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1. Introduction

The idea of resonantly coupling an ensemble of emitters with a single cavity mode was mo-
tivated in the early 1980s when Cavity Quantum Electrodynamics (CQED) was developed
[1]. Experiments in this field rely on the fact that for the description of interaction between
an electromagnetic field in the cavity and the ensemble of N two level systems (TLS), the
whole ensemble can be treated as one effective spin variable, which behaves like a harmonic
oscillator in the limit of low excitation energy [2]. Although a single spin is only slightly
coupled to the cavity mode, the collective coupling of the ensemble is enhanced by the factor
VN [1, 3], allowing to reach the strong coupling regime requested for quantum information
applications [4]. Thus when writing single excitations into the ensemble of N spins, the cou-
pling between the cavity mode and the spin ensemble benefits from the collective interaction
of all spins with the radiation field [3].

Different types of ensembles have been proposed such as clouds of ultra-cold atoms on
a chip [5] or color centers in diamonds [6]. When such ensembles are strongly coupled to
a cavity mode, they are considered as a promising physical realization for processing and
storage of quantum information, provided that single excitations can coherently be written
to and retrieved from the ensemble [2, 7].

The experimental setup studied in this thesis consists of a high-Q superconducting copla-
nar waveguide resonator (cavity) coupled to a diamond with negatively charged nitrogen-
vacancy defects (NV-centers), which can be treated as an ensemble of bosonic spins [6, §].
For such a setup the strong coupling regime has been observed in former studies [4, 8] prov-
ing that a NV-center diamond coupled to a high-Q cavity provides a promising approach
towards a solid state quantum memory.

The ensemble of emitters consists of many individual bosonic spins with individual fre-
quencies inhomogeneously distributed around a certain mean frequency [8, 9], which, in our
considerations, is in resonance with the cavity mode frequency [10]. We modeled this inho-
mogeneously broadened spin ensemble (IHBSE) by a normalized, continuous spectral density
distribution with full width at half maximum (FWHM) v, and mean frequency ws [9, 10].
With such an approach we end up with a rather complicated problem, because an excitation
in the ensemble will be re-emitted into the cavity at a frequency with an individual weight
given by the spectral density of the ensemble of the emitters. Thus the back-coupling to the
cavity mode is partially suppressed because of the relative dephasing of the excitations due
to the IHBSE [8].

In this thesis, we study the interaction of a single cavity mode strongly coupled to a
continuous distribution of inhomogeneously broadened emitters in the low excitation regime
at zero temperature. It should be noted that the relaxation properties of the undriven
system initially prepared in an excitation depend both on the shape and on the width of
the continuous spin distribution [9]. Even without cavity and spin losses, which describe the
limiting lowest decay rate of the coupled cavity mode - spin ensemble without inhomogeneous
broadening, we find a dephasing of an excitation in the system due to the presence of IHBSE
[9]. In this work, we demonstrate under which conditions the influence of IHBSE on the
decaying process can be significantly suppressed such that the decay rate reaches practically
its minimal possible value given by the cavity and single spin losses rates (the so-called cavity
protection regime). We consider here the realistic values for the collective coupling strengths
Q in contrast to [9], where this regime was demonstrated to exist under certain conditions
as a limiting case only, in particular when €2 is much larger than the FWHM -+, of the spin
distribution. For this purpose we keep a finite Q2 but modify the spin distribution in a specific
way such that it supports the coherence properties of Rabi oscillations between the ground
and excited state of the coupled system. Our goal is to achieve a reduced overlap of the two
Rabi-states with other eigenstates of the Hamiltonian occurring due to the inhomogeneous
bath of spins interacting with the cavity mode [9] and therefore reduce the decoherence of
the observed Rabi-oscillations.
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2. Model

The model under study consists of a cavity mode a(t) with frequency w. and damping rate
Kk, coupled to a normalized distribution of N two-level systems (TLS) o (¢) with individual
frequency wy and damping rate 7 [8] at zero temperature [10]. As we consider transmission
through the cavity only in the case of a relatively weak field, only a small number of the
N two-level systems compared to the ensemble size is excited [8]. Each two-level system
can thus be modeled by a bosonic spin mode o, (t) (Holstein-Primakoff approximation) [9],
where o, (t) is a Pauli spin-flip operator. The basic model for the interaction between a
cavity mode and an ensemble of two-level systems is the Jaynes-Cummings model [11]. The
cavity mode a(t) is linearly coupled with a strength gp to the individual spin and with a
collective strength 2 to the ensemble. The spin ensemble consists of many individual bosonic
spins o (t) with frequency wy, distributed around a certain mean frequency w, and is modeled
by a normalized, continuous spectral density distribution with full width at half maximum
(FWHM) v, [8, 9]. In this thesis we considered w; to be in resonance with the cavity mode
we [10]. The strong coupling regime due to the collective coupling of the ensemble to the
cavity mode can be observed as an avoided crossing in the transmission function of the cavity
[5, 6, §].

For preparing an excitation of the whole system, the cavity is pumped by a coherent
microwave (probe-)field with (probe-)frequency w, and strength n [5]. A photon entering
the cavity will be absorbed into an excitation of the ensemble spins. It will be re-emitted at
a frequency with an individual weight given by the spectral density of the ensemble of the
emitters. Thus the back-coupling to the cavity mode is partially suppressed because of the
relative dephasing of the excitations due to the broad distribution of the spins [8].

In this thesis we test some methods which were predicted to enhance the coherence time
of the Rabi oscillation between the coupled system of cavity mode a(¢) and the continuous
distribution of bosonic spins bx(t). In particular we test the cavity-protection mechanism put
forward by Diniz et al. in [9] and described in section (3). Following K. Sander et al. in [§]
we approximate the composed system of cavity and spin ensemble with the Tavis-Cummings
Hamiltonian and include the probe field of the cavity

H :Hcav+He7n+Hint+Hp7 (1&)

Hcav = h(,dc(lTCL, (1b)
A N

Hep = 5 Xk:wk(jz’ (1C)
N

Hypy = th (gko—]:aT - gzalja) ) (1d)
k

H, =—ih (naTe_i“Pt —n*ae"r"). (le)

H.,, and H.,, describe the unperturbed energies of the cavity and the N ensemble spins
with frequencies w. and wy, respectively. Hj, is the probe-field Hamiltonian and 7 is the
probe-field amplitude. a and af are the annihilation and creation operator for an excitation
in the cavity mode. of is the Pauli-z operator and a,j and o, are Pauli spin-flip operators
for the k-th spin, respectively. We find the following commutation rules:

[aa aT] = 17 [U]j70-j7] = 6k‘70—1§7 [0137(7]2'] = +2(§]€]‘0']:, [Jlja UJZ] = _25kjalj~ (2)

For a, af, o; and aki we did not write the explicit time dependence for simplification but in
the Heisenberg picture we are dealing with time dependent operators which are coupled to
each other due to their interaction described by egs. (1d,1e). To describe the time evolution
of an arbitrary system-operator A(t) we can use the Heisenberg equation of motion

i

A= - H, Al (3)
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We aim to derive equations which include an input and output mechanism between the
cavity and a probe field, the coupling of the cavity mode with a bath of inhomogeneously
broadened spins o, and damping. Therefore we have to add a Langevin term £ to the
Heisenberg equation which was done for instance in [12]. We set i = 1 and arrive at
Heisenberg equations with damping for the cavity-mode creation operator a(t) and the
Pauli spin flip operator o, (t) (for zero temperature)

. . . ) - v o

a(t) =i[H, a(t)] - wa(t), & () =i[H, 0 (t)] = 505 (2)- (4)
Here k and « are the damping rate of the cavity-mode and of the individual spin, respectively.
The damped Heisenberg equations of motion for the operators a(t), af(t), o,f(t) and o (t),

after transformation into the frame rotating with the probe frequency w,

a(t) = a(t)e “rt o (t) = &5, (t)e "t (5)
are as follows

a = —(/i—i-iAC)d—l—ng&,; -, (6a)

k
it = —(k—idJal +) gt -, (6b)

k
G = —(3+iB5; + gudor, (6¢)
5 = (G —idF + gl (6d)
6i = —2gi (alo, +ao})) (6e)

with Ap = wi —wp and A, = we —wp being the individual detuning (the individual frequency
mismatch) of the k-th spin and the cavity mode with respect to the probe-field, respectively
[10]. gx is assumed to be real. Fig. (1) shows a schematic plot of the coupled cavity mode -
spin ensemble system with cavity losses and input and output field.

