = 0:5.
The maximum number of layersin the stable con guration is eight which occurs
at awall distanceD & 9:5 . The GA predicts that the layers are located evenly
distributed betweenthe top and the bottom layer asin the two previous cases.
The free energyof the layered systemas a function of wall distancecan be seen
in gure 4.36and the details of the layeredcon gurations are preserted in tables
4.8,4.9,and 4.10.

At a wall distanceof D = the two layers are arrangedin a squarelattice
which correspnds to a bcc-like con guration. With increasingwall distance
the lattice in the two layers becomeshexagonal. This arrangemenm resenbles
more a fcc lattice, similar to the two previous cases.For three layers and more,
the sequenceof structures is throughout as follows: (n;) layers with a certered
rectangularlattice, then (n,) layerswith a hexagonalattice, and then a transition
to (n, + 1) layers with a certered rectangular lattice. In somecasesone of the
two con gurations is missingwhich is likely due to the step sizeof =2 between
two subsequen casesstudied, which might be too coarsein these cases. The
arrangemeis with the squarelattice and the certered rectangular lattices are
bcc-like while the oneswith hexagonallattices are fcc-like.

Although the chosendensity value leadsto a bcc crystal in the bulk phase,
the layered systemis arrangedboth fcc- and bcc-like.

0.8 T ‘ : ‘

0.6
) /
T 0.4
O

0.2

| | | |
% 2 4 6 8 10

Figure 4.36: The free energy per particle F=N of a layered systemwith bulk
number density 2 = 0:5 as a function of wall distance D= . The dierent
curvescorrespnd to a di erent number of layersn,. Details of the structurescan
be found in tables 4.8, 4.9, and 4.10.
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| D= |n 2-D structure | layer displacemen | layer distance |
10 | 2 square,a= = 2:00 d=a= 0:50
15| 2 hexagonal,a= = 1.75 d=a= 0:85
20 | 2 hexagonal,a= = 1:52 d=a= 1:32
®
@13
2.5 | 3 | certered rectangular, b=a= 0.67 ® 6> d=a= 0:70
®
3.0 |3 hexagonal,a= = 1:52 d=a= 0:99
®
® 13
3.5 | 4 | certered rectangular, b=a= 0:70 e ®24| d=a= 0:65
®
@14
40 | 4 hexagonal,a= = 1:52 o2 d=a= 0:88
3

Table 4.8: Structural details of the stable layered arrangemeis of a systemwith

xed bulk number density

3 = 0:5. The wall distanceis denotedby D, the

number of layers by n, the distance between two layers by d, and the lattice
parametersby a and b. All numerical valuesare roundedto two digits.
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2-D structure

layer displacemen

| layer distance |

hexagonal,a=

1:43

®14
[ 2

d=a= 1:.05

50| 5

hexagonal,a=

1:52

®14
@25

d=a= 0:82

55 | 5

hexagonal,a=

1:45

®14
@25

d=a= 0:95

6.0 | 5

hexagonal,a=

1:39

®14
@25

d=a= 1.08

65| 6

certered rectangular, b=a= 0:64

@® 135
- @246

d=a= 0:85

70 | 6

hexagonal,a= = 1:41

®14
@25
3,6

d=a= 1:.00

75 | 7

certered rectangular, b=a= 0:65

@ 1357
- @246

d=a= 0:80

Table 4.9: Structural details of the stable layered arrangemeits of a systemwith
3 = 0:5. The wall distanceis denotedby D, the
number of layers by n, the distance between two layers by d, and the lattice
parametersby a and b. All numerical valuesare roundedto two digits.

xed bulk number density
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D= | n| 2-D structure | layer displacemen | layer distance |

®
® 1357
8.0 | 7 | certered rectangular, b=a= 0:63 _,_,jﬁiiOiiﬁﬁx_\ ® 245 d=a= 0:90
e
©® 1,47
85 |7 hexagonal,a= = 1:38 @25 d=a= 1:03
3,6
®
® 1357
9.0 | 8 | certered rectangular, b=a= 0:64 _,_,jﬁiiOiiﬁﬁx_\ ®246¢ | d=a= 0:85
e
©® 1,47
95| 9 hexagonal,a= = 1:39 ®258 | d=a= 0:97
3,6
©® 1,47
10.0| 9 hexagonal,a= = 1:36 @258 | d=a= 1.05
3,6

