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We present expressions that allow the determination of the structural and thermodynamic
properties of a polydisperse liquid mixture in contact with a polydisperse matrix;
polydispersity of the fluid and of the matrix are described by distribution functions f¢(o)
and f,, (¢), where o and ¢ characterize the size of the fluid and of the matrix particles. The
formalism is based on the replica trick (to describe the properties of a fluid in contact with a
matrix) and on the expansion of size-dependent functions in terms of orthogonal polynomials
associated with the distribution functions f;(o) and f,, (o). In our expressions structural and
thermodynamic properties are calculated from coefficient functions (of these expansions)
which are obtained from a numerical solution of the generalized replica Ornstein—Zernike
equations, solved along with a suitable closure relation.

1. Introduction

Over the past years considerable effort has been
dedicated both experimentally and theoretically to the
study of the structural and thermodynamic properties of
fluids that are in contact with a porous matrix (for a
recent overview see [1]). In qualitative (and sometimes
even in quantitative) agreement between theoretical and
experimental investigations it has been found that a
matrix which occupies only a minute amount of volume
can change the properties of the system drastically; this
holds in particular for the phase behaviour of the fluid.
Most of the (continuum) systems that have been studied
up to now in theoretical investigations were simple fluids
or binary mixtures, characterized by spherically sym-
metric potentials; in general, the fluid is in contact with a
matrix, which is usually realized by a frozen configura-
tion of a simple fluid or binary mixture. Only recently
the theoretical concepts were generalized to systems
where the particles are characterized by orientational
potentials [2, 3]; although this generalization is expen-
sive both with respect to conceptual efforts as well as to
numerical costs, it represents an important step forward
to a more realistic description of problems that are of
technological relevance, such as catalysis, gas separation
or purification.

The models based on simple fluids are certainly
appropriate when describing atomic systems. However,
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when proceeding to mesoscopic systems, such as
colloids, one has to take into account (size-) polydis-
persity of the particles as a characteristic feature of
these systems. In this contribution we present a formal-
ism that allows the description of the structural and
thermodynamic properties of a polydisperse fluid
mixture which is in contact with a polydisperse matrix.

This formalism is based on two successful concepts
which have been proposed in recent years: the replica
method and the orthogonal decomposition technique.
The replica trick, on the one hand, was introduced by
Given and Stell to liquid state physics to describe fluids
in contact with a porous matrix [4—6]: it allows one to
calculate the structural and thermodynamic properties
of a fluid in contact with a porous matrix (partly
quenched system) from those of an (artificial) fully
annealed system (replicated system). In the most simple
case, i.e. a one-component fluid in contact with a one-
component matrix, the replicated system is a (s+ 1)-
component system: it consists of the now mobile
particles of the matrix and of s copies of the fluid;
particles of different copies (replicas) are not allowed to
interact with each other. Then, by taking the limit s — 0
the structural and thermodynamic properties of the
partly quenched system can be related to those of the
replicated system, which, in turn, can be described by
standard liquid state methods. This replica method has
become undoubtedly the preferred theoretical tool to
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describe fluids in contact with a porous matrix and has
been applied to a large variety of systems (see [1, 7]). The
orthogonal decomposition technique, on the other hand,
was introduced by Lado [8] to describe the structural
and thermodynamic properties of a polydisperse system.
Such a system can most conveniently be viewed as a
mixture with an infinite number of components,
characterized, for instance, by their diameter o, which
is now a continuous rather than a discrete variable. The
mathematically rigorous concept which underlies our
access to polydisperse systems was developed by
Salacuse and Stell [9] and by Briano and Glandt [10].
In these formulations, o is the realization of some
random variable X, distributed according to a prob-
ability distribution fx(o) = f(0), which replaces the finite
set of concentrations of the discrete components of a
mixture; being a probability distribution function, f(o)
is positive and normalized to one. Several numerical
techniques that date back to the 1980s and 1990s were
based on this formalism (for an overview see [11]). The
orthogonal decomposition technique represents a very
elegant and, at the same time, a numerically very
efficient method to deal with polydispersity in liquid
systems: in this concept, all o-dependent functions (in
particular the distribution functions and the interatomic
potentials) are expanded in orthogonal polynomials
pi(o) associated with the weight function f(o). It should
be pointed out that the same technique can further be
applied to a much wider range of problems dealing both
with internal and external degrees of freedom in fluid
systems [12].

