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A study has been made of the pole topology of the Laplace transforms of the pair distribution
functions (PDFs) of a binary mixture of adhesive hard spheres (AHS) both for the Percus±
Yevick equation and the mean spherical model (MSM). Expressions are given that describe
how the distribution of the poles in the left half of the complex plane varies with the system
parameters for the special case of the MSM for symmetric binary AHS mixtures. The locations
of the poles closest to the imaginary axis are known to determine the asymptotic form of the
PDFs, i.e. either exponentially monotonic or exponentially oscillatory decaying. As a by-
product of this inquiry analytical r space representations of the PDFs are derived that
allow their accurate and e� cient determination over the entire r range.

1. Introduction

The pair distribution function (PDF) g…r† is one of the

central quantities in the microscopic theory of classical

¯uids in thermal equilibrium. If we assume our system to

be homogeneous and isotropic, this function measures

the extent to which the bulk structure deviates from

complete randomness. Due to its importance, particular
e� ort has been devoted from both theoretical and

experimental sides to determine this function as accu-

rately as possible.

From the point of view of the quantitative theory

many sophisticated concepts were developed to calculate

the PDF (for an overview see, e.g. [1, 2]); nowadays, the

methods available provide results for g…r† that, within
numerical accuracy, are in agreement with computer

simulation data. This also holds for system states that

are located near to the phase separation region and near

criticality.

One of the ®rst contributions to the qualitative theory

of the PDF was that g…r† tends (under certain con-
ditions) towards unity for large r (see, e.g. [3, 4]),

proving thus the intuitive picture that (under the same

conditions) two particles separated by a large distance r
are uncorrelated. It was soon afterwards found out that

this convergence to unity, i.e. the asymptotic behaviour,

can be realized in only two ways [if all the singularities

of ĝgi j…t† are poles (see below)]. Lebowitz and Percus [5]
noted that for large distances a PDF has either an expo-
nential decay or an exponentially damped oscillatory
form, characterized either by a real or a complex

decaying length. Systems that show one or other such
behaviour are separated in the phase diagram by a line
which in the literature is commonly referred to as the
Fisher±Widom (FW) line [6]. Abraham and Kunz [7]
established that this universal exponential decay of the
PDF can be found for all continuous systems with ®nite

range interactions, at least for low densities. In later
work, Martynov [8] showed that, for the case of
binary systems, the long distance behaviour of the
partial PDFs is governed by only one decaying length.
Detailed work in this ®eld was carried out by Evans,

Henderson and their respective colleagues [9±15]. In
several studies they treated the universal asymptotic
behaviour in a more systematic way: they investigated
the location of the pole of the Laplace transforms of the
PDFs of mixtures, ĝgij…t†, closest to the origin, that

decides which of the two kinds of asymptotic behaviour
is realized. Instead of searching the poles of ĝgij…t† in the
complex t plane, Evans and coworkers [9±15] investi-
gated the Fourier transforms of the PDFs in the com-
plex q plane (from the elementary relation between

Fourier and Laplace transforms it follows that these
two sets of poles are related via a rotation by p=2). In
addition they could show that the universal exponential
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convergence of the PDFs to their asymptotic value is not
only present for the case of a uniform ¯uid, but also for
density pro®les of the corresponding non-uniform
system.