Table4.10: Structural details of the stable layeredarrangemeits of a systemwith
xed bulk number density 2 = 0:5. The wall distanceis denotedby D, the
number of layers by n, the distance between two layers by d, and the lattice
parametersby a and b. All numerical valuesare roundedto two digits.
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4.2.4 Summary

The arrangemen of the particles in the layersis in uenced by the stable bulk
crystal structure but not completely dominated by it. This could be due to
the small di erence in the free energy between the fcc and the bcc lattice in
the bulk phase(see gure 4.37) and the e ects of the con nement ewen at large
wall distances. The typical sequencet low bulk densities- (n;) layers of square

0.0007% ‘ ‘ | |

/N

5 -0.0001

-0.0002

bF/N-bF

-0.0003

_00006 I | I | I | I | I | I | I | I | I

Figure 4.37: The di erence of the freeenergyper particle betweena fccand a bcc
lattice for a systeminteracting via the GCM. The free energywas approximated
by lattice sums.

lattices, (n|) layers of hexagonallattices, and (n, + 1) layers of squarelattices
- was also found experimertally for a con ned system of polystyrene particles
[54], that freezeinto a fcc crystal without con nemert. The certered rectangular
lattices that occur at higher densitieshave alsobeenfound in simulations [55, 56]
and experimerts [57]. The prism shaped arrays that were obsened in [57] can
not occur in the calculations performed here becausethese phasescan not be
descriked the parametrization usedhere, i.e. by layers that have the sametwo-
dimensionalstructure.

Even though it is encouragingthat the calculationsyield results that have
alreadybeenobsened in simulations and experimerts, a quartitativ e comparison
requiresthe following improvemers to the model usedhere:

A more sophisticated model for the calculation of the free energy of the
layered systemsis required.
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A systemwherethe free energydi erence betweena fcc and a bccis larger
will certainly leadto a more pronounceddi erence in the sequencef two-
dimensionallattices in the bcc-region.

A modi ed parametrization of the layered structures that includes also
prism phaseswould make it possiblefor these phasesto appear in the
phasediagrams. This could be achieved by intro ducing basisparticles that
can have (small) componernt perpendicularto the layer.

All theseimprovemerts should lead to more speci ¢ predictions and alsoallow a
more direct comparisonto experimerts.
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4.3 Clustering

Soft systemscan shav two di erent scenariosupon compression58]: re-ertrant

melting and clustering. A liquid that shows re-ertrant melting freezeswhen
compressedut melts againif the density readesa certain threshold. Systems
that cluster undergoa clustering transition whereclustersof particles are formed
in which the particlesarelocatednearly ontop of eat other. This e ect manifests
itself in a pronouncedpeakat r = 0 in the radial distribution function g(r) (see
gure 4.38).

40

30

10

W
00 1 2 3 4
r/s

Figure 4.38: Radial distribution function g(r) of a systemwith 3 = 9, and
T = 1. The particlesinteract via the potential of the generalizedGaussiancore
model, equation (3.6), with index 4. The correlation functions were obtained by
a canonicalMC simulation with 4664 particles. The diameter of the particlesis
denotedby . The data werekindly provided by B.M. Mladek.

Basedon a mean eld picture it hasbeenshown that the Fourier transform
T k) of the interaction potertial ( r) determineswhich of the two scenariosis
realized[5§]:

If T k) is positive for all k, then the systemshows re-ertrant melting (Q™ -
class).

If ~(k) attains negative values,then the systemshows clustering(Q -class).

The number of particles in a cluster is called cluster sizen. and is predicted to
scalelinearly with the density [58]:
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In non-clusteredcrystals the lattice constart | scaleswith 1:F3) -

penden of the density in clusteredcrystals:
s
r__

i By= e Ny e

, while it is inde-

® = const
The lattice constart of clusteredcrystalsis uniquely determinedby the functional
form of the interaction potertial alone.