In this contribution we merge these two successful
concepts and present expressions that allow the calcula-
tion of the structural and thermodynamic properties of a
polydisperse fluid mixture in contact with a polydisperse
matrix; we have restricted ourselves to particles with
spherically symmetric interactions. It should be noted
that for the special case of a monodisperse fluid of hard
spheres in contact with a polydisperse hard sphere
matrix, the structural properties have already been
studied in [13, 14]. Here we present the general
formalism that can be applied to systems with arbitrary
spherically symmetric interactions. We focus in parti-
cular on the thermodynamic properties which are
required when calculating phase diagrams.

The paper is organized as follows: at the beginning
of the subsequent section we present the notation
and specify our system. We then derive the integral
equations which allow the determination of the structure
of a polydisperse fluid in contact with a polydisperse
matrix; using these results we present closed expressions
for the thermodynamic properties (equations of state) of
such a system. The paper is concluded with a discussion
and an outlook.

2. The method

In an effort to distinguish between (discrete and
continuous) indices related to fluid and matrix particles,
we introduce the following notation: liquid particles—i
and o; matrix particles—i and o. To derive expressions
for the structural and thermodynamic properties of a
polydisperse fluid in contact with a polydisperse matrix
we shall proceed as follows: we first consider a fluid
mixture with »ny components in contact with an
np-component matrix. For this system we derive—via
the replica trick—the replica Ornstein—Zernike (ROZ)
equations, relating the correlation functions of the
partly quenched system, and the relevant expressions
for the thermodynamic properties; then by letting ng
and ny tend towards infinity we introduce the distribu-
tion functions fi(o) and fu(o) which characterize the
size distribution of the fluid and matrix particles. We
then apply the orthogonal decomposition technique by
expanding the o- and o-dependent functions in terms of
orthogonal polynomials p;(o) and p;(o) associated with
the weight functions fi(c) and fn(0).

2.1. The system

The interatomic potentials of the system are
denoted by ®;(r) or &(r;01,02) where the (discrete)
indices i and j and the (continuous) diameters o) and o,
can characterize now both fluid and matrix particles.
Further we introduce a temperature 7, g = (kgT) "' (kg
being the Boltzmann constant), and number densities pf
and pp of the fluid and of the matrix. Partial number
densities p; and p; are calculated in the discrete case
via p; =c¢ior and p; = ¢;om, the ¢; and ¢; being the
concentrations (Zf*:l ¢; =1 and ZEI ¢ = 1).

2.2. Structural properties

We start from the discrete case of an ng-component
fluid in contact with an ny-component matrix.
Structural properties are most readily expressed in
liquid state theory via correlation functions [15]: we
use the direct correlation functions ¢;;(r) and the total
correlation functions Ay;(r), written down here for the
discrete case of fluid—fluid correlations; extension of this
notation for the other correlation functions (including
the matrix particles) and for the polydisperse case is
straightforward. Further, we shall introduce the pair
distribution functions g;(r), calculated from the /;(r)
via g;(r) = hy(r) + 1. The direct and the total correla-
tion functions are related in equilibrium liquid state
theory via the Ornstein—Zernike (OZ) equations [16].

We start from the replicated system, which is a fully
equilibrated mixture of the now mobile matrix particles
and s copies of the fluid; this system is hence an
(s x nf 4 ny)-component mixture. Particles of different
replicas are not allowed to interact with each other.
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Writing down the OZ equations for the replicated
system and taking the limit s — O we arrive at the ROZ
equations that relate the correlation functions of the
partly quenched system (for simplicity we omit the
argument of the correlation functions, r, and denote
convolutions by ®)

Mm

k=1
Nm ng

hij=cij+ Zpkc& ®hj+ Z picii & hyj
= =1
ng
- Zﬂlt’g/ ® hyj,
=1

nm e
hij = cij + Zp;ic,k ® hij + Zplcﬂ ® hyj
k=1 I=1

ng
- ZPZCW ® hyj,
I=1

T ne

hip =cijp + Z PrCik @ hyj + Zplcﬂ ® hy
k=1 =1

ne ny
+Z,010iﬁ ® hyj —ZZPICW ® hyy. (1)