In previous treatments we have considered the distri-
bution of the poles of the ĝgij…t† in the left half (LH) of
the complex plane for binary hard sphere (HS) [16] and
binary hard sphere Yukawa (HSY) mixtures [17]. Based
on the Percus±Yevick (PY) equation for HS and on the
mean spherical model (MSM) for HSY, closed analy-
tical expressions can be derived for the ĝgij…t† of these
systems, facilitating all subsequent calculations substan-
tially. These functions have an in®nite number of poles
in the LH of the complex t plane. The locations of the
poles (referred to as the pole topology) show character-
istic patterns: in both cases we observe that the poles
are arranged in two branches that, for large parts of
the parameter space, are clearly separated. However,
we have observed a characteristic di� erence between
these two systems: HS mixtures that, within the PY
equation, do not phase separate, have one pole on the
negative real axis, whereas, by contrast, HSY mixtures
that, within the MSM, do phase separate, have two
poles on the negative real axis. We surmise that a rela-
tion exists between the distribution of poles on the nega-
tive real axis and the existence of phase transitions in a
system. Restricting to the poles closest to the imaginary
axis, we observed for the case of binary HS mixtures
only exponentially damped oscillatory behaviour (cf.
also [7] for the one-component case of dilute HS),
while for the HSY mixture both cases, i.e. real or
complex decay lengths, were encountered. Although
qualitative predictions could be made on how the par-
ameters in¯uence the location of the branches in the t
plane [17], the number of parameters for a binary HSY
mixture was too large to establish a theory of the pole
topology of the ĝgij…t†.

In the present contribution we elucidate this point by
examining an analytical solvable system with a par-
ameter space of considerably smaller dimensions. To
this end we choose a system that, with respect to the
complexity of its interaction, is between HS and HSY
systems: we consider binary mixtures of adhesive hard
spheres (AHSs) [18], within both the PY equation and
the MSM. They represent models for our aims: ®rst, the
PDFs of the PY equation [19] and of the MSM [20] for
mixtures of AHSs can be calculated analytically; second,
with respect to HS mixtures on the one hand these repre-
sent the most simple extension with an attractive inter-
action, being thus able to undergo a phase transition,
and with respect to HSY mixtures on the other hand,
their interactions are characterized by only one set of
parameters, i.e. the stickiness, yielding thus the desired
reduction in the dimensionality of the parameter space.

Applying the same approach that we have used to
determine the pole topology for HSY mixtures [17], we
have treated the pole topology of the MSM for a sym-
metric binary mixture of AHSs. We have restricted our-
selves to the MSM in an e� ort to obtain as simple
expressions as possible: the MSM provides a density
independent solution for the parameters of the structure
functions [20], while the PY equation leads to a more
complicated, i.e. density dependent solution [19]. In the
present context this does not represent a serious limita-
tion, since we are interested in only a qualitative under-
standing of the pole topology of the PDFs. Indeed, for
the MSM we are able to give expressions showing
how the location of the branches depends on the
system parameters.

As a by-product of our analysis we have adapted two
analytical representations that can be combined into an
accurate and e� cient r space method to calculate PDFs
over the entire r range: the expressions used in these
techniques, commonly referred to as the shell represen-
tation (SR) and the asymptotic representation (AR), are
also presented in this contribution.

2. Basic solutions of the model
A binary AHS mixture is characterized by the number

density » and the concentrations ci of species i (i ˆ 1; 2),
with partial number densities »i ˆ ci » and partial
packing fractions ²i ˆ p=6»i. The set of interactions is
de®ned by [18, 19]

 Fij…x† ˆ

lim
°!1

1

¡Y…r ¡ Rij† log
®ijRij

°

µ ¶
Y…Rij ‡ ° ¡ r†

8
<

:

r < Rij;

Rij µ r;

…1†

where Y…r† is the usual Heaviside step function and the
parameters ®ij 2 2£2

‡ represent the stickiness between
particles i and j. The Rii ˆ Ri are the hard core dia-
meters, and we furthermore de®ne Rij ˆ 1

2
…Ri ‡ Rj†,

Sij ˆ 1
2
…Ri ¡ Rj†, and assume Sij ¶ 0.  ˆ 1=kBT , kB

being the Boltzmann constant and T the temperature.
We investigate the PDFs, gij…r†, of equation (1) from

the Ornstein±Zernike (OZ) equations

hij…r† ˆ cij…r† ‡
X

kˆ1;2

»k

…
dr 0cik…r 0†hkj…jr ¡ r 0j† i; j ˆ 1; 2;

…2†

for the PY equation and the MSM. hij…r† ˆ ‰gij…r† ¡ 1Š
and the cij…r† are the total and direct correlation func-
tions. To obtain analytical solutions of the OZ equa-
tions with the above closures for the present system we
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have applied the Wiener±Hopf (WH) factorization [21]
that transforms these equations into two sets of coupled
integral equations (WH equations) for the so-called
factor functions Qij…r† (for details, cf. [21]). Note that
in this contribution we use the convention of [22].

