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Kurzfassung

Systeme der weichen Materie nehmen beintlbergang von der wussigen zur festen Phase
selbst in zwei Dimensionen komplexe Strukturen an. Mit Hilfe von Optimierungsstrate-
gien, die auf genetischen Algorithmen beruhen, ist es megth, die globalen Energiemi-
nima, denen diese stabilen Kon gurationen entsprechen, afisystematische und zuverlassige
Weise zu identi zieren und so die Bildung der unterschiedlchen Strukturen zu studieren.
In dieser Arbeit betrachten wir drei verschiedene Systeme:erstens ein Einkomponenten-
system, dessen Teilchen uber ein rein repulsives Kastenpential, das sogenannte "square-
shoulder"-Potential, in Wechselwirkung stehen, zweitenseine binare Mischung von dipolaren
Kolloidteilchen und drittens ein System in dem ebenfalls dpolare Teilchen zu einem bes-
timmten Ausma von der zweidimensionalen Geometrie abweiben kennen und das somit
einenUbergang von zwei- zu dreidimensionalen Systeme darstellin Hinblick auf zukanftige

technologische Anwendungen untersuchen wir zusatzlich i@ Phononenspektren jener Gle-
ichgewichtsstrukturen binarer Mischungen, die in Experimenten als stabile Anordnungen

identi ziert werden konnten.






Abstract

Even if con ned to a plane, particles of soft matter systems ae able to self-assemble in a
vast variety of complex equilibrium structures upon solidi cation. In an e ort to gain deeper
insight into the various strategies how particles arrange n an energetically favourable and
therefore stable pattern, we investigate three exemplary mdel systems: a one-component
system, where the particles interact via a square-shouldepotential, a binary mixture of
dipolar colloids, and a system considered to be at the crosgver from two to three dimen-
sions, where particles are allowed to detach vertically frm the strict two-dimensional setup
to a certain amount. By employing a search technique based ogenetic algorithms, we are
able to systematically explore the broad variety of orderedstructures encountered for these
three systems and present results that surpass previous imstigations. The unbiased search
strategies of genetic algorithms make us con dent that the denti ed sequences of stable con-
gurations are reliable and complete. With future, technol ogically relevant applications in
mind, we determine the phonon band structures for those ordeed equilibrium con gurations

of the binary mixture of dipolar colloids that were also encaintered in experiments.






Die Neugier steht immer an erster Stelle eines Problems,
das gelst werden will.
Galileo Galilei
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Chapter 1

Introduction

Soft matter physics ranges among the fast expanding elds omaterial science of the last decade.
The concentrated interest it receives is mainly due to two r@asons: rst, soft matter is ubiquitous
in our daily lives. Many everyday substances classify as sbimatter, as their rigidity against
mechanical deformation is much smaller than in atomic mateials. The eld thus comprises a
broad variety of di erent substances, ranging from various organic materials, like blood or protein
solutions, over comestibles like milk, mayonnaise or ice eam, to all kinds of industrial products,
for example paint, ink, all varieties of foam, or liquid crystals [1,2]. This diversity of substances
leads to a plethora of technological applications, warraning the applied aspect of the interest in

soft matter.

The second reason for the broad attention that soft matter receives is related to its role in
academic research, as their special properties make soft neials valuable model systems. Soft
matter systems, also known ascolloidal dispersions or complex uids, are not only characterised
by their low shear modulus, but also by their composition. A mlloidal dispersion consists of
mesoscopic particles suspended in a microscopic solvent. h& mesoscopic particles, orcolloids,
are of a size between im and 1 m , and can be of various shapes and nature: solid particles
made of silica or polystyrene, solid rods, platelets or elfsoids all classify as colloids, as well
as so called "fractal" objects like polymer chains or dendnners. To facilitate the investigation
of colloidal dispersions, e ective interactions between colloidal particles, obtained via suitable
coarse-graining procedures, are employed [3{5]: instead taking the whole system with its huge
number of particles into account, those degrees of freedonhat belong to the solvent are averaged
out, incorporating the in uence of the much smaller solvent particles in the pair-interaction of
the larger colloidal particles. If necessary, also the intenal degrees of freedom of the constituent
mesoscopic aggregates, e.g. the di erent building-blockef a polymeric chain, can be incorporated
into "e ective" spherical particles [6]. By altering the sa It concentration in the solvent, by varying
the temperature or by changing the chemical and physical arbitecture of the mesoscopic particles,

the e ective interactions can be almost deliberately in uenced by the investigator in many, well-
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de ned ways, leading to interaction potentials tailored to the wish of the scientist and the need of

the application.

Another attractive feature of soft matter, besides the freedlom to create model systems with
designed interactions, are the special conditions conceimmg observation and handling of the ma-
terials in experiments: instead of depending on indirect méhods like the various scattering tech-
nigues known from the investigation of atomic substances, te comparatively large size of the
colloids allows for a direct observation of the particles' notions and behaviour via light or video
microscopy [7]. Additionally, optical tweezers enable exprimentalists to easily trap, move and
arrange single particles, as well as they grant direct measements of the forces acting between
the colloids [8{10].

In the present work, we focus on the solidi cation of soft matter systems in two dimensions.
Every substance, if su ciently cooled, self-arranges in anordered structure. Contrary to atomic
materials, soft matter systems are known to exhibit a broad mnge of complex structures: the spec-
trum of ordered con gurations encountered does not only corprise micellar and inverse-micellar
structures [11, 12]; soft matter systems can also aggregate cluster phases [13], chain-like and
layered arrangements [14, 15] or gyroid phases [16{18]. The exist many dierent theoretical
techniques to investigate the transition from the liquid to the solid phase and the thermodynamic
properties of both, liquid and solid, can be determined acctately via, e.g., density functional the-
ory [19{21], liquid state theory [22] or perturbation theory [23{25]. However, the missing tool in
the theoretician's arsenal is a way to reliably predict the adered structure a system adopts upon
solidi cation { especially if the e ective interactions of the involved particles are to represent the
sole input. The conventional approaches often used for atoin substances rely on a biased prese-
lection of possible candidate structures and are thereforénsu cient for soft matter systems with
their rich and unpredictable wealth of stable structures, as suitable, especially complex, candidates

can be easily forgotten in the preselection process.