=1 =1

i’ denotes the replica of component i and the following
symmetry relations hold for the system

hij = hjis - hyp = hyis - hip = by, foralli>j;(2)

hij=hjs hij=hi; hip=hij hig=hz. (3)

Sometimes it is convenient to introduce the connected
parts of the correlation functions (upper index °c’),
defined as Ai(r) = hj(r) — hy(r) and generalized in a
straightforward way to the other correlation functions.
Using this function, and with the help of the equation
for h;; in (1), the last of equations (1) can be reduced to

ng
K=+ > pics ® . 4)
=1

We now define matrices for the densities and for the
correlation functions

o 0 0
0o . .

Pm = .. . > ®)
: .. 0

ot 0 - 0
0o . .o

pf: . . . ) (6)
: .. 0
0 - 0 pp

(Pmm)y = hijs (hem)y = hy, (i) = hyy, () = hig,
(7)

where ‘m’ stands for the matrix, ‘f” for the fluid and ‘r’
for the replica, and similar matrices for the direct
correlation functions. Note that all matrices defined
above are symmetric except for hyy, and Cpy; for these
matrices the following relations hold: hp, = hl. and
Ctm = Cpp, Where the upper index ‘T” denotes the
transpose of a matrix. One can then rewrite the OZ
relations as follows

Pimm = Cimm + Nmm ® P Cinm,
hfm =Crm + hfm ® PmCmm + he ® PCtm

—hi ® peCrm,
hir = Cgr + i ® PmeTm + hgr ® prCr
— hg ® pCrr,
hg =ci +him ® PmeTm + hgy ® peCir
+hir ® prCir — 2N ® peCri ®)

We now proceed to the polydisperse case and switch
from discrete indices i and i to continuous indices o; and
o;; then, e.g. the direct correlation function c;;(r) is
replaced by c(r; 04, 0;). For a polydisperse fluid with
total density pr in contact with a polydisperse matrix of
total density pn, the ROZ equations (8) read

hriz; 04, 05)

= c(r12; 01, 0,)
+ Pm / drs f doy fm(o3)c(r13; 01, 03)h(r32; 03, 05),

h(ri2; o1, 03)

= c(r12; 01, 03)

+ o / dr; / Ao fin(os)h(r13: 01, 03)clrs2: 03.07)
+pf/dr3/d03ﬁ(03)h(i‘13;01,03)0(1’32;03,22)

—pf/dr3/d03 Si(03)h(r13; 01, 05)c(r32; 03, 05),

h(ri2; 01, 02)

= c(r12; 01, 02)

+,0@/dr3/dg3fm(g3)h(r13;01,93)0("32;%,02)
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+,0f/dr3/d03ff(03)h(r13;01,03)0(V32;03,02)
—pf/dr3/d63ﬁ(03)h("13;01,03)0(732;U§,02),

h(riz; o1, Ué)

20(712201,05)

b [[drs [[dos folohrn: 0.0 05,0
+,0f/dr3/dﬁsff(@)h(i‘m;01,03)6’(732;03,0'5)
+pf/dr3/d03ff(03)h(i’13;01,03)0(1’32;0“3,02)
—2Pf/dr3/d03ff(03)h('”13;01,03)6'(732;03,05) )

and equation (4) becomes
he(r12; 01, 02)

= ®(r12; 01, 02) + pf/dI'3
X /da3ff(63)cc("13; o1, 03)h(r3; 03, 02). (10)

Again the prime on the ¢’s denotes the size parameter of
the replica particles, and now the continuous version of
the symmetry rules (2) and (3) hold for this system.