Finally, one ®nds for Qij…r† both for the PY equation
and the MSM [19, 20] (note the `translation rule’
between the factor functions Qij used by Blum and
Hùye [22] and those qij used by Baxter [21], Perram
and Smith [19], and Tutschka and Kahl [20]:
Qji ˆ QT

ij ˆ 2pqij).

1

2p
Qij…r†

ˆ

aj

2
…r ¡ Rij†2 ‡ …bj ‡ ajRij†…r ¡ Rij†

‡¶ijR
2
ij Sji < r < Rij;

0 elsewhere;

8
>>><

>>>:

(3)

with

ai ˆ
1 ¡ 12±i

1 ¡ ¹3

‡
3Ri¹2

…1 ¡ ¹3†2
;

bi ˆ ¡ 3

2

R2
i ¹2

…1 ¡ ¹3†2
‡ 6±iRi

1 ¡ ¹3

i ˆ 1; 2; …4†

and

¹n ˆ p
6

X

iˆ1;2

»iR
n
i ; ±i ˆ p

6

X

jˆ1;2

»j¶ijR
2
ijRj; …5†

while the explicit dependence of ¶ij on the density and
stickiness parameters (see below) is di� erent for the PY
and the MSM cases.

The PY equation leads to the set of four coupled
quadratic equations [19]

¶PY
ij Rij ˆ ®ij

Rij

1 ¡ ¹3

‡
3RiRj¹2

2…1 ¡ ¹3†2
¡ 6

±iRj ‡ ±jRi

1 ¡ ¹3

"

‡2p
X

kˆ1;2

»k¶
PY
ik R2

ik¶PY
kj R2

kj

#

: …6†

These equations are nonlinear and the ¶PY
ij are explicitly

density dependent. For our case of a binary mixture one
obtains eight solutions, and the physical solution is
picked out according to the following criteria: the ¶PY

ij
have to be real and positive, symmetric in i and j, and
have to ful®l lim»!0 ¶PY

ij ˆ ®ij.
To obtain the MSM for AHSs one considers a special

limiting case [23, 20] of an HSY interaction: using the
analytical WH solution of the OZ equations with
Yukawa closure one examines this solution in the limit
where the interaction becomes (in a suitable manner)

both in®nitely strong and in®nitely short ranged, thus
representing the surface adhesion of AHSs. Finally, one
arrives at [20, 23]

¶MSM
ij ˆ ®ij: …7†

Note that this result agrees with the above mentioned
low density limit of the PY solution.

In passing, we remark that the solution of the original
OZ equation is equivalent to the solution obtained via
the WH factorization, provided that [21, 24]

D…k† ˆ det ¯ij ¡ ��������
»i»j

p
…Rij

Sji

eikrQij…r†dr

" #

> 0

for all Im…k† ¶ 0: …8†

A necessary condition for the above criterion is the
requirement that D…0† > 0 [21].

3. Shell and asymptotic representations
3.1. General expressions

The PDFs can now be calculated from the Qij…r†
via the WH equations; to this end we de®ne ĝgij…t† and
Q̂Qij…t†

ĝgij…t† ˆ
…1

0

dr e¡trrgij…r†; Q̂Qij…t† ˆ
…Rij

Sji

dr e¡trQij…r†:

…9†

Evaluating the Q̂Qij…t† from equation (3) we ®nd

Q̂Qij…t† ˆ
1

2t3
e¡tRij f 0

ij …t† ‡ etRi ¡f 0
ij …t† ‡ f 1

ij …t†
£ ¤© ª

; …10†

where we have introduced the f ¬
ij …t†, i; j ˆ 1; 2,

f 0
ij …t† ˆ 2p ¡2t2R2

ij¶ij ¡ 2t…ajRij ‡ bj† ¡ 2aj
£ ¤

;

f 1
ij …t† ˆ 2p ¡t2…ajRiRj ‡ 2bjRi† ¡ 2tajRi

£ ¤
: …11†

The WH formalism gives the following set of equations
for ĝgij…t† and Q̂Qij…t†:

X

lˆ1;2

2pĝgil…t†‰¯lj ¡ »lQ̂Qlj…t†Š ˆ 1

t2
e¡tRij ¡ 1

2
f 0
ij …t†

µ ¶
: …12†

For details we refer the reader either to [22] (HSY mix-
ture) or to [20] (N-component mixture of AHSs).

We de®ne

L 0…t† ˆ 1

t2
»1»2 f 0

11…t† f 0
22…t† ¡ f 0

12…t† f 0
21…t†

£ ¤
; …13†

L 1…t† ˆ 1

t2
»2 2t3f 0

22…t† ¡ »1 f 0
22…t† f 1

11…t† ¡ f 0
21…t† f 1

12…t†
£ ¤© ª

‡ L 0…t†; …14†
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L 2…t† ˆ 1

t2
»1 2t3f 0

11…t† ¡ »2 f 0
11…t† f 1

22…t† ¡ f 0
12…t† f 1

21…t†
£ ¤© ª

‡ L 0…t†; …15†

L 3…t† ˆ 1

2p
1

t3

n
¡t3 f 0

12…t† ‡ f 0
21…t†

£ ¤

‡
1

2
»1 f 1

11…t†f 0
12…t† ¡ f 0

11…t† f 1
12…t†

£ ¤

‡ 1

2
»2 f 1

22…t†f 0
21…t† ¡ f 0

22…t† f 1
21…t†

£ ¤o
; …16†

S…t† ˆ 1

t2
f4t6 ¡ 2t3‰»1 f 1

11…t† ‡ »2 f 1
22…t†Š

‡ »1»2‰ f 1
11…t† f 1

22…t† ¡ f 1
12…t† f 1

21…t†Šg

‡ L 1…t† ‡ L 2…t† ¡ L 0…t†; …17†

D…t† ˆ L 0…t† ¡ L 1…t†etR1 ¡ L 2…t†etR2 ‡ S…t†et…R1‡R2†:

…18†

Note that the L i…t† (i ˆ 0; . . . ; 3) and S…t†, despite of the
prefactors proportional to t¡n, are indeed polynomials
in t (similar to HS and HSY mixtures): the L i…t†
…i ˆ 0; . . . ; 3† are polynomials of degrees 2; 3; 3, and 2,
and S…t† is of degree 4. One should also point out that
the following relation holds

D…t† ˆ 4t4et…R1‡R2†D…it†: …19†

With the above de®nitions we ®nally arrive at the fol-
lowing compact expressions for ĝgij…t† (symmetrizing
explicitly the expression for ĝg12…t†)

ĝg11…t† ˆ 1

12²1

t
D…t† L 0…t† ¡ etR2 L 2…t†

£ ¤
ˆ N11…t†

D…t† ; …20†

ĝg12…t† ˆ t2

D…t†
etR12 L 3…t† ˆ N12…t†

D…t† ; …21†

ĝg22…t† ˆ 1

12²2

t
D…t† L 0…t† ¡ etR1 L 1…t†

£ ¤
ˆ N22…t†

D…t† : …22†

Here some comments are in order. (i) The form of
these expressions for ĝgij…t† is identical with that derived
for the PY equation of binary HS mixtures [16] and for
the MSM of binary HSY mixtures [17]. Indeed, the fact
that ĝgij…t† can be represented in such a form (if Qij…r† can
be expressed in terms of analytical functions) is a conse-
quence of the structure of the underlying WH equations.
Another example of this common algebraic structure is
provided by the MSM solution for systems of charged
HSs [25]. (ii) The well known delta function singularity
at r ˆ Rij of the PDFs of the PY equation and the MSM
for AHSs [26] is reproduced within the WH formalism
from one of the WH equations [21],