According to the criterion above the generalizedGaussiancore model shovs
re-ertrant melting for n 6 2 and clustering for n > 2 [59]. To nd the ground

4 I

<2 n
L
1 ]
0 |
0 10 20
ks

Figure 4.39: Fourier transform of the interaction potertial of the GGCM with
index 4 asa function of wave vector k.. The negative cortributions indicate that
this systemshould shav clustering. The diameter of the particles is denoted by

state for the clusteredcrystal structures, calculationswere donewith the GA at
T = 0. The interaction potential was that of the GGCM with varying index
n. The cluster sizen, was encaled in the individual and crystal structures with
one and two basis particles were considered. The free energywas calculated via
lattice sums(seesection2.1.1)and tness function (1.10) was used.

The resulting crystal structures were either bcc or fcc with the transition
betweenthosetwo structures occurring nearindexn = 3 (see gure 4.40). Similar
to the star polymer and microgel casethe behavior of the GA near the phase
transition wasrather unreliable. The GA wasableto predict the expectedlinear
dependenceof the cluster sizeon the density  for all valuesof n (see gure 4.41).
The slope of thesecurvesdecreasesvith increasingn.
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Figure 4.40: Zero-temperature phasediagram of the GGCM (index n vs. density)
calculatedwith a geneticalgorithm including clustering. The symbols denotethe
respective stable crystal structure.

Basedon the knowledge of the ground state crystal structures, calculations
at T > 0 can be performedusing bcc and fcc structures as candidates. The free
energyof the solid structures was calculatedwith a mean eld density functional
theory (DFT). The particles are assumedto be located accordingto a Gaussian
distribution around the cluster certers, wherethe density of the particles hasthe

form o X

(r=n. — e R =n~r); (4.1)
fRg

is the localization parameter of the Gaussianand f R g denotesthe set of posi-
tions of the N certers of the clustersin the crystal. The excesgart of the free
energyis given by equation (2.12) and the ideal cortribution to the free energy
is obtained by ewaluating

Z
Fido\y = i dr (r)[log (r) 1]
N 7
= N d;nc%r)[log(ncg(r)) 1]
= logn, — o|r~(r)+Ni dr flog~r) 1J:
c g_} c
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Figure 4.41: The cluster sizen, as a function of density for di erent n-valuesof
the crystalsin gure 4.40predicted by the GA for the GGCM-n potertial.

The last term can be approximated by
1 ’ dr [l 1]= 3I 3

N. r flog ~(r) 1= > 09— >
if the Gaussiang4.1) do not overlap, which isful lled for & 50. For lower values
of this expressionhasto be calculated numerically. The minimum of the free
energyboth with respect to the cluster sizen. and the localization parameter
de nesthe parametersof the equilibrium state at a givendensity and temperature
(see gure 4.42). A lower bound of 1 for the cluster sizewas introduced due to
physical reasonsand a lower bound of 10 for the localization parameter had
to be usedasfor sud a weak localization one can hardly considerthe systemto
be solid. Someof the results are in uenced by this choice as can be seenat low
densitiesin the gures below.

To obtain an estimate of the transition density from the liquid to the clus-
tered crystal, the free energyof the liquid was calculatedwith the MSA closure.
Although the distribution functions can have unphysical valuesfor high densities
[59] the resultsin the region wherethe transition occursare not a ected by this
de ciency. The error stemsfrom the fact that h(k), the Fourier transform of
h(r), is divergert and in the transformation into real spacenumerical errors oc-
cur. Thesenumerical errorsmanifestthemselesin large jumps in the freeenergy
asa function of the density.