We now expand all o- and o-dependent functions in
terms of the orthonormal polynomials p;(c) and p;(o)
(i,i=0,1,2,...) associated with the distribution func-
tions fi(o) and fi(0); they are defined via

fo dafi(@pi(o)p,(0) = 5 (11)

and a similar relation for the polynomials associated
with fn(o). Thus, given some o-dependent functions
x(r; o) and y(r; o1, 03), their expansions read

xX(r;0) =Y xi(npi(o), (12)
i=0

y(r;o1,00) = Y yy(rpio1)pj(o2), (13)
i,j=0

where the coefficient functions are given by

() = fo dafi(0)x(r: )pi(). (14)

yij(r) = /000 doy doy fi(o1) fr(02)y(r; 01, 02)pi(01)pi(02).
(15)

Similar relations hold for functions depending on the o
only. For the ‘mixed’ case above relations read

y(r;01,09) = Y yi()pi(o1)p,(a2) (16)

1j=0

with

V() = /0 4oy 4o fi(01) fl@)3(0s 01, 02 )pi(01)pi(@3)
(17)

However, in practical applications any of the above
expansions have to be truncated at some finite upper
summation index (n,,m) which has to be chosen
according to different aspects; for the choice of this
parameter one of the most crucial criteria is certainly the
width of the distribution functions f;(o) and fn(co). For
details we refer the reader to [11,17]. Having chosen
noum, the above integrations used to calculate the
coefficient functions x;(r), y;(r), etc., are most conve-
niently realized by a Gaussian quadrature algorithm
(see [8] for detalils).

Denoting the expansion coefficients for the orthogo-
nal polynomial expansions of the direct and the total
correlation functions by c;(r), ¢; ;(r), h;j(r) and h; ;(r), and
similarly for their Fourier transforms which we char-
acterize by a tilde, and collecting these in matrices Cug
and Hgp (o and g standing for m, f or r), the ROZ (9) in
k-space now read

I:lff = éff + Pmﬂfméme + ,0f|:|fféff - pr:Ifréfr,
|:|fr = éfr + ,Omﬂfméme + ,0f|:|fréff + ,0f|:|fféfr
— 20tHCyy. (18)

In the above equations, the matrices éaﬁ and Izlaﬁ are
Hpum X Apum Matrices, np,y being defined above.

The ROZ equations for the expansion functions have
now to be solved along with a suitable closure relation
(see [15]) leading to the structure of the system in terms
of the correlation functions. From these functions one
can then calculate the thermodynamic properties; the
corresponding expressions are given in the subsequent
subsection.

2.3. Thermodynamic properties
Using the replica trick we first derive the Gibbs—
Duhem relation for the partly quenched system,
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following similar lines as in the one-component case [18]
and in the binary case [19]. Again we use a grand-
canonical ensemble for the replicas and a canonical
ensemble for the matrix. Then the grand potential of the
quenched system, 2, and the grand potential of the
replicated system, Q'P(s), are related via [18]

- d
_1 rep
Q‘!ﬂ% dsQ (). (19)

In dQ™P(s) additional terms (including du; and dp;)
have now to be taken into account as a consequence of
the multi-component nature of the matrix and of the
fluid. Following similar lines as in the above quoted
papers, an expression for dQ for the partly quenched
system is found to be

d@=—PdV —SdT =Y Niduw+ V'Y pidp;. (20)
i=1 i—1

P and S are the pressure and the entropy of the partly
quenched system and the N; are the number of particles
of component i of the liquid. From this equation we can
extract the following relations that will be required

below
0Q
r=—(2 )
V)1 i ion)
d Nm
B rep
151?)ds Prep(é)_Zpk,u (s) (21)
and
1 (0Q
Pk VT {1} (i

Here and in the following we use the notation {p;}; =
{pir i # k} and {Nj}y, = {N;, i # k).

Using the Gibbs-Duhem relation for the replicated
system, dQ can be integrated (as in the one-component
case [18]) to give

Q=_PV. (23)
Further, writing down the explicit expression for the
Helmholtz free energy of the replicated system, A4™P(s),

one can easily derive via A = lim,_,( (d/ds)A™P(s) an
expression for A

A=—PV+) N (24)

The starting point to derive the compressibility
equation is to write down the partial density derivative
of the pressure using equation (23). Then, with the help
of the replica trick (19) one can easily show

)= ),
i ) v 1,81 (o) i) v, (N1t

rep
= hm d [ ﬂ Qrep (S)] (25)
s—0 ds 9p; " (s) V. TN} {ox)

Following similar ideas to those presented in [19]
we now introduce an external potential u(r) in the
replicated system which acts on the liquid particles only.
Using in addition standard relations of classical density
functional theory [20] one arrives at the compressibility
equation

(aﬁp ) —1—Zplc,,q 0, @6
i ) v 1,81 (o)

which has been written here in terms of the connected
part of the direct correlation function.