2prhij…jrj† ˆ ¡Q 0
ij…r†

‡ 2p
X

kˆ1;2

»k

…Rkj

Sjk

dt…r ¡ t†hik…jr ¡ tj†Qkj…t†

Sji < r; …23†

and the discontinuity of Qij…r† at r ˆ Rij, equation (3).
(iii) As an immediate consequence of this singularity and
of equations (3) and (26), a ®nite step in the PDFs is
found at r ˆ Rij ‡ Rk, k ˆ 1; 2; one obtains explicitly

rhij…r†
£ ¤

rˆRij‡R¡
k
¡ rhij…r†

£ ¤
rˆRij‡R‡

k

ˆ ¡2p»k¶ikR
2
ik¶kjR

2
kj; k ˆ 1; 2: …24†

With ĝgij…t† being transformed into expressions (20)±
(22) we can apply the SR and the AR, which were pre-
sented in detail in [16] (see also [17] for the notation used
here). Since the SR evaluates gij…r† via an application
of the residue theorem, the PDFs are obtained only in
open intervals, e.g. frjRk > r ¡ …¬1R1 ‡ ¬2R2† > 0g,
k ˆ 1; 2, with ¬1; ¬2 being integers or half-integers. In
particular, the SR gives only the left and right limits of
the PDFs at r ˆ Rij, i.e. gij…R¡

ij † and gij…R‡
ij †, but does

not lead to the delta function singularity at r ˆ Rij (the
residue theorem is not applicable at r ˆ Rij due to the
lack of a suitable contour). Neither, for the same reason,
does the AR provide this singularity at r ˆ Rij. How-
ever, this methodological limitation is not a serious
one, since the singular part of the PDFs is at hand in r
space directly from equations (3) and (23). The expres-
sions given in the two following subsections for the
PDFs can be used to calculate the non-singular parts
of gij…r†.

3.2. Shell representation
As outlined in [16], we expand the denominator D…t†

in equations (20)±(22) for su� ciently large Re…t†, so that
D…t† becomes a power series of S…t†,

1

D…t† ˆ
exp‰¡t…R1 ‡ R2†Š

S…t†
X1

nˆ0

I…t†
S…t†

µ ¶n

; …25†

with I…t† given in [17], equation (23). Hence, one arrives
at the following expressions for the inverse Laplace
transform of g11…r†,

rg11…r† ˆ 1

12²1

X1

nˆ0

1

2pi

£
…

C

t L 0…t† ¡ L 2…t†etR2
£ ¤

‰I…t†Šn exp t…r ¡ ‰R1 ‡ R2Š†f g
‰S…t†Šn‡1

dt
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ˆ 1

12²1

X1

nˆ0

1

2pi

£
…

C

µ
1

‰S…t†Šn‡1

X

¬1;¬2

tQn;¬1¬2
…t†

£ expft‰r ¡ …¬1R1 ‡ ¬2R2†Šg
¶
dt;

¬1 ˆ 1; . . . ; n ‡ 1; ¬2 ˆ n ‡ 1 ¡ ¬1; . . . ; n ‡ 1; …26†

where C is a suitable contour in the complex t plane and
the Qn;¬1 ;¬2

…t†, being products of L 0…t†, L 1…t†, and L 2…t†,
are formally identical to the corresponding expressions
of the HS case which can be found in [16], appendix.