cavity with mode a(t)

/ NV-center diamond
Cin ct
- . 0, (t) -
T :
a(t)
input - port output - port
Km Kint Kout

Figure (1) Schematic of the coupled cavity - spin ensemble system with Dirichlet boundary
conditions for the cavity mode in the microwave resonator
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2.1. Equation of motion for the expectation values

When we consider the weak-field limit of the probe-field and focus on low temperatures
(T — OK) we can make the assumption that for the whole dynamics of the system only a
small number of all spins in the ensemble is excited, so we fix

(o7 (1)) = -1 (7)

similar to [8]. With this simplification we end up with a more simple set of coupled ODEs
with respect to the cavity and spin amplitudes a(t) and o, (t). Taking the expectation
values from eqs. (6a,6¢) and using the well known input-output formalism for the cavity
field described in [12] we get

Alt) = —(k+iD) A(t) — VZhin(cin(t) + Y grBi(t), (8a)

k
But) = —(3+inn) But) - grA(), (8b)
(er(t)) = (cin(t)) +V2KinA(t), (8¢)
<Ct(t)> = VQKoutA(t) (Sd)

Here we introduced the convention A(t) = (a(t)) and By(t) = (7, (t)). The cavity loss rate
K = Kin + Kout + Kint consists of three contributions caused by the input/output mirrors and
by some internal losses of which the rates are denoted as xin, Kout and K;ne, respectively. The
cavity is considered as symmetrical such that ki, = Koyt and ke = 0 [13]. The operators
cin(t), cr(t) and c:(t) describe the input, reflected and transmitted fields, respectively and
we wrote (1) = /2K, (i) for the input field.

2.2. Inhomogeneous spin broadening

The ensemble of N two-level systems is modeled by an ensemble of bosonic spins being dis-
tributed around a certain mean frequency w, which is, in this model, considered in resonance
with the cavity mode frequency w.. We follow [8, 9] and treat the spin-distribution as a
normalized, continuous spectral density o(w) introducing the collective coupling strength

o) = gy 3w~ ), (92)

k
/dwg(w) = 1, (9b)
2 = 3 i (9c)

Previous works showed, that the best choice for the modal distribution for the spectral
density is a ¢-Gaussian distribution [8, 10], defined as

1
(w—ws)?]1—
o) =N [1- - g ] (10)
. . . 21 -2 . s
with ¢ and 7, listed in tbl. (1). 7, = 2A 502 is the FWHM and N is a normalization

factor which is obtained numerically from the normalization condition (9b) [8].

2.3. Solutions of the Volterra integral equation

The steady-state solution Ag;(t) for the cavity-mode is derived by setting A(t) = 0in eq. (8a)
and Bg(t) = 0 in eq. (8b) and then inserting By (t) from eq. (8b) into eq. (8a). Next we use
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the property of o(w) which allows us to pass from a discrete sum 3, g2 F(wy) to a continuous
expression 2 [ dwo(w)F (w) in frequency, so we find

Z‘\/ 2/{1'71 Cin
Ast(t) = {cin) o (11)
wc—wp—i/f—szde,Y
W —wp — 25

This will become the non-trivial initial condition A (t) = A(0) for the dynamics of the
cavity mode A(t) when the probe field is switched off at time ¢ = 0.

Using the definition for the transmission: T'(wp) = (¢;)/(cin) and inserting eq. (11) into
eq. (8d), the transmission function in the steady state regime for different probe field fre-

quencies wj;, becomes
21 utvin
T(wp) = e (12)
we — wp — ik + Wwp)

with
w
W(w,) = QVW%. (13)
Wp — W+ 15

The following derivation was done by D. Krimer in [10] where we can see a good agreement
of theory and experiment for the decay of the undriven system initially prepared in the
steady state regime. Here we just summarize the results. When the system sets into the
steady-state-regime the input-field is switched off at ¢ = 0 and eqgs.(8a-8d) modify, as we

consider w, = 0, with the notation introduced above as follows:

Aty = —(k+iwe) At)+ Y grBi(t), (14a)
k
Bi(t) = —(v/2+iw) Bi(t) — grA(1). (14D)
Now we transform into (a kind of) rotating frame with frequency w. and damping rate x
A(t) = A(t)e i wemint (15)

and derive the Volterra integral equation from eqs. (14a-14b) with A(0) = A(0) given by
eq. (11):
t
A(t) = / drk(t - 1) A(r) + F(1). (16)
0

It contains the kernel function K(t — 1)

o, olw) [e=ilemwemitr/2=m)(t=7) _ 1]
Kit—1)=9Q /dw w0 i 2— ") , (17)
and the function F(¢) which appears due to the nontrivial initial conditions
~ Q(w) [1 —_ efi(wfwcfi(7/27'{))t}
F(t)=A(0 1+Q2/dw . _ . 18
“ ”{ @y~ 7/2) (@ — e~ (12— ) (9

The integral equation eq. (16) for A(t) consists of an integral over the product of K(t — 7)
and A(7) from 7 = 0 to 7 = ¢ and an additional function F(t), which appears due to the
nontrivial initial conditions. We see that A(t) depends on all former solutions of A(7) with
T < t, but also on the value of A(7 = t) and thus the cavity mode A(t) given by eq. (15)
is a nontrivial quantity. The integration is basically performed numerically by applying the
trapezoid formula on eq. (16). For more details on the derivation of the numerical solution
of the Volterra integral equation, see appendix.
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2.4. Reference results without cavity protection

To make contact with previous calculations in [10] figure (2) shows the spectral density of
the spin ensemble p(w) (a), the absolute value squared of the transmission function |7 (w,)|?
in the steady-state regime (b) and the time evolution of an excitation in the cavity mode
| (a(t))|? for the resonance condition ws = w, = w, (¢) with effective coupling strength
Q/2m = 10MHz and parameters listed in table (1). The axes of ((a),(b),(c)) are scaled to
the same spacing as figures (4,5,6) to simplify comparison.

(a) spectral density

(b) transmission (t=0)

(c) time-evolution

771 1 PO 1 7 I e
150 13 130 —08
sl 1 1
~~ B T E — - E — ] 06
3 100 I b .
e | 1= — A — o4
St 1%l i
50 — — = | |~ o2
0 Ll oL ANLAN | [P I R S
0.99 1 1.01 0.99 1 1.01 0 1e-07 2e07 3e07 4e07
ww w p/mC t(ins)

Figure (2) Reference plot without cavity protection (a) o(w) defined in eq. (10) (q-Gaussian)
versus normalized frequency w, (b) absolute value squared of the transmission function in the
steady-state regime |T'(wp)|? defined in eq. (12) versus normalized probe frequency wy, (c) time
evolution of an excitation in the cavity mode | (a(t)) |* defined in eq. (16) for the resonance
condition ws = we = wp versus time, with effective coupling strength /27 = 10MHz and
parameters summarized in tbl. (1).

2.5. Parameters

Here some parameters are listed, which we used in our calculations.

coupled cavity mode - spin ensemble system and are taken from [10].

| Parameter | Value |
we/2m 2.6919 GHz
ws /2T 2.6919 GHz
q 1.389
vq/2m 15.5 MHz
Kin /2T 0.2 MHz
Kout /2T 0.2 MHz
Kint/ 2T 0 MHz
/27 1.6 MHz
Qep 1.5
B 1.9-10%
Aw 0.05 * g,
Ap %g(ws +0)

Table (1) Parameters used in the calculations

They describe the
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3. Basic idea of cavity protection

As was mentioned in the beginning of this report Diniz et al. proposed in [9], that for small
v,/ the full width at half maximum (FWHM) of the two peaks of the absolute value squared
of the transmission function T'(w,) defined by eq. (12) and shown in fig. (2b) becomes

D'=x+7/2+m0(ws £Q)- Q% (19)

I" should become independent of the inhomogeneous broadening of p(w) defined by eq. (10)
and shown in fig. (2a) and should only depend on the losses of the cavity and of individual
emitters, respectively, if one increases the ratio ©/7,, provided p(w) decays faster than 1/w?.
We call this effect cavity protection. The contribution of the inhomogeneous broadening of
the spin spectrum with FWHM 7, to the width I writes 7o (ws £ ) - Q?. For a rectangular
spin distribution for instance 7o (ws & Q)-Q2 becomes zero for a finite 2 where for a Gaussian
distribution this remains a limit and for a Lorentzian distributions it is a constant value [9].
We see that the shape of p(w) has a dramatic influence on the behavior of the system.