Knowing about the di culties encountered by conventional a pproaches, genetic algorithms
were introduced as an alternative way to determine the stabé structures adopted upon freez-
ing. Genetic algorithms were developed in the late 1960iesarly 1970ies by John Holland and
coworkers [26], to deal with complex, high-dimensional ogimisation problems in a broad range of
dierent elds. They are modelled after natural evolutiona ry processes and employ mechanisms
like mating, mutation and recombination, as well as Darwin's principle of "survival of the ttest"
to nd the optimal solution to a given problem. Genetic algorithms have been successfully applied
to such di erent elds as economics, business administratbn, biology, logistics or computational
sciences over decades, but their use in optimising orderedractures was acknowledged only a few
years ago [27{29]. In this work, we extend and employ a searctechnique, introduced by Dieter
Gottwald to predict stable con gurations of three dimensional systems [30,31], to two-dimensional

soft matter systems.




The main aim of this thesis lies with the investigation of the structural properties of three
di erent model systems: rst, a one-component system of paticles interacting via a repulsive
square-shoulder potential. The simple form of the interacton makes this system the ideal testing
ground for our adapted and re ned search technique, as emeigg structures are easily classi ed by
the number of overlapping coronas and can also be convenidgtvisualised. Additionally, the two-
dimensional square-shoulder system has been extensivelywestigated in the past, using geometric
arguments and computer simulations [12, 15, 32, 33]. In thes previous investigations, a large
number of di erent, often asymmetric equilibrium structur es have been discovered. The revealed
variety of complex structures fostered the hope that the alernative method of genetic algorithms is
able to thoroughly revise { and if necessary, correct { the etablished phase diagram for the square-
shoulder system, as it was successfully done previously ihé case of three-dimensional systems
of starpolymers and ionic microgels [34,35]. Besides the sgre-shoulder system's importance as
a "quintessential" test system [25], it is also widely used b model the behaviour of realistic soft
systems, such as polymer-grafted colloids [36] and miceHatructures built of dendritic polymers
[37] or diblock co-polymers [38, 39].

The second system we investigate is a binary mixture of dipar colloidal particles. The two
di erent species vary in size and thus in their dipole moment Besides changing the particle
size ratio, we investigate systems of di erent composition leading to a systematic scan of the
structural properties. The motivation for studying this pa rticular system came from two di erent
experimental setups, that can be seen as realisations of thmodel system: in the rst experiment,
polystyrene particles oating at an oil{water{interface a re considered, which are interacting via an
induced e ective dipole potential. Although experiments on this setup have been performed for the
one-component case only [40,41], there exist computer sirfations, mimicking the experimental
setup for a binary mixture [42] and thus providing results to test our ndings against. The
second setup uses super-paramagnetic colloids that are aended on a pendant water droplet. A
magnetic eld, applied perpendicular to the water{air{int erface and trapping the particles in a
two-dimensional geometry, polarises the colloids and leagito a repulsive dipolar interaction. The
second experimental setup has been the centre of experimeists' attention for some years [43{47],
yielding ample data on the static and dynamic properties of he system. Both experiments and
simulations have given evidence of a rich variety of complexalloy phases, but both experience
di culties if confronted with the task of providing a system atic investigation of the system's
response to varying parameters due to, e.g. nite size e ect, or local uctuations of the density
or limits in computational power. Again, we believe that our genetic algorithm-based search
technique, that is highly appropriate for optimisations in complex search spaces, is the ideal

method to complete the results of these studies.

The third system covered in this thesis considers the crosever from a two- to a three-

dimensional setup: colloidal particles are trapped in a thn cell, slightly thicker than the particle's




diameter. The colloids are thus allowed to deviate from the wo-dimensional plane and buckle in
the vertical direction. The particles are super-paramagnéc and interact via an ideal dipole-dipole
potential as an external magnetic eld is used to induce magetic moments perpendicular to the
plane in the colloids. Depending on the cell thickness, thenteraction is either purely repulsive,
softened repulsive, or attractive at small distances, leathg to a variety of solid phases [9,10]. Our
genetic algorithm-based search technique was included inhe survey as a third, complementary
method, besides the current investigations by experiment ad simulations.

We have chosen these three systems in particular with respéco their realisability in exper-
iments and their relevance as model systems. In this way, wean guarantee the veri cation of
our ndings, not only by comparison to results obtained in computer simulations, but also to ex-
perimental data on colloidal systems. With the possibility of future applications in mind, we also
investigate the dynamic and elastic properties of some of tb emerging structures by determining
their phonon band structures.

This work is organised as follows:

Chapter 2 introduces the investigated systems. The interparticle paentials used in our studies
are presented along with a discussion of their relevance asadel systems and their realisa-
tions in experiments.

Chapter 3 provides the theoretical concepts of statistical mechanis and thermodynamics es-
sential to the understanding of this work. A description of ordered solid states and the

calculation of their de ning properties complete the chapter.

Chapter 4 is dedicated to the method employed to determine the equilibium structures { genetic
algorithms. An introduction to their general concepts and the speci ¢ implementations nec-
essary to adapt a generic genetic algorithm to the problem ofnding stable solid structures

is given in this chapter.

Chapter 5 gives an introduction to the harmonic theory of lattice dynamics. It covers the cal-
culation of the dispersion curves or phonon band structuresof harmonic crystals and also
includes a short overview on the lattice dynamics of solid clhoidal dispersions.