Evaluation in expression (26) is carried out via the
residue theorem, where C has to be taken along a line
in the right half (RH) of the complex t plane, parallel to
the imaginary axis and to the right of all the poles of the
integrand, i.e. the four zeros of S…t†, denoted by ti. If r is
now either smaller or larger than ¬1R1 ‡ ¬2R2, the path
parallel to the imaginary axis has to be closed either by a
semicircle in the RH or in the LH of the plane. In the
®rst case, all the poles of the integrand will lie outside
the area encircled by C, and hence the value of this term
in the series (26) of g11…r† will be zero. In the other case,
all the poles of the integrand lie within the enclosed area,
and the value of the integral is then given by the residues
Ri

n;¬1¬2
of the integrand; the explicit expressions (for

simple multiplicity of all the roots of S…t†) are found
in [16], equation (19), replacing simply the HS expres-
sions for the Qn;¬1¬2

…t† by those for the AHS case.
Thus, on introducing the shell PDFs, g11

n;¬1 ;¬2
…r†, with

their support being the subshells Sn;¬1¬2
, de®ned via

Sn;¬1¬2
ˆ frjr > ¬1R1 ‡ ¬2R2g;

1 µ ¬1 µ n ‡ 1; n ‡ 1 ¡ ¬1 µ ¬2 µ n ‡ 1; …27†

one ®nally obtains for g11…r†

rg11…r† ˆ
X1

nˆ0

X

¬1;¬2

rg11
n;¬1¬2

…r†Y‰r ¡ …¬1R1 ‡ ¬2R2†Š;

rg11
n;¬1¬2

…r† ˆ 1

12²1

1

n!

X4

iˆ1

ai
n expfti‰r ¡ …¬1R1 ‡ ¬2R2†Šg

£
Xn

jˆ0

bj;i
n;¬1¬2

‰r ¡ …¬1R1 ‡ ¬2R2†Šj;

1 µ ¬1 µ n ‡ 1; n ‡ 1 ¡ ¬1 µ ¬2 µ n ‡ 1:

…28†

The ai
n are given by

ai
n ˆ 1

n!

1

‰S 0…ti†Šn‡1
…29†

correcting thus a typo in [16] equation (A3); the other
coe� cients, i.e. bj;i

n;¬1¬2
, can be taken directly from [16],

equations (A4)±(A10) (with the HS polynomials
replaced by the corresponding AHS polynomials) . The
expressions presented there allow the computation of
the PDFs for distances up to ¬1R1 ‡ ¬2R2, ¬1 ‡ ¬2 ˆ 7.

Likewise, the results for g12…r† and g22…r† may be
derived; they are not presented here since their forms
are identical to those of the HSY case [17].

3.3. Asymptotic representation
The AR has been discussed in detail in [16], and there-

fore we restrict ourselves in the present contribution
only to the essential idea and the most relevant proper-
ties. The AR starts with the inverse Laplace transform
of ĝgij…t†, i.e.

rgij…r† ˆ 1

2pi

…¯‡i1

¯¡i1

Nij…t†
D…t† etrdt; …30†

¯ being an arbitrary positive number. For r < Rij, this
integral is evaluated by using a contour C in the RH of
the complex plane, yielding gij…r† ˆ 0; for r > Rij , C is
closed in the LH of the plane, where D…t† has an in®nite
number of roots tk, and the value of gij…r† is therefore
given by the in®nite sum over the residues of ĝgij…t† at
t ˆ tk. The essential idea of the AR is to evaluate only
the dominant part thereof [16]: this is accomplished by
the ordering of the poles tk according to their negative
real parts (pairs of conjugate poles count as one),
starting with a pole of order 2 at t ˆ 0; as can be
shown, the latter is contributing a term 1 to the PDFs
[16]. Although up to now there is no proof, there is
evidence (in particular for the systems considered in } 4
[27]) that all other poles tk are simple. Hence one arrives
at [16]

gij…r† ˆ 1 ‡
X1

kˆ2

¹…tk†Re
Nij…tk†
D0…tk†

etkr

r

³ ´
; r > Rij; …31†

with ¹…t† ˆ 1 for t 2 and ¹…t† ˆ 2 for t 2 .
We now list some properties and consequences of the