The following calculationswere carried out: the free energyof a clusteredfcc
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Figure 4.42: The free energy per particle F=N as a function of cluster size n,
and localization parameter for clusteredfcc crystal with density 3= 6. The
particlesinteract via a GGCM with index6and" = 1. Contour linesareindicated
in the ( ;n¢)-plane. The distance of the cortour linesis 0:2 and the inner line
refersto a free energyvalue of 10:1.

crystal, a clusteredbcc crystal, and the liquid phasewere computed, as well as
the cluster sizen. and the localization parameter of the two crystal structures.
The indicesn 2 f4;7;10g and the pre-factors" 2 f1;2;10g were consideredfor
the potertial (3.6). The results are depictedin gures 4.43to 4.57. The insets
in the gures show the free energydi erence of the three competing phasesclose
to the phasetransitions.
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Figure 4.43: left . Freeenergyofa GGCM-systemwith n = 4and" = 1 calculated
with DFT for the solid phasesand the MSA closurefor the liquid phase.righ t:
The samefor " = 2.
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Figure 4.44: The cluster sizen. of the crystals consideredin gure 4.43.
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Figure 4.45: The localization parameter of the crystals consideredin gure
4.43.
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Figure 4.46: left: Free energy of a GGCM-systemwith n = 4 and " = 10
calculated with DFT for the solid phasesand the MSA closure for the liquid
phase.right: The sameforn=7," = 1.
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Figure 4.47: The cluster sizen. of the crystals consideredin gure 4.46.

200 T T T T 300
[ — fec 1

~ bee 250

150 - r
200
© 100 © 150
100

50 r
50

O0 00

Figure 4.48: The localization parameter of the crystals consideredin gure
4.46.
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Figure 4.49: left : Freeenergyofa GGCM-systemwith n = 7and" = 2 calculated
with DFT for the solid phasesand the MSA closurefor the liquid phase.righ t:
The samefor " = 10.
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Figure 4.50: The cluster sizen. of the crystals consideredin gure 4.49.
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Figure 4.51: The localization parameter of the crystals consideredin gure
4.49.
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Figure 4.52: left: Free energy of a GGCM-systemwith n = 10and " = 1

calculated with DFT for the solid phasesand the MSA closure for the liquid
phase.righ t: The samefor " = 2.
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Figure 4.53: The cluster sizen. of the crystals consideredin gure 4.52.
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Figure 4.54: The localization parameter of the crystals consideredin gure
4.52.
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Figure 4.55: Free energyof a GGCM-systemwith n = 10and " = 10 calculated
with DFT for the solid phasesand the MSA closurefor the liquid phase.
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Figure 4.56: The cluster sizen. of the crystals consideredin gure 4.55.
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Figure 4.57: The localization parameter of the crystals consideredin gure
4.55.
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The cluster sizen. and the localization parameter seemto have a linear de-
pendenceon the density above the transition density. Thereforelinear regression
was applied to the data points. The slope of the line, K¢ ¢ Or Ky, that approxi-
matesthe cluster sizeasa function of the density shavs a very weak dependence
on the pre-factor” and a non-linear dependenceon the index n (see gure 4.58),
while the slope of the line that approximates the localization parametershows a
linear dependenceboth on the index n (see gure 4.59)andon" (see gure 4.60).

Figure 4.58: The slope k of a linear regressionof the cluster size{densiy curve
as a function of pre-factor".

200—————
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Figure 4.59: The slope k of a linear regressionof the localization parameter{
density curve asa function of pre-factor ".
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Figure 4.60: The slope k of a linear regressionof the localization parameter{
density curve asa function of index n.

Due to the erratic behavior of the MSA closurefor densitiesbeyond the es-
timated transition, the calculation of a full phasediagram was very hard to
accomplish. Up to now it was successfufor the index n = 4 (see gure 4.61).
A more accurate and reliable description of the liquid phasewill certainly lead
to a wider range of parameterswhere a liquid-clustered crystal transition canbe
predicted.