Chapter 6 presents the results obtained for the systems introduced irchapter 2: we discuss the
identi ed sequences of minimum energy con gurations of allthree systems and study the
phonon band structures obtained for those stable structurs of the binary mixture of dipolar

colloids that have been veri ed in experiments.

Chapter 7 contains a brief summary of the results and provides the conlasions drawn from this
work. A short outlook on future work completes the last chapter.




Chapter 2

Investigated systems

In the following chapter, we present the three systems inveigated in this thesis: in Section 2.1,
we start with the one-component, two-dimensional square-soulder system. The next section is
dedicated to binary monolayers of dipolar, colloidal particles and in Section 2.3 a one-component
system of dipolar colloids is considers, which representslank between two- and three-dimensional
systems. Besides introducing the respective interpartia potentials, we also discuss their relevance

as model systems and introduce their various realisationsni experiments.

All systems have the following features in common: They clasify as soft matter or colloidal
dispersions meaning that each of the three systems investigated in thishesis consists of mesoscopic
particles, with a size ranging from 1nm to 1 m , which are suspended in a microscopic solvent.

Neither the behaviour of the considerably faster and smalle solvent particles, nor the inner
structure of the mesoscopic particles is of direct concermiour investigations. Both in uences are
therefore subsumed in suitably coarse-grained, e ective gir potentials that describe the interaction

between spherical, e ective particles [5].

These e ective potentials ( r) are all radially symmetric and isotropic. The interaction be-
tween two patrticles is therefore only dependent on their disancer = jrj, so that

(n=0n

We are also able to de ne an energy scalé in all three cases, so that the interparticle potential

can be written as

(r)="f(r)

Furthermore, all investigated particles exhibit an impenetrable hard-core region of diameter

which is called on as a length scale.
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2ef- .

F(X)

Figure 2.1: Pair potential for the square-shoulder system, corresporidg to
equation (2.1) (left panel), and the two con gurations corresponding to the two
characteristic lengths of the system (right panel).

The pair potentials of all three systems thus are of the same gneral form,

8
<1 x 1

"g(x) x> 1

with g(x) being a dimensionless function.

2.1 Square-shoulder systems

In a square-shoulder system, hard particles of diameter interact via a soft, repulsive, step-shaped
corona of width and height". The spherically symmetric pair potential for this system reads as

8
31 x 1

(X):3 " l1<x< = ; (2.2)
0 = X

(see gure 2.1, left panel). We choose the particle diameter to act as a length scale in this
system and the shoulder height' as an energy scale. The pair potential (2.1) is thus charactésed
by the height of the shoulder" and by the ratio of shoulder width to particle diameter = . The
right panel of gure 2.1 shows the two con gurations typical to the de ning lengths and of
the system: rst, at the top of the right panel in gure 2.1, a c on guration where the repulsive
coronas of two particles are just in touch with each other, aml second, a schematic representation

of two particles in hard-core contact (see gure 2.1, right panel, bottom).

The square-shoulder potential with its short repulsive ste is typical for steric interactions
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Figure 2.2: Schematic representation of two systems exhibiting a disict core-
corona architecture: A polymer-grafted colloid (top pane) and a micell assem-
bled by dendritic polymers (bottom panel, taken from ref. [3]).

and is therefore often used to model the behaviour of parti@s that exhibit a distinct core-corona
architecture. A common example for this particle class are plymer-grafted colloids, i.e. hard,
colloidal particles with a brush of exible polymer chains attached to their surface [36]. A schematic
representation of such a polymer-grafted colloid is givenri the top panel of gure 2.2. The
colloids themselves are impenetrable, thus forming the hat core visible in the potential. The soft
coronas on the other hand, that consist of the polymer chainscan interpenetrate at some energy
cost, leading to the soft, repulsive, step-shaped shouldeadjacent to the hard-core region. The
parameters of the potential { the height of the repulsive step " and the shoulder width { can be
controlled by changes in the grafting density and in the lengh of the polymer chains, respectively.

Other examples of particles whose pair interaction has beemodelled using the square-shoulder
potential are micells of dendritic polymers [37] and diblo& co-polymers [38,39]. The micells
formed by these two types of polymers display two distinct regions: the inner core, composed
of the solvophobic parts of the constituent polymers, is chaacterised by a high polymer density,
whereas the solvophilic polymer groups form a di use coronaconsiderably less dense and thus
interpenetrable, leading to the characteristic inner archtecture. For a schematic representation
of a micell assembled by dendritic polymers see gure 2.2, ktom panel. Other systems, where
the square-shoulder potential has been successfully empied to model the particle interactions,
include Cs and Ce [48], water [49,50], and electron liquidsiiweak magnetic elds [51,52].

In addition to its role as a model for experimentally realiseble soft systems, the square-shoulder
potential constitutes a valuable potential in the investigations of solid-solid transitions. Due to
the sharp cuto and the at plateau in the pair potential, the square-shoulder system is extremely
sensitive to changes in the pair-correlation function [25] Its simple potential form makes it also

especially easy to interpret obtained results, as the eneggof an emerging lattice is simply given
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as the number of overlaps of the particles' coronas.

Besides the above mentioned applications of the square-shlber system, we have chosen to
investigate this particular potential due to another reason: it is a well tested system. Results of
previous investigations on the two-dimensional square-sbulder system employing various di erent
methods, such as computer simulations [12, 15, 32, 33], geetnic analysis [15, 33], or mean- eld
methods [12], show a remarkably rich variety of stable strutures, providing us with ample data
to test our ndings against. Additionally, the often asymme tric structures encountered and the
known drawbacks of the employed methods raise doubts whethehe spectra of stable structures
determined in these previous studies are complete, thus leling to the hope that our method
of genetic algorithms will o er deeper insight on the squareshoulder system's strategies to form
stable structures.