AR, as given by equation (31) (cf. [16, 17]). (i) Except for
r values where the PDFs have ®nite step discontinuities
(Gibbs phenomenon), the AR (31) converges very
quickly to gij…r†. (ii) Hence, the combination of the SR
near contact and for intermediate r values (the ®nite step
discontinuities are located at r ˆ Rij ‡ Rk, k ˆ 1; 2) with
the AR for large r values constitutes an accurate and
e� cient analytical r space representation of the PDFs
over the whole r range [16, 17]. (iii) Note also that the
formalism of the AR contains the results of Lebowitz
and Percus [5] and of Martynov [8] in a natural way.
(a) The PDF tends to its asymptotic value, either
exponentially monotonic …t1 2 † or exponentially oscil-
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latory …t1 2 †; the two regimes in phase space where
these two di� erent types of behaviour are encountered
are separated by the Fisher±Widom line [6]. (b) All three
PDFs, gij…r†, due to their common denominator in (31),
have the same asymptotic behaviour.

4. Pole topology
We now present results for the pole topology for a few

selected systems; their system parameters are listed in
table 1. To further reduce the number of parameters
we restrict ourselves to a special binary mixture which
in the literature is commonly referred to as a symmetric
binary mixture. It is characterized by equal size particles
(we put the diameters Ri ˆ 1) and the following rela-
tions between the stickiness parameters ®ij:

®22 ˆ ®11; ®21 ˆ ®12; ®12 ˆ ·®11: …32†

We are thus left with the following four system par-
ameters: the total packing fraction ² ˆ ²1 ‡ ²2,
c1 ˆ …1 ¡ c2†, ®11, and ·.

We start with deriving the expressions that describe
the location of the two pole branches in the complex t
plane. The poles are determined from the equation
D…t† ˆ 0, which can be rewritten as a quadratic equation
for e¡t, i.e.

X2

kˆ0

ck…t† e¡kt ˆ 0; …33†

with suitably chosen coe� cients ck…t†. Let À1;2…t† be the
two roots of (33) and de®ne p…t† ˆ 1

2
…À1…t† ‡ À2…t†† as

well as q…t† ˆ 1
2
…À1…t† ¡ À2…t††. Then the two branches

of poles, denoted by t…1†
k and t…2†

k (the latter being the one
closer to the imaginary axis), are found to be

e¡t…1†
k ˆ !1…t…1†

k †; …34†

e¡t…2†
k ˆ !2…t…2†

k †; …35†

with

!1…t† ˆ p…t† ‡ sign‰Re…p…t††Šsign‰Re…q…t††Šq…t†; …36†

!2…t† ˆ p…t† ¡ sign‰Re…p…t††Šsign‰Re…q…t††Šq…t†: …37†

The sign functions are introduced in an e� ort to keep
the branches ordered. These expressions as such are not
very instructive since the explicit dependence of equa-
tions (36) and (37) on the system parameters is quite
involved. Therefore we have analysed the leading
order asymptotic behaviour of equations (36) and (37)
for jtj ! 1 in the LH of the t plane and obtained

!1…t† ± ¡ t
24²®11c1c2…1 ¡ ·2†

³
1‡

�����������������������������������
1 ¡ 4c1c2…1¡ ·2†

q ´
;

…38†

!2…t† ± ¡ t
24²®11c1c2…1 ¡ ·2†

³
1¡

�����������������������������������
1 ¡ 4c1c2…1¡ ·2†

q ´
:

…39†

It follows from the form of expressions (38) and (39)
that, at least asymptotically, the two branches never
intersect (except for the trivial case of c1 ˆ c2 and

· ˆ 0). Furthermore, three facts can be extracted im-
mediately from our asymptotic analysis: (i) as the
packing fraction increases, the poles move closer to
the imaginary axis (cf. [7]); (ii) this tendency also holds
for increasing ®11, or with decreasing temperature, if the
stickiness is interpreted as a reciprocal temperature (see,
e.g. [26]); and (iii) the distance between the branches is
preserved for every given set of parameters.