One can derive a similar expression relating now the
chemical potential instead of the pressure to the direct
correlation functions: in a first step we relate the
chemical potential of a fluid particle of species i of the
partly quenched system, wu;, and the corresponding
chemical potential of the replicated system using the
relation A4 = lim,_, (d/ds)A™P(s)

(8“ )
M=
V. T {Nj}i.{pi}

. d (aAfep(s)>
=lim —
s—0 ds 3N,' VT AN} lox)

= hn’(l) Wit (s). (27)

Using again density functional formalism one can derive
in a straightforward way the relations

9 -
< BIBMI) = 5,:]' — Pic;(q = 0) (28)
p] T ,{Ny ], {ox}

Additionally, combining (26) and (27) one finds

apP i 0B
(f ) =Zp,-< f") D)
PiJv.T(Ndjo) =1 Pi /v, TNy tox)

To derive the virial pressure we start from (21); using
(22) and (23) we arrive at

dPer(s) = <8ﬂP)
+ Z Pk . (30)
ds k) v 1y o

k=1




1738 S. Jorge et al.

Inserting in the above relation the expression for the
pressure of the replicated system, P™P(s), we obtain

= (0P
P—Y o=
B Zpl_(a "

=1 p_> VT i) Aoidy

i

= ipt - _/d’;” {Z ,01,0/ |:11m dg”(’ S)i| ®;£(r)

+ Z pip;gif(r)®5(r) +2 Z > piigy (NP U(r)} 31

i,j= i=1 j=I

where the prime denotes derivative with respect to r.

We finally turn towards the energy equation. An
expression for the excess (over ideal gas) internal energy,
U of the quenched system can easily be derived from
an ensemble average over the Hamiltonian characteriz-
ing the system or from the corresponding expression
for the replicated system, U = lim,_, o (d/ds) U P(s).
Choosing the second route and following similar lines as
in [19], we arrive at the following expression

Uex = Z Z PiPj / d*rgij (N ;1)

ny

+3 Z ooy [Eresen0. G

We now turn towards the polydisperse case. Here one
should bear in mind that partial derivatives with respect
to p; or p; in the discrete case now become functional
derivatives with respect to [pr ft(07)] and [om fm(o;)]. For
the free energy, the pressure and the excess internal
energy one thus obtains from (24), (31) and (32)

A= —PV+Va /0 Tdofi@ue).  (33)

o 3P
— do m(Q@
BP /0 o /m(@) <5[ f@g)]) V.T. (o)

=pf—§ / d3rr{p2m /0 do| do, fn(0)) fn(a,)

d oo .
8 |:1irn g(r; 01, 05; 5)
s—0 dS

T f doydos fi(o1) fi(e2)g(r: o1.02) B (r; 01, 03)
0

i|‘p,(”;21v22)

+2pfpm/0 doy do, fi(01) fm(02)g(r; 01, 02) P (1 Gl,gz)}
(34)

and

= Pmpr / d*r /0 do; dos fm(0)) fi(02)

x g(r;ay,02)P(r; 01, 02)

v
) ) (35)
+7 [ & /0 day o fi(01) fi(02)

x g(r; o1, 02)®(r; 01, 02).

For the chemical potential of the fluid particles, (o),
which are now functions of ¢ we obtain from (27)

SA
mey =y <a[ff<o)]>y - (36)

a relation which is also evident from (33).