2.2 Binary mixtures of dipolar colloids

The second class of systems studied in this thesis is a binamnixture of polystyrene particles
oating at an oil{water interface to ensure the two-dimensional geometry of the setup. The
interaction between the particles of the speciesA and B, which dier in size, is given by an
e ective dipole-dipole-potential of the form

8
0 <1 T (Ri + Rj) A B 2.2)
i (r)=". _ PP 1 r2 (R R))? Ll =A : :
Fog = srR N T wrIre > (Ri+R)
In (2.2), denotes the dielectric constant of water,R;, i = A or B, stands for the radius of the

particle speciesi and P; for the corresponding dipole moment [42].

These e ective interactions are believed to have their orign in the formation of surface charge
dipoles on the particle's interface with the oil phase, as idicated in gure 2.3 [53]: On contact
with water, hydrophilic sulfate head groups on the particles' surface dissociate and surface charge
dipoles are formed. Since the particles are covered by a thiwater Im when poured into the setup,
dipole charges are found on the whole surface of the particldn the agueous phase, the interaction
of these dipoles is shielded due to the small Debye length inater, resulting in an e ective dipole
moment. This net dipole moment can be calculated via the veabr sum of all the surface charge
dipoles sitting at the particles' interface with the oil pha se (see gure 2.3). Computer simulations
were able to a rm the potential form (2.2), as they reproduce d the equilibrium structures observed
in experiments on a one-component system of polystyrene ptcles when using this particular
potential [40,41,53].

The interaction potentials given in (2.2) can be simpli ed by introducing the diameter of the

larger species o = 2Ra as a length scale to the system, so thak = r= ,. Additionally, we set
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Figure 2.3: Two polystyrene particles of di erent size oating at an oil -water
interface. The net dipole momentsP, and Pg are given by the vector sums of
the surface charge dipoles sitting on the particle-oil-inerface (picture inspired
by ref. [53]).

z= Rg=Ra 1, and, following the arguments presented in reference [42assume

n+2

P=R N (23)

With these parameters, the interactions }j (r) of equation (2.2) can nally be written as

| — n 1 I X2 f .

m() = o m— orx 1 (2.4)
. Zn X2

| _oL 27 A (1 z)? - .

aX) = " ” In o (1+ 2 forx (1+ 2)=2 ; (2.6)

with a common prefactor
2

n = Rn
6 A

The two potential parameters z and n have a distinct in uence on the form of the interaction
potential. In the following considerations, the interaction between large particles L, acts as a
reference, since it depends neither oz nor on n. If the particle size ratio z =1, all i'j coincide,
representing the trivial one-component case. Decreasing corresponds to shrinking the size of one
of the particle species and thus weakens the adjoint repulse tail in 55 (x) and L5 (x), as the
particles' dipole moment was chosen to be proportional to tke radius of the colloid in equation
(2.3) (see gure 2.4). The exponentn, on the other hand, changes the strength of the repulsive tdj
without changing its position: the smaller the exponent n, the softer is the interaction between
the particles. Following the argumentation put forward in r eference [42], we distinguish between

two di erent interaction regimes in our survey, corresponding to two values of the exponentn: a
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Figure 2.4: Interaction potentials {j in a binary mixture of dipolar colloids
oating at an oil-water interface for di erent values of the particle size ratio z
for n = 3.
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Figure 2.5: Interaction potentials {j in a binary mixture of dipolar colloids

oating at an oil-water interface for di erent values of the exponentn and for
a particle size ratioz =0:5
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Figure 2.6: Double logarithmic plots of the interaction potentials i'j in a binary
mixture of dipolar colloids oating at an oil-water interfa ce for z = 0:5. The
power-law dependence of the interaction for large and intenediate values ofx
is clearly visible, as well as deviations from the ideal dige behaviour at short
distances.

"weak" interaction regime, where the dipolar moment scaleswith the particles surface (h = 2);

and a "strong" interaction regime with n = 3 (see gure 2.5).

A double logarithmic plot of the interactions (2.4)-(2.6) r eveals that the potentials deviate from
the ideal 1=r®-behaviour of a pure dipole-dipole-interaction only at smdl distances (see gure 2.6).
This behaviour becomes more obvious as we expand the logahiins in (2.4)-(2.6) in a Taylor-series,
yielding

n+2
00 FB w0k %) 5 i =AB @7)
with za = 1 and zg = z, leading to a functional form that represents an ideal dipok-dipole
interaction.

Retaining the rst term in equation (2.7), the interaction p otentials correspond to another
system, extensively investigated in the past [43{47,54,5B In their experimental realisation of this
system, Ebert et al. [47] use super-paramagnetic colloidglarticles, suspended on a pendant water
droplet to ensure the two-dimensional geometry (see gure 27). By applying a strong external
magnetic eld B perpendicular to the plane of the droplet, magnetic momentsare induced in the
particles, which align parallel to the external eld,

Mi= iB ;

where ; is the susceptibility of a particle of speciesi; andi = A or B. Introducing the suscepti-

bility ratio m; = ;= A, the dipole-dipole potentials acting between the particles can be written
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‘B

Water

(oo (Do

Figure 2.7: Schematic representation of the experimental setup dested in
ref. [47]: super-paramagnetic colloids are trapped at the i&water interface in

a pendant water droplet. An external magnetic eld B is used to tune the
interactions between the particles (picture inspired by ré [47]).

as
. mim;
iljl (x)="u ;(3 : (2.8)
with )
"“ = 0 A Bz .
32R % '

acting as an energy scale andk = r= 5 being the reduced distance between the interacting
particles.