To be most illustrative, we further simplify above
expressions by assuming jc1c2…1 ¡ ·2†j ½ 1; then the
two branches are asymptotically given by

e¡t…1†
k ± ¡

t…1†
k

12²®11c1c2…1 ¡ ·2†
; …40†

e¡t…2†
k ± ¡

t…2†
k

12²®11

: …41†

One then sees that variations in the concentration and in

· leave the branch closer to the imaginary axis practi-
cally invariant. Note that for systems I±V in table 1 the
assumption jc1c2…1 ¡ ·2†j ½ 1 is ful®lled.

With these results in mind, we now take a closer look
at the pole topology of systems I±VI, which are depicted
in ®gure 1 (omitting the trivial pole at the origin). In
systems I±V the pole closest to the imaginary axis is a
pair of complex conjugates, leading thus to oscillatory
decaying behaviour of the PDFs, while in system VI the
gij…r† are exponentially decaying due to the fact that the
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Table 1. Parameters for the MSM of the
symmetric binary AHS mixtures
studied in this contribution; for all
systems we assume R1 ˆ 1 and ² ˆ 0:1:

System c1 ®11 ·

I 0.10 0.3333 0.950

II 0.10 0.2727 0.950
III 0.02 0.2727 0.950

IV 0.02 0.2727 0.983

V 0.02 0.2727 1.017
VI 0.40 0.9500 0.450



pole closest to the imaginary axis is real. In particular,
the two poles closest to the imaginary axis of systems II±
V are pairs of complex conjugates, while in system VI
the two poles closest to the imaginary axis are real ones
(see also observations in [17]). The parameters of
systems I±V have been chosen in an e� ort to visualize
their in¯uence on the pole topology: proceeding from
one system to the next, we vary only one system

parameter, keeping the others ®xed. As we go from
system I to system II, we decrease ®11 (or increase the
temperature), and hence the branches are shifted to
the left in the LH of the t plane, preserving, however,
the distance between the branches. We then proceed to
system III, by decreasing the concentration c1: the
branch closer to the imaginary axis remains (almost)
unchanged, while the other one is shifted to the left. In
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Figure 1. Pole distribution of the MSM ĝgij…t† for symmetric binary AHS mixtures (systems I±VI as hereon and as speci®ed in table
1) in the complex t plane. The search of the poles was restricted to the area f¡13 µ Re…t† µ 0g £ f0 µ Im…t† µ 60g.



going to system IV, we increase · to a value slightly
below unity, i.e. we approach the one-component case:
the left branch is shifted again to the left, while the
branch close to the imaginary axis remains again (prac-
tically) una� ected. Upon further increasing · above 1
(system V), the location of the right hand branch
remains unchanged, while we have lost the real pole of
the left branch, accompanied by a change in the
sequence of the poles of the latter.

5. Conclusion
We have investigated the pole topology of the Laplace

transforms of the PDFs of a binary AHS mixture within
the MSM. This model is complicated enough to include
attractive forces, and hence to go beyond hard spheres;
on the other hand, it is simple enough to be goverened
by a reasonable number of parameters. The pole
topology is thus far interesting, as the poles closest to
the origin determine how the PDFs approach their
asymptotic value, i.e. either exponentially damped or
oscillatory decaying. This long range behaviour is also
observed in the related non-uniform systems as, e.g. in
density pro®les. Using the analytical solution of the
MSM for AHS mixtures, we are able to give closed
expressions that determine the position of the pole
branches in the complex t plane. In particular, we
could ®lter out the leading order asymptotic behaviour
of these expressions for jtj ! 1 in the LH of the t plane.
Then the dependence of the pole topology on the system
parameters becomes transparent. As a by-product of
this study we obtain two analytical representations, the
SR and the AR, that constitute an accurate and rapidly
converging r space method to calculate the PDFs over
the entire r range. The expressions presented here are
general enough to allow extension of the analysis to
multi-component systems.
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