The results obtained by this mean eld density functional theory, sud as
cluster size, and the location of phasetransitions, are in good agreemet with
simulations on a quartitativ e level [60].
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Figure 4.61: Phasediagram of a GGCM systemwith index n = 4 including the
liquid phaseand clusteredbccand fcc crystals. The solid linesdenotethe borders
of the coexistenceregion and the dotted line denotesthe point wherethe liquid
and the solid free energy curvesintersect. The calculation of a double tangent
was not possiblein this region.
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Conclusions

In this work a new approad to predict equilibrium crystal structuresin freezing
transitions was introduced and applied to selectedproblemsin soft condensed
matter theory.

In this method the equilibrium crystal lattice was found via a genetic algo-
rithm. According to the strategy of GAs, the crystal lattice was encaled in an
individual in binary form. The individuals are evaluated via a tness function
that assignsa higher value to lattices with a lower free energy Individuals with
a higher tness value propagatefaster than oneswith a lower tness value. The
results obtained in this way were re ned with a subsequen hill climbing seart
algorithm to compensatethe discreterepresetation induced by the binary rep-
reseration of the individual.

This technique has demonstratedits power and versatility in a number of
di erent problems. Consideringdi erent freezingtransitions, it was possibleto
demonstratethat this procedureis indeedsuperior to the corvertional approad
to determine solid equilibrium structures in freezingprocessesthat relieson an
a priori selectionof possiblecandidate structures.

The rst application was dedicatedto a revision of the phasediagram of neu-
tral star polymersthat wasalready publishedin literature. Indeedthe GA could
nd newequilibrium structuresthat had not beenconsideredn the corvertional
approad. Secondly the phasebehavior of ionic microgelswas investigated. The
properties of the solid phasewere calculated with the Einstein model and the
localization parameter was successfullyincluded in the individual whereit was
optimized together with the lattice parameters. Using the structures predicted
in this way and calculating the properties of the liquid phasewith integral equa-
tion theories,the full liquid-solid phasediagramwasobtained. Crystal structures
sud as bco, trigonal, and hexagonallattices were found to be stable, that have
been consideredup to date as unusual for systemsthat interact via a radially
symmetric pair potential. Two regionsof re-ertrant melting were discovered in
the phasediagram, which hasnot beenencourtered before. The freezingcriterion
by Hansenand Verlet, as well asthe melting criterion of Lindemann were able
to predict the rst re-ertrant melting transition on a qualitativ e level but failed
to predict the secondtransition which occursat densitieswell above the overlap
density.
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Howewer, closeto the transitions betweentwo phasesthe free energiesand
thusthe tness valuesof the competing phasesbecomealmostidentical and due
to the randomnessinvolved in the genetic algorithm, both structures might be
consideredasthe equilibrium structure. Thereforethe exactlocation of the tran-
sition is impossibleto compute with the GA but can be calculated separately
using the structures predicted in the proximity of the transition as candidates.
Furthermore, problemsarosewhen crystal structureswith a high number of basis
particles (typically eight and more) were considered. With the help of a modi-
ed tness function, convergencecould be achieved for lattices with eight basis
particles.

The results for systemsthat consistof parallel layers of two-dimensionallat-
tices shoved the same sequenceof structures for increasing distance between
the top and bottom layer as experimerts and simulations but unfortunately the
model that was usedwastoo simpleto allow a quartitativ e comparison.A more
realistic model and an improved parametrization of the lattices should be able to
remedythis shortcoming.

A systemthat interacts via a generalizedGaussiancore model was also stud-
ied. For this system a clustering transition was predicted upon compression,
whereclustersof particles are formedthat sit nearly on top of ead other. These
clustersform regular lattices, sut asfcc or bcc. It was possibleto con rm the
predicted linear dependenceof the cluster sizeon the density and to calculate a
phasediagramthat includesthe liquid phaseand two crystalline clusteredphases.
The theoretical calculationswerein good agreemeh with data from Monte Carlo
simulations.

Basedon the experiencegained,the GA could certainly be applied to a num-
ber of other problemsin condensedmatter theory, sud as:

Calculations with more sophisticatedtheoriesfor the solid phase,ranging
from density functional theory to ab initio calculations.

Phasetransitions under extreme conditions that are not accessiblgo ex-
perimerts.

The formation of clustersand the arrangemen of particles in the clusters.