At low and intermediate densities, where the particles are eparated su ciently far from each
other, the two sets of potentials, (2.4)-(2.6) and (2.8) arepractically identical and are therefore
expected to lead to the same particle arrangements. The equalence relation between the particle
size ratio z and the susceptibility ratio m, that allows for a direct comparison of results obtained

in both cases, is given by

Z_(n +2) =2

miB , z

Furthermore, one of the two potential parameters used to desribe system | becomes super uous
in (2.7), as, e.g., a change in the exponentn | R, can always be translated to a change in the

particle size ratio,

n! n, z! z=zm2 (2.9)

At high densities, however, the Taylor expansion (2.7) is nolonger valid and di erences in the

ordered equilibrium structures will occur.

2.3 Quasi-planar dipolar colloids

In this system, super-paramagnetic colloids are con ned toa horizontally oriented cell of variable
thickness D. The monodisperse, impenetrable particles interact via a gpole-dipole potential, in-
duced by an external magnetic eld, which is applied perpendcular to the cell. Depending on the
thickness of the cell, the interaction can either be repulsie, softened repulsive or even attractive

at short distances: for very small values oD, i.e. D , the system resembles a two-dimensional




2.3. QUASI-PLANAR DIPOLAR COLLOIDS 15

‘ B.e,

Figure 2.8: Schematic cross section of the quasi-planar setup discuske sec-
tion 2.3. The particles are con ned to a cell of thicknessD = + h and interact
via a dipole-dipole potential, induced by an external magrie eld B = Be,,
perpendicular to thex; y-plane.

setup of dipolar colloids with its characteristic dipole-dipole repulsion. As the cell widens, the
particles are allowed to detach from the strictly two-dimensional arrangement at the bottom of
the cell and the repulsion starts to soften. In su ciently wi de cells, where the particles can detach
su ciently far from the bottom, the interaction becomes att ractive at short distances [9,10]. This
behaviour of the interaction will be discussed in more detdibelow. Apart from the possibility to
investigate these di erent interaction regimes, the setupenables to study the behaviour of systems
at the cross-over from two to three dimensions.

We choose the magnetic eld to be perpendicular to the verti@l direction z of our setup, so
that the cell has in nite extension in x- and y-direction. For convenience, we use the particles'
hard-core diameter to express the cell thicknes® asD = + h, in order to directly access the

the maximal vertical shift h the particles can obtain (see gure 2.8).
As the particles are allowed to detach from the strict two-dimensional setup, we introduce an
e ective hard-core diameter ., which depends onh:

p

e = 2 p2

With this e ective particle diameter, the interaction betw een two particles separated by an in-plane
distancex = r= and a vertical displacementz= z= , z 2 [0; h], can be written as
8

<

X o=
(=" (2.10)

w_ x? 272

(xz+.zz)5=z X > e=

The interaction constant " depends on the magnetic eld strengthB and the particles' suscepti-
bility
6 ZBZ
144 4

The potential was veri ed in experiments through a measurenent of the in-plane forceF,, acting
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Figure 2.9: Interaction potential ( r;z) between two dipolar colloids at four
di erent vertical displacements: for z = 0, the interaction potential resembles
the two-dimensional case. The potential forz = 0:445 is close to the cross-
over to the attractive regime but still purely repulsive wheeas for z = 0:55 it
exhibits a region of relative attraction. At z =0:8 , the interaction is attractive
at short distances.

between two isolated spheres at varying distances [9],

472 x?
(X2 + .22)7:2

Fr(x;2) = %X(x; 7= 3% (2.12)

As argued above, it is possible to change the characteristifeatures of the interparticle potential
by controlling the maximal vertical shift h. Widening the cell, three regimes can be distinguished:
Starting from h = 0, at which the two-dimensional behaviour, ( x;2  1=x3, is recovered, the
interaction is purely repulsive. For increasingh, the potential softens until a rst "critical” value
hm is reached. For vertical displacementsh > h, = = pE, a regime of relative attraction is
reached, where the in-plane force between two touching paidles,

h [
Fr(x= e=;89= 3-25@® 1

is attractive, but the pair potential X; 2) is still positive on contact. Only beyond a second

(
critical vertical displacement h, = = P 3, both, the in-plane forceF, and the interparticle potential

( x; 2) are negative at small distancesx e= , leading us to the attractive regime. At h=
the e ective hard-core diameter vanishes, as the particlesare able to arrange atop of each other.
This formation of "towers" resembles the behaviour of dipohr colloids in three dimensions, where
the particles form columns parallel to the applied external eld. Figure 2.9 shows pair potentials

for all three interaction regimes.




Chapter 3

Statistical mechanics &

Thermodynamics

When a system solidi es, it adopts a certain ordered structue, depending on the constraints put on
the system. In order to predict these ordered structures, itis necessary to de ne the characteristic
properties which set them apart from all other possible congurations of the system.

In this chapter we introduce the theoretical framework neecd to describe the states of a
system and formulate the concepts of thermodynamic stabity and equilibrium [56{60]. We start
by outlining the basic concepts of statistical mechanics tlat allow us to derive the macroscopic
properties of a system from the behaviour of its microscopiconstituents, before concentrating on
the macroscopic theory of thermodynamics and the descriptin of systems in equilibrium. The end
of this chapter is dedicated to the solid state and the calcuhtion of the characterising properties

of the stable solid.

3.1 Basic concepts of statistical mechanics

Statistical mechanics derives the macroscopic propertie®f a system from its microscopic be-
haviour, employing classical or quantum mechanics and theaws of probability theory to cope
with the large number of degrees of freedom. The basis for tki deduction is the Hamiltonian

H, that governs the dynamics of the N particles in the system. H depends on the positions

H=H(";p"Y)

The positions rN and momenta pN span the @\ -dimensional phase space of the system, where
every microscopic state that the system can take on, is reprgented by a single point.