3.1. Derivation of the decay rate of the undriven excited system

In this section we will set the cavity mode frequency w, as the reference frequency. Starting
from our expression for the transmission function eq. (12) we first take care of W(w,) defined
by eq. (13). Following the derivation of Diniz et al. in [9] in Appendix C we find for W (w,)
by expansion

Vi —w—iv/2
W(w,) = Q2 / dw o(w) , et B W/
. wp —w+1y/2 wp —w—1iy/2
= . (20)
12 / /
+uw) . v
_ —Q2 d / W ‘Q(wp _ Q2 / d / /
/ w w/2 + 7/2 W' v w T [w/Q + 7/2] ‘Q(wl’ tw )
— 00 — 00

where we used ' = /2 for simplification and substituted w’' = w — w, to find eq. (C1) from
Diniz (except for the wrong sign in their first integral which doesn’t matter later on when
we substitute back). We can identify each of the integrands as a product of a function of
width 7/ and o(w) defined in eq. (10) with FWHM ~,. When we keep a finite but small
v < 7y, (which is correct for the situation we want to describe [10], compare table (1)) we

’ ’
can expand w’;)-%v’z and Tr[w,; ] In terms of «'. For the first expression we simply write
w/2

w/Q _|_,Y/2 ~ 1’ (21)

but for the second expression we have to be careful about the expansion with respect to «/,
because in the limit v/ = 0 we can identify

/ 1
. Y . ('y’) .
o e — = I ey
7—)07‘(’[&.} —‘—’}/ } 7ﬁ07r[1+($)w’2} n—>0071'[1+n(.d } (22)
=(w'),
which is a representation of a delta distribution. By expansion of W to the linear

term we find

!/ !

v v

~

ﬂ.[w/2+,y/2] ~ 7r[w’2—|—'y’2]

1
~ / /
~5(W)+m77

. f)/l
/=0 (23)

1 ~'
+ + -2v
(ﬂw/?m F? £ ”)
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where we have to avoid the second summand in the linear term of the expansion at the
frequency w’ = 0 to find the results of Diniz et al. in [9]. We suppose, this can be done,
because we are only interested in the variation of the delta distribution due to a finite ~/
and the second summand would only be another delta distribution. We have to be careful
again especially in the vicinity of w’ = 0, when we insert egs. (22-23) into eq. (20). W (w))
then becomes

W(w,) =Q2-P / dwwg(f)w —i0? { To(w,) + % P / dw(wg(_w)w)Q , (24)

which again agrees with [9] (C2). We substituted w = w, +w’. P stands for principal value.
Further we are interested in the behavior of W(w,) near the maxima of the transmission
function (wp, = £8) so we rewrite eq. (24) with w% = r as follows

oo o0

2
W(wp) = © -P / dw Q(wz) —i0? { To(wy) + LQ -P / dwg(iwozz
Wp 1-— Tp 2wp ( — U.TP)
o0 —o0
- - (25)
o2 ow) o g o(w)
—%-P/dwl_r—zﬁ Wg(wp)—&—zwpz-P/dw(l_T)Q
— o0 — o0
For r < 1 (or w < w,) we can rewrite =— = > r* and (1;) =Yt 3 m =
k=0 =0 m=0
> (k + 1)r* and we find for
k=0
o0
QQ oo w k
W(wp) =— P / dwy () o(w)
Yoo J o kS0 \Wp
26
e N (26)
-2
—iQ° ¢ mo(wp) + %r? -P / dw Z(k +1) (wp) o(w)
e k=0
By defining the k-th moment of p(w) around its origin
pr = / dwo(w)w®, (27)

we find by reordering integral and sum

0?2 N 02y = ik
W(wp) = — {1 + b —iQPmo(wy) —i— =1+ Y (k+ 1) 5, (28)
o P g2 T
which agrees with Diniz (C3), except for the term —iQ2?*7o(w,) which they misleadingly put
into the first curly brackets and so multiplied —iQ?mp(w,) by 1/w,. Diniz (C5) is correct
again for this term.

Note that the derivation only holds for r = wip < 1 which has to be treated care-
fully. In eq. (24) we integrate from —oo to +oo over all frequencies w, so we can’t write
o0

oo o0
[ dottso(w) = [ dw Y (£)Fo(w) unless we make some further simplifications. When
— “p —o0 k=0 *

o0 C
we consider the limit © > v, and by only looking at the vicinity of the poles w, ~ £ of
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the transmission function, we can modify the boundaries of the integral: —co — wy,i, and
00 = Winaz With Wi —ws € Q and 0(Wimin) = 0(Wmaz) =~ 0. Thus we can write

Wmaz oo

[ s~ [ ay (e =Y (29)

—Wmin

We consider the limit v < v, < £ and expect the poles of the transmission function to be
located around w, =~ Q. We can identify po = 1, g1 = 0 (due to the symmetric function
o(w)) and pga # 0 as first non-vanishing moment (which is typically proportional to the

square of the FWHM of p(w) as Diniz stated in [9]). Finally with +w/2 ~ g 222 3 we
can write

02 02

W(wp) = — {1 + /lz} —i0?mo(w,) — 1—21 {1 + 3”3}
wp w; wy 2 wy (30)
02 M2
N1+ 002
e { n %} i0%mo(wy).

which agrees with [9] (C5) but doesn’t hold for [6, 8, 10] where we find similar parameters
like those listed in tbl. (1). We are dealing with a situation where Q ~ 27 - 10MHz is of the
same magnitude as ,. We thus have to significantly modify either v, or {2 or, as we did in
this report, o(w).

Never the less we are looking for the complex poles of the transmission function defined
by eq. (12) by inserting W (w,) from eq. (30)

T(w ) ~ _Qi\/ RoutKin (31)
p) = )
wp + ik — +w/2 {1 + £ } +iQ2mo(wp)

where we set the denominator equal to zero

QQ
wp + ik — m {1 + 52} +iQ*mo(w,) = 0. (32)
This equation can’t be solved analytically for an arbitrary spin distribution, so we have to
make some further simplifications. We expect the peaks of T'(w,) to remain located around

p = £ 80 we set p(w, = Q) = const as we consider v < v, < Q. We further said that
p2 o v2 < Q2 which leads us to the conclusion that Z—g ~ &2 = const and so eq. (32)
simplifies to ,

wp + ik — + —} —iQ%mo(Q) = 0. (33)

wp +177/2 { 02

Now we easily find the complex poles

wl) = —z% [k 4+ 7Q%0(Q) +7/2] + Q\/l + @ - 492 [k + 7Q20() — /2] (34)

We can interpret the real part of wéi) as the position of the peaks of the transmission
function on the real w-axis. The imaginary part 'y = $[x + 7Q%0(2) + 7/2] describes the
damping rate of the amplitudes and we identify the damping rate I' = k + 7Q%0(Q) + v/2
for the absolute value squared of the transmission function, which agrees with eq. (19).