Phasebehavior of soft matter.
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App endix A

Three-Dimensional

Lattices and Crystal

Bra vais

Structures

A three-dimensionalattice is de ned by three primitiv e vectorsa,; b; c that create

all points of the lattice f R,g via

fRhng=ia+ jb + kc

i) k2 Z:

Dependingon the symmetry transformationsthat transform the lattice into itself
onecandiscernseen crystal systems.An axisis calledn-fold symmetry axis, if a

rotation by angle

= 2 =naroundthe axis transformsthe lattice into itself. The

seenthree-dimensionakrystal systemshavedi erent symmetry transformations:

2-fold axes| 3-fold axes| 4-fold axes| 6-fold axes
cubic 9 4 3 0 16
hexagonal 7 1 0 1 9
tetragonal 5 0 1 0 6
trigonal 3 1 0 0 4
orthorhombic 3 0 0 0 3
monoclinic 1 0 0 0 1
triclinic 0 0 0 0 0

Ev-

ery Bravais lattice belongsexactly to one crystal system but since these sym-
metry properties can be ful lled by more than one lattice there are fourteen
three-dimensionalBravais lattices.

109



Figure A.1: Cubic corvertional cell and its symmetry axes

A.1 Cubic Lattices
Simple Cubic (sc)

Primitiv e vectors of the lattice:
0 1 0 1 0 1

a 0 0
a= @OAb: @aA(;: @OA
0 0 a
Volume of the unit cell:
V.= a®

Body-Cen tered Cubic (b cc)

Primitiv e vectors of the lattice:
0 1 0 1 0 1

a 0 a=2
a= @OAb: @aAcz @a:ZA
0 0 a=2
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Volume of the unit cell:

Face-Centered Cubic (fcc)

Primitiv e vectors of the lattice:
0 1 0 1 0 1

a a=2 a=2
a= @0Ap=Q@a=2Ac=@ o A
0 0 a=2
Volume of the unit cell: L
VC = Za?’

A.2 Hexagonal Lattice

Figure A.2: Hexagonalcorvertional cell and its symmetry axes

Simple Hexagonal (hex)

Primitiv e vectors of the lattice:

0 1 0 1 0 1
a pa:2 0
a:@OAb:@ §a:2Acz@0A
0 0 Cc
Volume of the unit cell: p_
V, = —a’c
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A.3 Tetragonal Lattices

Figure A.3: Tetragonal corvertional cell and its symmetry axes

Simple Tetragonal

Primitiv e vectors of the lattice:
0 1 0 1 0O 1
0 0

a
a= @0Ap=Q@aAc=@0A
0 0 c
Volume of the unit cell:
V. = a’c

Body-Cen tered Tetragonal

Primitiv e vectors of the lattice:
0 1 0 1 0 1

a 0 a=2
a:@OAb:@aAcz@a:ZA
0 0 c=2
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Volume of the unit cell: 1
V. = Za’c
c 2

A.4  Trigonal Lattice

Figure A.4: Trigonal corvertional cell and its symmetry axes

Simple Trigonal (trig)

Primitivevectorsce)fthedattic]?: 0 p_1 0 p_1
12 12

a= 12 a= a= 3
a=@ a2 Ap=Q@ g=2 Ac=@ o A
c=3 c=3 c=3

Volume of the unit cell: 1
V, = p=—a’c
¢ 12

: : . = . : : P— . .
A trigonal lattice with c=a= P 6 is a fcc-lattice; with c=a=  3=8 it is a bcc-
lattice.
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A.5 Orthorhom bic Lattices

Figure A.5: Orthorhombic cornvertional cell and its symmetry axes

Simple Orthorhom bic

Primitiv e vectors of the lattice:
0 1 0 0 1 0 0 1

a
a=@o0Ap=@pAc=@0A
0 0 C
Volume of the unit cell:
V. = abc

Single-F ace-Centered Orthorhom bic

Primitiv e vectors of the lattice:
0 1 0 1 0 0 1

a a=2
a= @Q0Ap=Q@p2Ac=@0A
0 0 C
Volume of the unit cell: 1
V. = éabc
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Body-Cen tered Orthorhom bic (bco)

Primitiv e vectors of the lattice:
0 1 0 1 0 1

a 0 a=2
a= @0Ap=@pAc=@p2A
0 0 c=2
Volume of the unit cell: 1
V. = Eabc
A bco-lattice with c=a= b=a= 1 is a bcc-lattice; with c=a= b=a= 1:IO 2isa

fcc-lattice and with c=a=  3=2 is a sc-lattice.