In the case of particles obeying the rules of classical mechi&s, the Hamiltonian H leads to

17
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the 6N equations of motion,

2= b 6
and
%(r”;p”Fu ; (3.2)

where the dot denotes a derivative with respect to timet. Solving the equations given in (3.1)
and (3.2) yields the trajectory (rN (t); pN (1)) in phase space and thus the evolution of the system
in time.

Due to the huge number of constituents in a typical macroscof system, N 1073, which
makes an explicit treatment of the equations of motion imposible, we have to resort to a statistical
description of the system. To this end, it is convenient to irtroduce the concept ofensembles a
macroscopic state, characterised by certain macroscopimastraints, such as particle numberN,
volume V, and temperature T, can be realised by a large number of di erent, but yet equivdent
microscopic con gurations. The idea of ensembles is to sulosne all microscopic con gurations

that correspond to the same macroscopic state into one set -raensemble

To extract the value of macroscopic observables from an ensgble, methods of statistics are
employed, involving in particular the concept of averaging We distinguish two di erent ways to
take the average: in anensemble averagethe value of a macroscopic propertyO is determined as

the average over allS microscopic states in the ensemble,

. 1%
hO|§ns_ = S o ;
i=1

with O; being the value of the observable obtained from the-th member of the ensemble. If we
introduce (rN;pN), the probability density for the speci c microscopic state characterised by
(rN;pN) to be taken on by the macroscopic system, the ensemble avega can be written in its
continuous form as L 77

hOig,, = = dr™dp™O(™;p™) (r™:pM) (3.3)

with the partition function Z representing the sum over all states in the ensemble.

In a time average the value of a macroscopic property, that is macroscopic#y time independent
itself, is determined by the evolution of one single microsapic system in the time interval t,
z t

hoi . = OdtOO(rN(tO);pN(tO)) : (3.4)

1
time ?
Assuming that the investigated system isergodic, which means that in an in nite amount of
time, the system will indeed adopt all microscopic states inan ensemble, the time average and the

ensemble average are equivalent:

hoitt = hoist

time T ens.
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With this general notions on ensembles and on the deduction fomacroscopic quantities of a
system from the microscopic behaviour of the constituent péticles, we introduce the two specic
ensembles important to the investigations carried out in this thesis: the canonical and the isobaric-

isothermal ensemble.

3.1.1 The canonical ensemble

The canonical ensemble is used to describe systems of xed gile humber N and volume V,
that are in contact with a heat bath. This contact xes the tem perature of the system, whereas
the energy is free to uctuate.

The states that are available to the so calledNV T-system in phase space are distributed

according to Boltzmann's law,
N.yNyy HENpN)y .
can(r ;p~)/ e ; (3.5)

whereH is the Hamiltonian and = 1=(kg T) the inverse temperature of the system, with Boltz-
mann's constant, kg = 1:38065J=K.
In the case of identical and indistinguishable particles, he partition function of the canonical
or NV T-ensemble can be written as
zz

Zean (N;V;T) = drNgpNe HOM™) (3.6)

1
h3NN!
where the factor 1=N! accounts for the indistinguishability of the particles and h = 6:626 10 4Js
denotes Planck's constant.

All thermodynamic, i.e. macroscopic, properties of the sygem can be derived from the partition

function (3.6). The Helmholtz free energy is connected to itvia
F(N;V;T)= keTlogZean (N;ViT) 3.7)

and acts as the thermodynamic potential for the NV T-systems (see Section 3.2.1).

3.1.2 The isobaric-isothermal ensemble

If a system is under xed pressure instead of being of xed volime, the isobaric-isothermal or
NP T -ensemble is used to describe the system. It contains a xedumber of particles N and is
in contact with a heat bath, guaranteeing a xed temperature T. Additionally, it is connected to

another reservoir, e.g. through a freely moveable piston, & that the volume V at the disposal of
the system adjust to keep the pressure xed.

The probability density of the isobaric-isothermal ensembe is given by

iSO.(rN;pN): e PV e H(rN;pN) : (38)




20 CHAPTER 3. STATISTICAL MECHANICS & THERMODYNAMICS

so that its partition function is linked to the partition fun ction of the canonical ensemble (3.6)

through a Laplace transformation:

Z
Ziso.(N; P;T) = dve PV Zean.(N;V;T) =
1 Z 2z
=t dve PV drNdpN e HOTPT) (3.9)

The appropriate thermodynamic potential for a system of corstant N, P and T is the Gibbs
free energy, which is related to the partition function (3.9) through

G(N;P;T)= kgTlogZis. (N;P;T) : (3.10)

With equations (3.7) and (3.10), the link between the microscopic behaviour of theNV T- and
NP T -ensemble and the systems' macroscopic properties is estahed.

3.2 Thermodynamics

Thermodynamics is the phenomenological theory used to desibe and predict the macroscopic
properties of systems in equilibrium. Its laws are expresgkin terms of macroscopic quantities
only, without any reference to the underlying microscopic s$ructure of the system. The link

from the behaviour of the microscopic constituents to the maroscopically observable properties
of a system is provided by statistical mechanics, thus actig as the "microscopic foundation" of
thermodynamics.

It is convenient to distinguish three di erent types of ther modynamic systems:

" The isolated system, which does not interact with its surroundings in any form. Energy and
the number of particles are therefore xed quantities.

" The closed system, where particles are neither allowed to eape nor join the system, but
interaction with the surroundings in the form of heart exchange is possible.

" The open system, which freely exchanges both, energy and mat, with its surroundings.

All systems considered in this work belong to the class of cked systems.

3.2.1 Thermodynamic potentials

The thermodynamic potential is the central state function of a macroscopic system in equilibrium,
as it guarantees the complete knowledge of all the system'shermodynamic properties. It fully
describes a system via a function of its respective natural ariables. The latter quantities can
be divided into two groups: extensive variables like the nunber of particles N in a system or a

system's volumeV, which scale with the amount of substance present in the sygm, and intensive
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variables of state like the temperature T or the pressureP, that are independent of the system

size.