3.2. Limiting decay rate

In this section we determine the lowest decay rate which can be achieved, if the inhomoge-
neous broadening of o(w) has no influence on the dynamics of the system

Flimit =K+ 7/2 = Kin + Kout + Kint + '7/2 (35)
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E T T T T T T =
H exp(-2.41-10° 1), (limiting decay) ]
i —  Q/2m=MHz, exp(-1.6m-10°1t), (cavity decay) |
IR Q/2m=2MHz E
= E | 7T exp(-7.2m-10°% t) 3
3 s \ — Q2n=10MHz ]

c \ R _ 108
c\-‘\—/ o1 \ exp(-13.8m-10° t) i
o E
ol ]

V.
0.01 =
0001 1 | 1 | 1 | 1
4007 66-07 8e-07
t(ins)

Figure (3) Comparing limiting decay eq. (36) (cyan dashed line) with the time evolution
of an excitation in the cavity mode | (a(t))|* defined in eq. (16) for the resonance condition
ws = we = wp with no coupling @ = O0MHz (red curve), with effective coupling strength
Q = 27 -10MHz (black curve) and Q = 27 - 22MHz (green curve). The black and green dashed
lines denote the effective decay for the time evolution of | (a(t))|*> with Q = 27 - 10MHz and
Q = 27 - 22MHz, respectively. Parameters are summarized in tbl. (1).

This limit is called the cavity protection regime. With the parameters summarized in ta-
ble (1) we find a limiting decay rate of T'ymit /27 = (0.240.2+0+1.6/2)MHz= 1.2MHz. By
combining eq. (11), eq. (12) and eq. (8d) we find, that |T(w,)|? is proportional to | A (t)|?
and thus we can identify eq. (35) as limiting decay rate for the time evolution of the cavity
mode and the limiting decay becomes

| A(t) Fnie 0 €77t (36)

Another limiting case for the decay rate is zero coupling, which means that every g, = 0
and thus Q = 0. In this limit A(¢) in eq. (16) is a constant value A(0) and by taking the
absolute value squared of eq. (15)

A1) =0 = |A(0)|?e > (37)

we find an exponential decay of the excitation in the cavity mode with a rate 2x/27 =
0.8MHz (see table (1)).

Figure (3) compares the limiting decay eq. (36) (cyan dashed line), the limit of no coupling
= OMHz given by eq. (37) (red line) and the time evolution of an excitation in the cavity
mode | {a(t)) |* defined in eq. (16) for the resonance condition ws; = w, = w, with effective
coupling strength ©Q = 27 - 10MHz (black curve) and Q = 27 - 22MHz (green curve). The
black and green dashed lines denote the effective decay for the time evolution of | (a(t))|?
with Q = 27 - 10MHz and 2 = 27 - 22MHz, respectively.

Here we see, that for increasing 2 we indeed find an enhanced lifetime of the Rabi oscil-
lation but we are still not in the limit £ >> ~,. For > ~, the g-Gaussian spin distribution
we used in this thesis effectively looks like a delta function.

3.3. Cavity protection by an effective continuous spin distribution

We found that the contribution of the inhomogeneously broadened spin distribution to the
decay rate I" defined by eq. (19) depends on the value of the spectral density of the emitters
at the frequency w, = €2. I' should therefore become independent of the width v, when
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one removes a small interval of the spectrum of the spins in the vicinity of the frequencies
wgf) = w, + (Q 4 6Q), respectively, so they can’t couple to the cavity mode a(t) anymore.
The rest of the distribution remains untouched. €2 is a small variation of the position of
the dips. We define an effective spin distribution with two dips around wg,t ) with dip-width
Acp, respectively,

0, for w = wg) +Ap/2

w) =
er(12) {g(w), otherwise

and o(w) defined by eq. (9a). The subscript ¢p stands for cavity protection. We calculate
the effective spin distribution by subtracting a cavity protection distribution g.,(w) from
the original distribution o(w) defined by eq. (10). This will generate two dips in the origi-
nal distribution in the vicinity of the frequencies wé}t) which satisfy conditions specified in
the appendix by egs. (43). We further have to avoid negative values of the effective spin

distribution in our calculations, which could appear due to the subtraction of g¢p(w)

; (38)

(39)

o Q(w) - Qcp(w)7 for Q(w) > Qcp(w)
Oett (@) = 0, otherwise '

As the subtraction of g.p(w) describes a real loss of spins which couple to the cavity mode

(but lead to decoherence) in the intervals wﬁ,:,t ) 4 1A.p, Oer(w) is not normalized anymore.
The new distribution describes an effective coupling with collective coupling strength Qg <
) because f dwgesr(w) < 1. This will alternate the time-evolution of the system as the
period of the Rabi-oscillation is proportional to 1/Qeg [11].

Although we reduce the collective coupling strength we expect an enhanced lifetime and a
reduced decay rate of the time evolution of the system. We aim to achieve a suppressed cou-
pling of the dressed ground state |[¥° ) =1/v/2-(|1,G) —i0,5)), which corresponds to the
frequency ws — 2, and the dressed excited state |¥9.) = 1/v2-(|1,G) + 0, S)), correspond-
ing to w4+ with the continuum of eigenstates of the Hamiltonian |¥,,). |1, G) denotes an ex-
citation in the cavity mode |1) and the spin ensemble in the ground state |G) = |g, 9, - , g).
|0,S) describes no excitation in the cavity mode |0) and the first excited symmetric matter
state |S> = 1/\/N (‘6?97"' 7g>+ + |ga )€yt 7g>++ |gv ,g,€>), [5] Without
inhomogeneous broadening of the spin distribution, |\I'Oi> are not coupled to the continuum
of (dark-)states |¥,). With inhomogeneous broadening there is an overlap of the dressed
states | U9 ) with the continuum of eigenstates |¥,,), respectively, as described in [9].

With the cavity protection mechanism explained above, we should decrease the width I of
the two peaks of the absolute value squared of the transmission function, respectively, and
thus reduce the overlap of the Rabi states with other eigenstates. This mechanism should
provide an energy preservation in the dynamics of the system as the exchange of energy will
now mostly happen between [¥?) and |9 ) in form of Rabi oscillation.

To be more insensitive with respect to the position w% ) of the dips and the shape of
Oeft(w) in the calculation of the transmission function T'(w,) and the time evolution (a(t)),

respectively, we introduce three different shapes for the cavity protection distribution: the
(rec)

rectangular distribution denoted as p¢p (w) and specified in the appendix by eq. (45), a

more narrow ¢-Gaussian distribution denoted as ggg) (w) also specified in the appendix by

eq. (47) and a more rectangular Fermi-Dirac like distribution denoted as QSS”(
by eq. (48) in the appendix.

We believe, that one can experimentally realize a proper ge(w) by pumping a narrow
band of the spectral density of the emitters into permanent excitation by irradiating the

NV-Center diamond with a laser of frequency wé}t) ~ w,  (Q, respectively. When all spins

are excited in the ranges wéfgt) + A,/2, respectively, we effectively burned two holes into
the continuous spin distribution and the laser should be turned off to minimize thermal

excitation. By doing so, we prepare the diamond in a proper way such that the modified

w) specified
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inhomogeneous spin ensemble should provide the minimal decay rate in a subsequent exper-
iment. Since all spins in the ranges w((;,jf) + A,,/2 are, then, considered to be excited, the
cavity can’t pump these spins into excitation anymore, hence it can’t couple to them, as long
as they remain excited. Photons may however originate from these spins irradiated with the
laser and leak into the cavity, which may lead to a coupling again, when the experimental
timescale is too long. In the next section, we use a stationary effective spin distribution and
demonstrate theoretically a significantly reduced decay rate of the initially excited system
without going to the limit © > ~,. Stationary means, that we consider the effective spin
distribution as time independent.



Contents 13

4. Results of calculations

In the previous section we derived an expression for an effective spin distribution to check
the cavity protection mechanism described above. Following D. Krimer’s report [10] we
start from his solutions of the Volterra integral equation (16) but with modified effective
spin distributions for the emitters o*"*™ (w) defined by eq. (38) and in the appendix. Our
goal is to prove, if we can reach the limiting decay rate given by eq. (35) without going to

the limit € > v,, which Diniz et al. claimed in [9].