Face-Centered Orthorhom bic

Primitiv e vectors of the lattice:
0 1 0 1 0 1

a a=2 a=2
a= @0Ap=@p2Ac=@ o A
0 0 c=2
Volume of the unit cell: 1
V. = Zabc

A.6  Mono clinic Lattices

Figure A.6: Monoclinic corvertional cell and its symmetry axes

115



Simple Mono clinic

Primitiv e vectors of the lattice:

0 _ 1 0O 1 0 1
asin 0 0
a= @acos Ab=@pAc=@0A
0 0 C
Volume of the unit cell:
V. = abcsin

Single-F ace-Centered Mono clinic

Primitiv e vectors of the lattice:

0 _ 1 0O 1 0 _ 1
(asin )=2 0 (asin )=2
a= @ (acos )=2Ab=@pAc= @ (acos )=2 A
c=2 0 c=2

Volume of the unit cell: L
V. = —abcsin

2
A.7 Triclinic Lattice
Triclinic
Primitiv e vectors of the lattice:
0 1 0 , 1 0 1
a bsin CCOS COS
a=@0Ap= @pcos Ac= @ccos sin A
0 0 csin

Volume of the unit cell:
V. = abccos sin

A.8 Diamond Structure

The diamond structure is built up by a fcc-lattice with the basisvectors:

0 1 0 1
0 a=4

b= @0Ap,=@ax4 A
0 a=4
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A.9 Hexagonal Close Packed

The hexagonalclose padked structure (hcp) is built up by a simple hexagonal
lattice with the basisvectors:

0 1 0 1
0 =

b= @Q0Ap,=@a= 12A
0 c=2

A.10 Al15-Structure

The A15 structure is built up by a sc-lattice with the basisvectors:

0 1 0 1 0 1 0 1
0 a=2 a=2 a=2
b1=@OAb2=@a:2Ab3:@ 0 Ab4:@ 0 A
0 a=2 a=4 3a=4
0 1 0 1 0 1 0 1
a=4 3a=4 0 0
bs= @a=2Abg= @ a2 Ap;= @a=4 Aby= @34 A
0 0 a=2 a=2
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App endix B

Tw o-Dimensional Bravais
Lattices

Similar to the three-dimensionalcasethere are four two-dimensionalcrystal sys-
temsand v e two-dimensionalBravais lattices.

B.1 Hexagonal Lattice

The hexagonallattice has a 6-fold rotation axis. Primitiv e vectors of the lattice:

_a _ a=2
a= o P= Pz
Area of the unit cell: p_
A = 3a?
cT 2

B.2 Square Lattice

The squarelattice hasa 4-fold rotation axis. Primitiv e vectors of the lattice:
a=

Area of the unit cell:

B.3 Rectangular Lattices

The rectangular lattice hastwo perpendicular mirror planes.
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Rectangular

Primitiv e vectors of the lattice:
a= b=

Area of the unit cell:

Centered Rectangular (Rhom bic)

Primitiv e vectors of the lattice:

Area of the unit cell:

B.4 Obligue Lattice

The oblique lattice has no symmetry axesor mirror planes. Primitiv e vectors of
the lattice:

= a b= bcos
-0 " bsin
Area of the unit cell:
A. = absin
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App endix C

Lattice Identi cation

To idertify the type of lattice, the crystal systemto which the primitiv e vectors
a, b, and c belong has to be calculated rst; then the Bravais lattice can be
determined.