All thermodynamic potentials are interrelated through Legendre transformations. We here

introduce the thermodynamic potential of the isolated system, the internal energy

U= U(N;V;S) ;

as a starting point from which all other potentials are accesible: The natural variables of the
internal energy { particle number N, volume V, and entropy S { are all extensive quantities, so

that U(N;V;S) itself is a rst order homogeneous function,

U(N;V;S )= U(N;V;S) ; (3.12)

with  an arbitrary factor. We can therefore expand equation (3.1} in a Taylor-series and write

U(N;V;S)= N %L\IJ Ve +V %3 e +S %LSJ " (3.12)
As it follows from the rst and second law of thermodynamics that
TdS=dUu+ Pdv dN ;
equation (3.12) yields Euler's equation,
U(N;V;S)= N PV+TS ; (3.13)

from which expressions for all other thermodynamic potentals can be derived by exchanging the

appropriate independent variables.

Closed systems (NVT)

As stated in section 3.1.1, a closed system is characteriséy constant particle number N, constant
volume V and constant temperature T, and its corresponding thermodynamic potential is the
Helmholtz free energy

F=F(N;V;T)

F(N;V;T) is related to the internal energy U(N;V; S) via a Legendre transformation,

F(N;V;T)= U[N;V;S(T)] S(T)%gz N PV : (3.14)
All thermodynamic properties of a closed system are accegse from the Helmholtz free energy

by di erentiation of F with respect to its variables N, V and T. For instance the internal energy
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U of the system is given by

ar)
U= ;
@ N;V

the pressureP can be calculated via

@F :
@V N;T ,

and the chemical potential via
@F
@N PT
The second derivatives of the thermodynamic potential with respect to the natural variables
correspond to the so-calledresponse functions These thermodynamic properties are most easily
accessible to experimental investigations and indicate th physical stability of macroscopic states
(see Section 3.2.2). As examples, we here present the heatpegity ¢y, which is a measure for the

heat needed to raise the temperature of the system by a givenmount at constant volume,

@U = T @ .
@T @® ,

Cy =

and the isothermal compressibility 1, which determines the change in volume corresponding to

a given change in pressure, as

@F

@P
=V —=
Qv .

1
= VvV = =
T @V T
Closed systems under external pressure (NPT)

The appropriate thermodynamic potential for a system of xed particle number N, pressureP,
and temperature T is the Gibbs free energy

G=G(N;P;T)
which is related to the Helmholtz free energy and thus the inernal energy via
@F
G(N;P;T)= FIN;V(P);T] V(P)@/: UIN;V(P);S(T)] S(T)T + PV(P); (3.15)

yielding
G(N;P;T)= N

Again, all properties of the system are contained in this themodynamic potential and can be
calculated via partial derivatives: the internal energy U of the system is given by

@c

u-= ;
@ N;P
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the volume V by

and the chemical potential by
@G
@N TP

The response functions are again determined via second deatives of the thermodynamic potential

G(N;P;T): the heat capacity at constant pressurec, and the isothermal compressibility + are

calculated via

@G
= T = ;
Cp art .
and
_ 1 do
TV @R

3.2.2 Equilibrium and stability

A macroscopic system is in equilibrium, if its macroscopic poperties are independent of time
and if the intensive variables of state { temperature T, pressureP, and chemical potential {
are constant throughout the whole system. Additionally, the equilibrium state of a non-isolated
system is characterised by a global minimum of the approprite thermodynamic potential, as can

be derived from the second law of thermodynamics [57].

Following LeChatelier's principle, a system is in a stable quilibrium state, if spontaneous
uctuations in the system induce processes which drive it bak to equilibrium and thus counter the
initially inducing uctuations. We can formulate this prin ciple in terms of the response functions:

A system isthermally stableif its heat capacity is not negative,

@uU
Cvp = —= 0 : 3.16
o7 . (3.16)
In this way, it is guaranteed that if some small part of the sysem spontaneously absorbs more heat
than its surroundings, its temperature will increase. Due © the resulting temperature gradient,
energy is again dissipated, leading the system back to the edjibrium state.
A mechanically stableequilibrium state of a system is reached, if its compressiltity is zero or

positive,
1 @V

Vv @r .,

so that, if a small subsystem spontaneously increases in uaine, the pressure in this subsystem

o1 = 0 - (3.17)

lowers with respect to its surroundings. The local decreas@ pressure not only stops the sponta-
neous growth of the subsystem, the subsystem is also againmopressed, restoring the equilibrium
state.

The conditions (3.16) and (3.17) correspond to constraintson the curvature of the thermody-
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namic potential of the system. In the case of a closed systenthe Helmholtz free energyF (N;V; T)
of a stable state has to be concave ifT and convex inV, as

@F 1 @F

= —cy O and

— 1 .
67 T v T_(v Do (3.18)

If we are to consider a closed system under constant pressyrthe Gibbs free energyG(N;P;T)
of a stable equilibrium state is concave in both,T and P, as
@G 1 @G

=—-c 0 and

@P = @T:VT 0 : (319)

3.3 The solid state

In this work we investigate the equilibrium structures a two-dimensional system obtains upon
freezing. As we choose to determine the system's behaviourt aero temperature, the possible
equilibrium structures comprise only ordered monolayers.In order to conduct our investigations,
we rst have to de ne the notion of an "ordered solid state" by introducing a suitable description
of periodic structures, before discussing how to determin¢he thermodynamic potential for these
structures.