4.1. Different effective spin distributions

In this section we generate different effective spin distributions for our three shapes (rec, g, fd)
with three values for the width of the dips A%’Q’J), respectively. The dips are located at the

frequencies wg ) = ws £ with the original coupling strength 2 but not at wéfafh ) = ws £+ Qegr.
Fig. (4) shows the three different forms of gi}ec’q’fd) (w) (rectangular, q-Gaussian and Fermi-

Dirac like) for three different width AE}D’Z?’)/QW = (1.3,3.9,6.5)MHz for ggfc’q’fd) (w) defined

in the appendix. Other parameters are listed in tbl. (1), Q@ = 27 - 10MHz and 692 = 0,
respectively. As Aﬁ;? with i = 1,2,3... defines the characteristic width of the dips (for

more details, see appendix), we define the width AE);), used in the expressions for the cavity
protection distributions defined in the appendix for the shape (x) = (rec, q, fd). Note that for

.Q((;FC)(W) the effective distribution becomes 0 on both intervals [wg) - %Acp,w((ff) + 3 A0),

respectively. For Qé?f)(w) with characteristic width Ag,)/%r = 1.3 MHz there is just a
narrow interval on both sides of w. (or actually two single points at w((f )) where Q(i?f) =0,

respectively. The Fermi-Dirac like distribution Q‘Sc?)(w) describes a bit broader intervals

[~ (wg) — %A%d)),w((;;)] and [wg)x (w(@,f) + %Ag,d))] where Q(lf:fi)(w) = 0, respectively and

€
one may define a 62 ~ —iAS;d) to ensure ggff?) (w) becomes zero on an interval around wézj,[).

4.2. Effective steady-state regime due to cavity protection

When we use eq. (12) for the transmission function and replace p(w) shown in fig. (2a) with
et (w), we expect the transmission |T'(w,)|? around wg) to get higher so the peaks should
grow and their width should become smaller.

Figure (5) shows the absolute value squared of the transmission function |T'(w,)|? in the

steady-state regime for different shapes of the effective distribution gf;fec’q’fd)(w) arranged

in columns and widths Ag},’2’3)/27r = (1.3,3.9,6.5)MHz ordered in panels versus normalized
probe frequency w, for the resonance condition wy = w,, respectively. The black curves are
the transmission functions without cavity protection (compare to fig. (2b)), the red curves
are the cavity protected transmission functions, respectively.

Because we effectively removed spins in the vicinity of w% ) which could couple to a
radiation field at the frequencies wg;t) +1/2- Ay, the absorption of the probe field by the
spin distribution is suppressed and the transmission is higher. Most spins are erased by

Qggfc)(w), followed by Q‘(;;?) (w) and Qif:lf) (w) and indeed for all three values of Aé};“) the

transmission of the rectangular distribution is higher than for QS;?’Q) (w) followed by ggffi) (w).
All three transmissions are higher than the transmission without cavity protection, depicted
in figure (2b), respectively. Note that the full width at half maximum I' of the two peaks
indeed becomes smaller.

As we expected, the loss of spins leads to a reduced effective coupling strength Q.g with an
effective coupling strength g, o for the individual spin and €2 defined in eq. (9¢). The FWHM
of the two peaks of the absolute value squared of the transmission function in the stationary

state (AVSTSS) is a measure for the overlap of the eigenstates of the coupled system and
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(@) rectangular (b) g-Gaussian (c) Fermi-Dirac like
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Figure (4) The effective spin distribution gngec’q’fd)(w) versus normalized frequency w with

We = ws, © = 27 10MHz and 6 = 0 for different shapes of o' *' (w) ordered in columns (a)
rectangular distributions eq. (45), (b) gq-Gaussian distributions eq. (47) and (c) Fermi-Dirac
like distributions eq. (48). Qi;fec’q’fd)(w) for different characteristic widths AS{Q’S) is arranged
in panels: panel (1) AUY = 27 . 1.30MHz, AYSY = 27 - 1.06MHz, A% = 27 . 1.14MHz |
panel (2) AL — 97 . 3.90MHz, ALY = 27 - 3.17MHz, A% = 27 . 3.90MHz and panel (3)
AL — 27.6.50MHz, ALY = 27.5.28MHz, AN = 27.6.50MHz, respectively. Parameters
are listed in tbl. (1).
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Figure (5) Absolute value squared of the transmission function |T(w,)|? in the steady-state
regime defined by eq. (12) versus normalized probe frequency w, with ws = we, Q = 27-10MHz
and 0Q2 = 0 for different shapes of Qg,ec’q’de(w) ordered in columns (a) rectangular distri-
butions eq. (45), (b) g-Gaussian distributions eq. (47) and (c) Fermi-Dirac like distribu-
tions eq. (48). |T(wp)|? for different characteristic widths Al;>® is arranged in panels:
panel (1) ALY = 27 . 1.30MHz, AYY = 27 . 1.06MHz, ALY = 27 . 1.14MHz , panel
(2) AL = 27 . 3.90MHz, ALY = 27 . 3.17MHz, AL? = 27 - 3.90MHz and panel (3)
AL — 27 . 6.50MHz, ALY = 27 - 5.28MHz, A% = 27 . 6.50MHz, respectively. The black
curves are the initial transmission functions without cavity protection, the red curves are the
cavity protected transmission functions. Parameters are listed in tbl. (1).
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the maxima of the AVSTSS represent the frequencies of the Rabi states, respectively [9, 14].
Since the gap between the maxima of the two peaks (which now is a measure for Qeg) of the
AVSTSS shown in figure (5) becomes smaller, we end up with a modified "effective" ground
and excited state of the TLS.

4.3. Time evolution of an excitation in the cavity mode

Now we want to describe the time evolution of the cavity mode A(t) defined by eq. (15)
when we apply the cavity protection mechanism described above. We obtain interesting
effects by calculating the number of excitations in the cavity mode Af(t) - A(t) defined as
| {a(t)) |* with the method of D. Krimer [10] but with a modified spin-distribution e (w)
given by eq. (38).

Fig. (6) shows | (a(t)) |? versus time for three differently shaped effective spin distributions
(rec, q, fd) with three different widths Al> /27 = (1.3,3.9,6.5)MHz for Q = 27 - 10MHz
and 092 = 0. The black curves are reference curves without cavity protection, the red ones
show the behavior of | (a(t)) |* due to the modified spin distributions, respectively.

Although there is a reduction of the effective coupling strength Qg < Q due to the loss of
coupling spin components around the frequencies wgff >, we can see, that the amplitudes of
the Rabi oscillations increase compared to the reference plot (black curves). The dephasing
of the Rabi oscillations is suppressed especially for the rectangular distributions where we
have less sensitivity for the position of the dips of geft(w) around wg), respectively. Due to
the smaller Qe and the fact, that the period of Rabi oscillations is proportional to 1/Qeg
[11], [14] we can identify the enhanced period of the red curves in figure (6) with respect to
A¢p as a consequence of the cavity protection mechanism (but this is a trivial consequence).

By using broader widths A, the effects are more pronounced. For Ag’) = 6.50 MHz
and the rectangular effective distribution ngec) (w) the first peak of the Rabi oscillation

reaches ~ 85% of the initial value for the number of excitations in the cavity mode | (a(t)) |?

compared to = 45% without cavity protection. For gé(flf’fd) (w) we reach ~ 80% for the number

of excitations in the cavity mode | (a(t)) |?, compared to the initial value. For the second
and third peak of the Rabi oscillation, being barely observable without cavity protection,
we see, that for the rectangular case the third peak is still at about 40% of its initial value.
This is not far off from = 45% of to the first peak without cavity protection. The damping of
the cavity mode is the lowest for the rectangular case, followed by the Fermi-Dirac like and
g-Gaussian distribution decreasing with increasing width AS}Q’B) of the dips. The biggest
damping is observable for the reference plot without cavity protection.

4.4. Variable collective coupling strength

In this section we test the behavior of the time evolution of the cavity mode with respect
to different coupling strengths Q/2m = (13,17.5,22)MHz for the width A.,/27 = 3.9MHz
of the cavity protection distributions.