Ead crystal systemhas a unique number of symmetry axes (seeappendix
A). An n-fold symmetry can be descrited by a rotation matrix A which is given

by

0 1 0 1
100 &6 &6 &6 0 €,
A=cos @0 1 0A+(1 cos )@ee g6 g6 A+sin @ e 0 g A;
001 €6 €6 66 e & 0

wherethe unit vector e is parallel to the rotation axis. If the lattice is transformed
into itself upon a rotation then the solutions of the equations

Xa(Aa) + ya(Ab) + zy(Ac) =

Xp(Aa) + Yr(Ab) + zy(Ac)
Xc(Aa) + ye(Ab) + z.(Ac)

a
b
c

(C.1)

are integer numbers. In a crystal the direction vector e that descrites sud a
symmetry axis is always parallel to ia+ jb + kc, i;j; k 2 Z. The algorithm to
calculate the symmetry axesthus works as follows:

1. Calculate all vectorsvij, = ia+ jb+ kc with v 6 ja+ b+ cj, i;j; k2 Z.

2. Createall unit vectorse, k v« that are not collinear and save the shortest
vector vjj ¢ that is parallel to e as ;.

3. Solwe the equations(C.1) for all e and = 2 =n,n = 2;3;4;6.

4. Calculate

X
= 16 x2(x 12+ y3(y 1?2+ 7%z 1)

2f a;b;cg
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for all solutions, wherex = x [x] and [X] denotesthe largest integer

smaller or equalx. The value of is zeroif all solutions are integersand

is a maximum if all solutions can be written asn+ 1=2, n 2 Z. Usually

the primitiv e vectorsthat wereobtained by the GA and the subsequenhill

climbing have errors therefore the condition < is usedto determine

whether the conbination (ej; n) descritesa symmetry axis. The parameter
1 10 “isa xed but small value.

5. Count the number of symmetry axes. This value determinesthe crystal
system.

Most of the parametersof the lattice can be calculated from the vectors ¥ .
The length of the vector ¥ ;| that is parallel to a unit vector, which descritesa
n-, m-, and o-fold symmetry axis is denotedby I,.m. .

Cubic: a= lp4.

Hexagonal:c = |,.36; @a= minfl,g.
Tetragonal: ¢ = l,4; a= minfl,g.
Trigonal: c= l3; a= I,.

Orthorhombic: a= 1; b= 1¥; c= 1§,

Monoclinic: ¢ = |,. The other parametersa, b, and can be obtained
by creating the two-dimensionalsub-lattice perpendicularto the symmetry
axis, nding the shortestvectorsthat act as primitiv e vectorsfor this sub-
lattice, and calculating their length and angle.

After the crystal systemis known the Bravais lattice hasto be determined for
those crystal systemsthat have more than one correspnding Bravais lattice. In
most casest can be ewvaluated by a relation betweenthe lattice parametersa, b,
¢, andthe volume of the cell spannedby the primitiv e vectors,which is denoted
by Varc=a (b c¢).

Cubic: The ratio V,,=a determinesthe Bravais lattice. It is 1 for a simple
cubic lattice, 1/2 for a bcc-lattice, and 1/4 for a fcc-lattice.

Tetragonal: The ratio Vape=(a%c) is 1 for a simple tetragonal lattice, and
1/2 for a body-certered tetragonal lattice.

Orthorhombic: For a simple orthorhombic lattice the ratio Vac=(abq is 1
and 1/4 for a face-cetered orthorhombic lattice. A ratio of 1/2 points to
both body-certered and single face-cetered orthorhombic accordingly in
this casethe equation

aw ,be ,Cce

Xaa+ Xpb + XcC = évij ko ¥ évij o ¥ évij k2
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is solved for x,, Xp, and Xc. If the solutions are integers,then the primitiv e
vectors form a body-certered orthorhombic lattice. If not, they form a
singleface-cetered orthorhombic lattice.

Monoclinic: A ratio Va=(abcsin ) of 1 refersto a simplemonaclinic lattice,
oneof 1/2 to a singleface-cetered moncoclinic lattice.
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