Differential relations derived above for the case of
mixtures with a finite number of components, (26), (28)
and (29) become in the polydisperse case

l( AP )
e \OLfe0l) v 7.y,

—l—p / dos fi(o)E(q=0; 01,00, (37)
0

8Bu(or)
U (“1)(8[ff(oz)]> -
=68(01 —02) — pr fr(01)c (¢ =0;01,02),  (38)
and
1/ S8BP Bu(o2)
- d .
5 (ihem )V - = [ oo (i) v

(39)

Introducing finally the coefficient functions of the
expansions of the correlation functions and of the
interatomic potentials in terms of the orthogonal

polynomials, the above expressions for the pressure
and the internal energy become

8BP
— do fm
BP A /(@ )( [fm(U)]) V.T.u(0)

dg; (r 5)1dP;;(r)
S e

()
+pfzg,,<r) <r)+2pfpngl,(z) ’(} (40)
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and
U 3
= Pmpr Eii d7rg;;(r)®;(r)
,02 : 3
+7f§ j / drg;(r)@;(r). 41)
ij

Again, in practical applications the above summations
are truncated at a suitable upper index .

3. Discussion and outlook

In practical applications the ROZ equations for the
coefficient functions (18) have to be solved along with a
suitable closure relation, i.e. a relation between the
interatomic potentials and the correlation functions [15].
The choice for the closure depends—among others—on
the character of the interatomic potentials; the Percus—
Yevick or the hypernetted chain approximations are, for
instance, suitable candidates. In addition we would like
to point out the attractive features of another closure
relation, the optimized random phase approximation
(ORPA) [21]; it has proven to be both reliable as well as
very attractive (from the conceptual and from the
numerical point of view) in describing the properties
of polydisperse systems [11, 17] and of simple (one- and
two-component) fluids in contact with a porous matrix
[19, 22]. Guidelines for an appropriate truncation level
of the expansion in terms of orthogonal polynomials
(via ngym) can be found in [8, 11, 17]. Using the solution
of the ROZ equations in terms of the coefficient functions,
one can then proceed to calculate the thermodynamic
properties of the polydisperse fluid in contact with the
polydisperse porous matrix. Expressions for the most
commonly used thermodynamic quantities are summar-
ized in §2.3. It should be mentioned that the present
contribution also contains the expressions for the
structure and the thermodynamic properties, which are
required to describe a fluid in contact with a porous
matrix, where both the fluid and the matrix are mixtures
with finite numbers of components.

Using the expressions for the thermodynamic quan-
tities we can then proceed to the next step, the
calculation of the phase diagram. A brief summary on
what has been done up to now in determining the phase
diagram of equilibrium polydisperse fluids is in order (in
particular we refer to a review article [23]). The
determination of the full phase diagram of a poly-
disperse fluid mixture (i.e. including the localization of
cloud and shadow curves and describing on a quanti-
tative level interesting effects such as fractionation) is
indeed a formidable task. Although several sophisti-
cated methods have been proposed during the past years
(again see [23]), the actual determination of the phase

diagram of such a system has not exceeded the level of a
van der Waals approximation (see for instance [24]). On
the level of more sophisticated and more reliable liquid
state theories (such as the ORPA mentioned above), the
determination of the full phase diagram as well as an
accurate description of fractionation effects remains—as
a consequence of the complexity of the coexistence
conditions and the related numerical problems—at
present out of reach.

For the case considered here this means that the
determination of the full phase behaviour of a poly-
disperse liquid mixture in contact with a polydisperse
porous matrix is at present out of reach. Nevertheless,
special cases might be considered. One of them (which
seems to us to be the most promising one) is a simple
one-component fluid which is in contact with a
polydisperse matrix. Here we are faced with a simplified
problem in the sense that only the coexistence conditions
for the simple fluid have to be fulfilled to describe phase
coexistence; the properties of the polydisperse matrix
enter only via the coefficient functions of the matrix,
which are fixed from the beginning and are left
unaffected by the phase separation processes of the
fluid. Since it is well known that a matrix is able to
influence the phase behaviour of the fluid drastically, the
step from a simple to a polydisperse matrix might be an
interesting case to consider.

Despite the fact that the solution of the full problem
seems at present out of reach, we would like to
encourage our colleagues to dedicate efforts to its
solution since such a system might be appropriate for
describing realistic systems of technological interest.

This work was supported by the Osterreichische
Forschungsfonds under project numbers P14371-TPH,
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