Figure (7) shows the rectangular effective spin distribution defined in the appendix by
eq. (45) versus normalized frequency w for three different collective coupling strengths 2
ordered in columns in panel 1. The absolute value squared of the transmission function
given by eq. (12) versus normalized probe-frequency wy is depicted in panel 2. The number
of excitations in the cavity mode | (a(t))|? given by eq. (16) versus time for different Q and
the resonance condition ws = w, = w, (without) with rectangular cavity protection and dips
located at ws £ €2 is shown in (panel 3) panel 4.

In panel 1 the red, blue and green curves denote the effective spin distribution for /27 =
13,17.5,22MHz, respectively. In panel 2 the (red, blue, green) and black curves denote the
absolute value squared of the transmission function (with) and without cavity protection for
Q/2m = 13,17.5,22MHz, respectively. In (panel 3) panel 4 the red, blue and green curves
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Figure (6) Number of excitations in the cavity mode | (a(t)) |? versus time for the resonance
condition ws = we = wp, Q = 27 - I0MHz and 62 = 0 for different shapes of gesr(w) ordered
in columns (a) rectangular distributions eq. (45), (b) q-Gaussian distributions eq. (47) and (c)
Fermi-Dirac like distributions eq. (48) and for different characteristic widths Aéi;“’ arranged
in panels: panel (1) ALY = 27 . 1.30MHz, AYY = 27 - 1.06MHz, A%V = 27 . 1.14MHz |
panel (2) ALY = 27 . 3.90MHz, ALY = 2 - 3.17MHz, A%'? = 27 . 3.90MHz and panel (3)
AL = 27 . 6.50MHz, ALY = 27 - 5.28MHz, AU = 27 . 6.50MHz and parameters listed in

tbl. (1), respectively. Black curves: | {a(t)) |* without cavity protection, red curves: |{a(t))

with cavity protection.

| 2
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denote the time evolution of | (a(t))|? for Q/2r = 13,17.5,22MHz (without) with cavity
protection, respectively. The (red, blue, green) and cyan dashed lines in panel 3 and 4
describe the decay of the Rabi-Oscillations for Q/2r = (13,17.5,22)MHz and the limiting
decay given by eq. (36), respectively.

We can see, that for all three values of {2 we almost reach the limiting decay rate by using
a characteristic width A.,/2m = 3.9MHz. For the lower two values of ) the initial decay
is faster than for Q/27 = 22MHz, but the asymptotic decay is similar. By increasing the
coupling strength Q, we clearly see, that we erase fewer spins from the spectral distribution
than for smaller 2 (as we do so in the vicinity of ws £2) and we find, that we more and more
approach the limiting decay rate given by eq. (35). We obtain a remarkably increased lifetime
of the Rabi-oscillations compared to the reference behavior without protection although we
alter o(w) only in a very narrow interval. After an initial decay, which is comparable to the
unprotected case, we find an asymptotic decay which is comparable to the limiting decay
given by eq. (36). When we compare the effect of increasing €2 with the initial distribution
(which corresponds to the cavity protection mechanism of Diniz et al. in [9]) to an increasing
Q and a modified effective spin distribution, we find for the latter, that we almost reach
the limiting decay for finite 2 while it remains a limit for Diniz et al. when we use a g-
Gaussian spin distribution. So we expect the mechanism of modifying the inhomogeneous
spin distribution to be more effective for cavity protection as only increasing the collective
coupling strength .

Figure (8) shows the behavior of the system with /27 = 22MHz and 692 = 0 for three
different effective distributions ordered in columns (a) rectangular (red), (b) g-Gaussian
(blue) and (c) Fermi-Dirac like (green) in panel 1. In panel 2 the absolute value squared of the
transmission function is plotted for Qgﬁec’q’fd)(w) in the colors (red, blue, green) and the black
curves are the transmission functions without cavity-protection. Panel 3 shows the time
evolution of | {a(t)) |? for no protection (black) and with rectangular (red), g-Gaussian (blue)
and the Fermi-Dirac like (green) cavity protection for the resonance condition ws = w, = wp
and parameters listed in tbl. (1). The dashed lines denote the effective decay of the Rabi
oscillations, respectively.

Again we see remarkable effects due to the erased spins in the spectral density of the
emitters. Even for the q-Gaussian distribution, where we erased the fewest amount of
emitters, we find a significantly reduced decay rate of the excitation in the cavity mode.

Figure (9) shows the behavior with /27 = 22MHz and §Q2 = 0 for three different charac-

teristic widths A /27 = 1.3MHz (red), A2 /27 = 3.9MHz (blue) and AY) /27 = 6.5MHz

(green) and rectangular cavity protection. Panel 1 shows QS:?C) (w) for all three widths or-

dered in columns Ag)) (a), Agi) (b) and AS’) (c), respectively. In panel 2 the absolute value

squared of the transmission function is plotted for Qg;c) (w) ordered in columns for different

widths AS,) (red), Ag,) (blue) and A&? (green) and the black curve shows |T'(wj)|* without
cavity-protection. Panel 3 shows the time evolution of | (a(t)) |? without protection (black)
and with cavity protection for A.,/2m = (1.3,3.9,6.5)MHz (red, blue, green) for the reso-
nance condition ws = w. = wp and parameters listed in tbl. (1). The dashed lines denote
the effective decay of the Rabi oscillations, respectively.

We see that we get the best results, when we use broader dips although the asymptotic
decay is similar for the bigger two values of A.,. The dips should not be too broad, because
we don’t want to remove the whole spin distribution but remain in the strong coupling
regime. We assume, that one should ensure, that the dips of the effective spin distribution
at least contain the characteristic width of the absolute value squared of the transmission
function with respect to the spectral range in frequency.
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Figure (7) Behavior for different collective coupling strengths 2 for rectangular cavity pro-
tection. The dips are located at ws £Q, 6Q = 0, A, = 27-3.9MHz and parameters in tbl. (1).
The first panel shows the effective spectral spin distribution with dips in the vicinity of ws £ 2
for different Q (colored), respectively. The second panel shows the absolute value squared of
the transmission function according to the effective spin distributions (colored) compared to
the transmission function without cavity protection (black). The third panel shows the time

evolution of the excitation in the cavity mode |{a(t))|* without and the fourth panel with
cavity protection for the resonance condition ws = w. = wp and different collective coupling
strengths Q (colored) with according effective decay (dashed colored) compared to the limiting

decay (cyan dashed) defined by eq. (36).
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Figure (8) Behavior for different cavity-protection distributions ggsc’q’fd) (w) with Q = 27 -
22MHz, dips at ws £, 60Q =0, Acp = 27 - 3.9MHz and parameters in tbl. (1). The first panel
shows the effective spectral spin distribution with dips in the vicinity of ws + €2 for different
shapes of the cavity protection distribution (colored), respectively. The second panel shows
the transmission function according to the effective spin distributions (colored) compared to
the transmission function without cavity protection (black). The third panel shows the time
evolution of the excitation in the cavity mode with cavity protection for the resonance condition
ws = we = wp and different shapes of the cavity protection distribution (colored) with effective
decay (dashed colored) compared to | (a(t))|?> without cavity protection (black) and to the
limiting decay (cyan dashed) defined in eq. (36).



Figure (9) Behavior for rectangular spin distribution with variable characteristic width Acp,
00 =0, Q = 27-22MHz, dips located at w,+£2 and parameters in tbl. (1). The first panel shows
the effective spectral spin distribution with dips in the vicinity of ws £ Q for different width
of the holes A, (colored), respectively. The second panel shows the absolute value squared of
the transmission function according to the effective spin distributions (colored) compared to
the transmission function without cavity protection (black). The third panel shows the time
evolution of the excitation in the cavity mode | (a(t)) |* with cavity protection for the resonance
condition ws = we = wp and different widths of the dips A, (colored) with effective decay
(dashed colored) compared to | (a(t)) |* without cavity protection (black) and to the limiting
decay (cyan dashed) defined in eq. (36).
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4.5. Cavity protection dips at effective coupling strength

The effective loss of spins due to the modified inhomogeneous spin distribution leads to
an decreased effective coupling strength Qeg < Q. The gap between the peaks of the
transmission function thus will get smaller which, in turn, will lead to an alternated avoided
crossing. This also leads to slightly modified ground-level and excited dressed states of
the coupled solid matter TLS and the cavity-mode in the strong coupling regime. In the
previous sections we saw, that an effect due to the cavity protection mechanism is clearly
observable. Now we want to check if we get an even better effect, when we locate the
dips of the effective spin distribution at precisely the frequencies of the effective coupling
strength wéfif) = ws + Qg and not at the original coupling strength wg,t) = w, Q. Qg
is considered as 1/2 the gap between the two maxima of the absolute value squared of the
transmission function. Note that this is an iterative problem, because a modified effective
spin distribution, with respect to a small variation of the position of the dips by dQ, will
also change the position of the two maxima of the transmission function.

Figure (10) shows the behavior of the system with /27 = 22MHz for three different char-

acteristic widths Ag,’Q’S)/QW = (1.3,3.9,6.5)MHz ordered in columns ((a) red, (b) blue,(c)

green) and the dips of the rectangular effective spin distribution located at precisely wéﬁf ),
respectively. Panel 1 shows gf;f“) (w) with dips at wg) for all three widths, respectively. In
panel 2 the absolute value squared of the transmission function is depicted for the dips lo-
cated at w's) and A.y/27 = 1.3MHz (red), A,,/27 = 3.9MHz (blue) and A,,/27 = 6.5MHz
(green) and the black curves show |T'(wj)|? without cavity-protection. Note that the range of
the horizontal-axis for panel 1 and 2 is plotted from w,)/w. = 0.988 to w(,)/w. = 0.995 and
shows only a part of the left branch of the functions but in a higher resolution. Panel 3 shows

| (a(t)) |* versus time for the resonance condition ws = w, = w, and Agg)/27r = 1.3MHz with

the dips located at wgf) (red curve) and at the effective coupling strength w((j) (red dashed

curve). The black (dashed) line denotes the decay of | (a(t)) |* for the dips located at wgf)

(wé?), the blue line denotes the initial decay for both cases. Panel 4 shows | (a(t)) |* versus

time for the resonance condition ws = w, = w, for Agjg)/%r = (3.9,6.5)MHz (blue,green)

and the dips located at wﬁ}t) (filled curves) and at the effective coupling strength wéfjf[)

(dashed curves). The decay rates of | (a(t))|? for Aé?,’?’)/% = (3.9,6.5)MHz and the dips
located at wg;t) and wéfif ) are very similar and can be taken from figure (9). The cyan dashed
line is the limiting decay from eq. (36).

We can see that only for small widths A, there is an observable effect due to the dips
of gef(w) being located at wg + Qe compared to ws = Q. When one uses broader widths it
doesn’t make a difference, if the holes are located at wéfj? ) or w% ) as long as the maxima of the

transmission function are located within the intervals where geg(w) = 0. This can be seen in
panel 4 of figure (10). Note that in figure (6) A,(:f,) = 27-6.5MHz and Q = 27 - 10MHz are of
the same magnitude and by further increasing of A., we more and more erase the complete
spin distribution. In this case, the effects may occur because of an effective decreased
FWHM e of the spin ensemble which as well leads to an enhanced lifetime as long as
the system remains in the strong coupling regime. So we did some calculations for variable
positions of the dips by using different 0$2 with |6Q| <  for different fixed 2. Even though
one may find the first 2-3 peaks of the Rabi oscillations to be bigger for the dips located at
ws+(N—169) , wé? = w, Qg seems to be the best choice to improve the asymptotic decay
rate. The cavity protection mechanism described in this thesis may be interpreted in a way,
that removing a narrow spectral interval of spins around the frequencies ws & Q (for better
observable effects by smaller dip-widths at ws + Q) leads to a suppressed coupling of the
ground and excited Rabi state with the inhomogeneous spin-environment at the frequencies
ws £ and with the continuum of eigenstates of the Hamiltonian due to a reduced overlap
of the Rabi states with the other eigenstates.
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Figure (10)

Behavior for rectangular spin distribution and for different widths AS{Q’S) of

the dips, Q = 27 - 22MHz, dips located at ws £ Qeg and parameters in tbl. (1). The first panel
shows the effective spectral spin distribution with dips at ws £+ Qe (colored) and the second
the absolute value squared of the transmission function in the vicinity of ws — Q for different
dip-widths AG>? (colored) and without cavity protection (black), respectively. The third
panel corresponds to AS,)/QTI' = 1.3MHz, the fourth to Aﬁ%”/% = (3.9,6.5)MHz. They show
the time evolution of the excitation in the cavity mode | (a(t)) |* with cavity protection and
dips located at ws = Qe (colored dashed) and ws £ Q (colored) for the resonance condition

ws = we = wp and different widths Acp, compared to the limiting decay defined by eq. (36).
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5. Conclusions and Outlook

In conclusion, we treated an inhomogeneously broadened ensemble of N two level systems
as a continuous bosonic spin distribution modeling it by a q-Gaussian distribution centered
at a mean frequency w, with a full width at half maximum (FWHM) ~,. This spin ensemble
couples with a collective coupling strength 2 to a cavity mode and the whole system behaves
like two coupled, but damped harmonic oscillators where the energy is exchanged in a
coherent way. The inhomogeneous broadening of the emitters causes an overlap of the Rabi-
states with a continuum of eigenstates of the Hamiltonian. This leads to a dephasing of
the Rabi oscillations between the excited and ground state of the coupled two level system
additionally to the cavity and spin losses and thus to an enhanced decay rate when the system
is initially excited. The system therefore loses energy due to the cavity losses, individual
spin losses and due to the inhomogeneous broadening of the spin distribution.

We now erased a small spectral range from the inhomogeneously broadened spectral den-
sity of the emitters in the vicinity of the frequencies wy £ €, respectively, still remaining in
the strong coupling regime. Following this procedure, we effectively suppressed the action of
the inhomogeneous broadening of the spin distribution on the dephasing of the Rabi oscil-
lations since we reduced the overlap of the Rabi states with the continuum of eigenstates of
the Hamiltonian. With our cavity protection mechanism we obtain a remarkably increased
lifetime of the Rabi-oscillations as compared to the reference behavior without protection al-
though we alter the spin distribution only in narrow intervals. We almost reach the limiting
decay given by the cavity and single spin losses when we increase, but keep a finite collective
coupling strength. We also found, that width and shape of the dips in the effective spin
distribution have dramatic effects on the behavior of the system. The broader the dips, the
better the results, as long as we do not erase too many spins and stay in the strong coupling
regime. The FWHM of the two peaks of the absolute value squared of the transmission
function in the stationary state (AVSTSS) is a measure for the overlap of the eigenstates of
the coupled system and the maxima of the AVSTSS represent the frequencies of the Rabi
states, respectively. We therefore suggest, that the mean frequencies of the cavity protec-
tion intervals should match with the maxima of the AVSTSS and that the dips should at
least cover the FWHM of the two peaks of the AVSTSS. Furthermore, we obtained the best
results for cavity protection, when we used rectangular shaped dips where the modified spin
distribution becomes zero on an interval around the frequencies corresponding to the Rabi
states, respectively. We never observed a decay rate which was smaller than the limiting
decay rate.

The cavity protection mechanism described in this thesis is a very good option to enhance
the lifetime of Rabi oscillations in the coupled system of cavity mode and spin ensemble when
Q is of the same magnitude as ;. We believe, that one can realize such a modified spin
distribution by pumping a narrow band of the spectral density of the emitters into permanent

excitation by irradiating the NV-Center diamond with a laser of frequency wﬁf ) ~ ws £ 0,

respectively. When all spins are excited in the vicinity of wﬁf ), we effectively burned two
holes into the continuous spin distribution and the laser should be turned off to avoid
further thermal excitation. By doing so, we prepare the diamond in a proper way such
that the modified inhomogeneous spin ensemble should provide the minimal decay rate in a
subsequent experiment.
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A. Numerical solution of the Volterra integral equation

The integral equation eq. (16) for A(t) consists of an integral over the product of K(t — 7)
and A(7) from 7 = 0 to 7 = ¢ and an additional function F(t), which appears due to the
nontrivial initial conditions. We see that A(t) depends on all former solutions of A(7) with
T < t, but also on the value of A(t) at the time 7 = ¢ and thus the cavity mode A(t) given
by eq. (15) is a nontrivial quantity. The integration from 7 = 0 to 7 = ¢ in eq. (16) is
performed numerically by defining n — 1 proper time steps At = ¢,,/(n — 1) and replacing
the time integration from 7 = 0 = t; to 7 = ¢t = t,, with a sum of integrals for every step
T=1m t0 T ="1my1

tm41

At) = 3" | Kta — )A(7)dr + F(t). (40)

m=1
t m

Then we use the trapezoid formula on every single integration

n—1 e e
Aty = Y M ) Alm) £ = o) Alnta) 4 s

m=1 2

% Z K(tn —tm)A(t )+éi€<tn —t5)A(t;) p + F(tn)
- % {2 ”z: IC n - m) + ]C( n tl)le(tl) + Ic(tn - tn)A(tn)} + -F(trL)
=At- {Iz:lc —tm ,,L)+%-IC( n—t1)A(t )}+A2t K(tn — tn)A(ty) + F(ty).

Now we can rewrite eq. (41) and find an expression for fl(tn) for the time t,, with initial
condition t; =0

At : {nzl ’C(tn - rrL)A( rrL) § : K(tn - tl)le(tl)} + ]:(tn)

A(ty) = n=2 - : 42
(tn) ~ STk 0) (42)

and with an appropriate small step size At and enough steps n for the iteration we can
calculate A(t,) precisely at pleasure.

B. Cavity protection modeling

In this section we describe, how the cavity-protection distributions are modeled and what
conditions have to be made.

B.1. Cavity protection conditions

We defined an effective spin distribution ges(w) with two dips at wg;t) = ws £ (24 09) with
full (dip-)width Agp, respectively, by eq. (38) and eq. (39). 0L is a small variation of the
position of the dips. To form this effective distribution we subtract another distribution from
the initial spectral density g(w) defined in eq. (10), the cavity protection distribution ocp(w).
We will identify the frequencies wg) =w, — (24 6Q) and w(+) = ws + (24 6Q) as mean
frequency of the left and right branch of the cavity protection distribution, respectively.
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When we talk about both dips, we will simply write w&t) =ws+ (24Q). To find a proper
expression for gcp(w) we define the following conditions

0p(WG)) = ow§)), (43a)

Ocplw) = 0, forw ¢ w(i) + A (43b)

This means, that o.,(w) should only be non-zero in the intervals w((;f) + A,p/2 and should
erase all the spins in the vicinity of wﬁ}t), respectively. When o(w) is symmetric then gqp(w)
and ger(w) are symmetric too with respect to ws.

To be more insensitive with respect to the position (wﬁ}t)) and shape (superscript (x) =

(rec,q,fd)) of the dips, we introduce three different shapes for the cavity protection distri-
bution Qgp)( ): the rectangular distribution denoted as g( ec)( ), a more narrow ¢-Gaussian
distribution g(q)( ) and a more rectangular Fermi-Dirac like distribution ggpd)( ). Specific
shapes of the effective distributions will be defined analogue as Q( )( ). If we do not refer
to a particular shape we will write g.p(w) and geg(w) -

To make sure g.p(w) satisfies the condition (43b) we can’t use A, as full width for every
cavity protection distribution defined above. We have to make some specifications of how

precise the conditions have to be fulfilled because g(q)( ) and o ifd

)( ) are analytical expres-
sions which can become very small outside the ranges [wgi,t) —1/2A,,, wcp) +1/2A.,| but

do not completely vanish. For his purpose the height A, and width A,, determine a window,
where ge(w) has to be in a certain shape. Out of that we have to numerically calculate
the widths Ag?,) and Ag,d) for the g-Gaussian and Fermi-Dirac like distribution, respectively.
The specifying conditions write as follows

o) <wgp> —;(ACP+AM)> < A, (44a)
) (w500 - 00) > A, (441)
o (wézwémcp—m) - A, (440
Qg)( w41 (ACerA )) < A, (44d)

Eqgs. (44a,44d) determine that o.,(w) starts small enough around wég) — 3(Aep + Ay) and

(+) + 1(A.p + Au), respectively. Eqs. (44b,44c) make sure, that o.,(w) will rise around

wép) - 1A, — AL) and WS + 1(A.p — A,) with our specified horizontal (A,) and ver-
tical precision (A,) and thus serve a significant value for the effective spin distribution,
respectively.

In this report the width A, is taken to be small and the height A, of the window is

fixed to 1/e - g(wﬁp )) This ensures, that A., can be treated as characteristic width of the
cavity protection distribution (or of the dips of the effective distribution), respectively. Now
we can compare the effects of the modified effective spin distributions with respect to the
characteristic widths of the cavity protection distributions and thus to the amount of erased
spins, respectively.

B.2. The rectangular cavity protection distribution

The rectangular cavity protection distribution simply describes the removal of all the spins

in the intervals w € [w(p AC;EC), Cf) ! A(rec } respectively. The rest of p(w) remains
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untouched. Therefore o' (w) should show if cavity protection is possible in principal by

removing a narrow spectral band of the continuous spectral spin distribution around the
frequencies corresponding to the Rabi states, respectively.

1 1
o(w), for w € wg) - §A£;ec),w£;t) + iAgfc)

oy (w) = (45)

0, otherwise

We can also write A, for Ag,ec).

B.3. The g-Gaussian cavity-protection distribution

For o(w) and w%) being symmetrical around w,, we simply add two q-Gaussian distributions

which are, respectively, centered around wgf )

1
(-Nh2]1 =
~(q) o _ . (UJ—UJCP ) Gep
Oy (W) = A | [1= (1= gep)
’ (A§)?
) (46)
_ (21 = .
+1-(1 qCp)(w :;Z) ] der
(Acp')

29 — 2
where yﬁg) - 2A£g) 2;”7_2 is the full width at half maximum (FWHM). ¢, is listed in
cp

tbl. (1). These two Distributions will drop against zero and won’t affect each other in a
significant way, when one chooses the right parameters. We however have to consider, that

we can’t use the characteristic width of the cavity protection A., as width A&%’ in eq. (46)
to fulfill the conditions (44). Ag‘,) is numerically calculated out of the boundary-conditions
(44) to determine, that ggg) (w) only (significantly) effects o(w) in the specified intervals
w% ) _ %Acp ,wﬁ;t) + %ACP}, respectively. The intervals may overlap as well, if one wants

to observe that case. The normalization factor A vanished, when we scale @&?} (w) to

(=) (+)

_ 1 [ olwep’) o(wep”)

(a) — 5@ - P 4

Qcp (OJ) - Qcp (OJ) ! <~ — + _ y (47)
2\ oWy P wh))

to fulfill the cavity protection condition (43a). Although the problem is symmetrical around
ws we took the average value for the normalization because the calculation of the cavity-
protection density has been done numerically so there could be a slightly different height
and position of the peaks of the two added distributions.

B.4. The Fermi-Dirac like cavity protection distribution

To describe a smooth distribution but be more insensitive for the positions w(% ) of the dips

in the effective distribution ges(w), we define a broader (more rectangular) distribution, the
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Fermi-Dirac like distribution.

1
SN Jforw< wé;)
(fd) B e_ﬁ(w_(wcp _§Acp )) + 1
Ocp (W) = A 1 )
, for w > wy
Sl (w6 +3887) g Y
X (48)
for w < wtt)
() (i) ) = ep
e_ﬁ(w_(wu;— _%Act;l )) + 1
" 1 (+)
. for w > w'l
(L L ACD ) cp
65(‘*’ ( cp +2ACP ))+1

The normalization factor A is, like above, not important for our considerations because
we normalize eq. (48) like eq. (47) to fulfill the cavity protection condition (43a). Ag,d)
is FWHM of the Fermi-Dirac-like cavity protection distribution and is, again, calculated
numerically out of the boundary conditions (44). /5 describes the strength of how ,Qg)d) (w)
rises/drops near wé}t ) F %Agﬁi). For a big enough B, the two distributions will drop fast
enough against zero so they won’t overlap significantly.
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