3.3.1 Description of two-dimensional lattices

We describe the ordered solid as an in nite, periodic arrangment of discrete, motionless particles.
To this end, the structure is considered to be built of two parts: rst, we introduce an underlying
periodic array, the Bravais lattice. Its so-called lattice points are given by linear combinations of
two vectors, a and b,

Aj =ia+jb ; §ij 22 - (3.20)

The two primitive vectors, a and b, have to be linearly independent and span the unit cell of the
structure, which contains exactly one point of the lattice (see gure 3.1). It is often convenient to
subsume the two indices,i and j, that de ne the linear combination into one index n, that labels
the unit cell:

Al A,

Second, we decorate each poir , in the lattice with the identical assembly of particles { the
so-calledbasis of the lattice. The basis thus describes the arrangement oftte particles within a
unit cell: If each unit cell is to contain n, particles, their positions in the unit cell are given by np
position or basis vectorsB , = 1;::;n,. We are free to choose the rst oneB; to be equal to
zero,B; =0, so that the origin of the unit cell coincides with the position of the rst particle in

this cell (see gure 3.1).

With the above de nitions, the position of an arbitrary part icle in the ordered structure is
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Figure 3.1: Schematic representation of a lattice structure, whose uticell (bro-
ken lines) is spanned by the two primitive vectorsa and b. The cell contains
two particles: one at the chosen origin of the cell and one ahe position given
by the vectorB,. The overall position vectorR,> = A, + B is also indicated
in the picture.

determined by the vector

R, =A,+B ; (321)

with n2 N and =1;:::;n,.

At this point we also introduce the concept of reciprocal lattices of ordered structures for later
use in chapter 5: The reciprocal lattice of a given structureis determined by two reciprocal lattice
vectors, ¢ and d. These vectors are related to the primitive vectors of the Bavais or direct lattice,
a and b via

[cd] 1 =2 [ab]" ; (3.22)

where the two sets of vectors were written as matrices
2 3 2 3

d
cdj=4 % %5 g @oj=4 ¥ s
¢ dy 8y

and [:::] Y and [:::]" indicate the inverse or transposed matrix, respectively.

In analogy to the situation in Bravais lattices (3.20), an arbitrary vector in the reciprocal
lattice, Qn, can thus be expressed as a linear combination of the two priitive vectors of the
reciprocal lattice:

Qn=ic+jd ; i;j2z2 : (3.23)
It is important to note that the basis of a structure has no in uence on the reciprocal lattice.

Being de ned by equations (3.22) and (3.23) the reciprocal &ttice represents the set of wave

vectors, f Qg, that yields plane waves of the same periodicity as the corrgponding Bravais lattice
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Figure 3.2: A Bravais lattice of sixfold symmetry (left). The corresponding
reciprocal lattice with the border of the rst Brillouin zon e marked by broken
lines is given on the right.

[61]:
eiQnr = eiQn(r+An) or eiQnAm =1

with A, a vector in the Bravais lattice of the structure.

As a primitive unit cell { i.e. a volume of space that, if translated by all possible lattice
vectors lls space gaplessly and completely { we choose to troduce the rst Brillouin zone of the
reciprocal lattice: it is given by the region in Q-space, that is closer to oneQ-point than to any
other (see gure 3.2). It thus re ects the symmetry of the corresponding lattice and is used to
determine distinct solutions to the equations of motion in the harmonic approximation of lattice

dynamics (see chapter 5).

3.3.2 Lattice sums

In order to investigate the ordered equilibrium structure of a system under given constraints like
xed particle number N, volume V, and temperature T, we have to determine the corresponding
thermodynamic potential. As the in uence of the entropy of the structure is irrelevant due to

the chosen constraintT = 0, the expressions (3.14) and (3.15) for the Helmholtz and @bs free

energy simplify to

F(N;V;T=0)= UN;V) and G(N;P;T =0)= U[N;V(P)]+ PV(P) : (3.24)

We therefore rst focus on the calculation of the internal energy of an ordered structure in the

following. For a general ordered structure, the internal erergy per particle at zero temperature
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is given by the sum over the pair interactions between all paticles contained in this structure.
With ( r) being the interaction potential between two particles at distancer, and f R, g the set
of possible lattice sites, we can write for the internal enegy per particle

X o0
(Rn) (3.25)

v

NI =

fRn g

where the sum in (3.25) has to be suitably taken to avoid selfateractions [31].

One component systems

For a known two-dimensional structure whose unit cell is spaned by the two vectorsa and b and
contains only one single particle, equation (3.25) can be witen as

X o
%: % (ia+jb) : (3.26)
isj
The sum in (3.26) runs over all values ofi;j 2 Z, except the term fori = j = 0, which is omitted in
order to avoid self-interactions. This omission of the (Q0)-term is denoted by a prime in equation
(3.26).

For lattices with more than one particle in the unit cell, equation (3.26) reads as

U X 0 1 X X
— == (ia+jb)+ — (ia+jb+Bx Bm) ; (3.27)
N Np

1) iij k>m

whereB; denotes the position vector of thei-th particle in the unit cell and n, is the total number
of particles present in the cell. It is important to note that the rst summation in the second term
of equation (3.27) runs over all possible value§j 2 Z, whereas in the sum of the rst contribution
the (0; 0)-term, which corresponds to a self-interaction of the paticle located in the origin of the

chosen coordinate system, is omitted again.

Binary mixtures

If the lattice we consider does not consist of only one spedebut rather of two di erent sorts of
particles, additional changes to equation (3.27) are necaary: let ny be the number of particles
per unit cell that belong to speciesA and ng the number of particles of speciesB. The total
number of particles in the cell is thus given byn, = na + ng. We choose to label the particles of
speciesA as the "rst" particles in the cell, so that particle p; is of sort A if i na and of sort
B, if na <i np, (see gure 3.3).

As the interaction between di erent particle species varies, we distinguish between three cases:
aa (r), the interaction between two particles of speciesA at a distancer, gg (r), the interaction

between two particles of specie®, and ag (r), the interspecies interaction. The internal energy
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Figure 3.3: Example for an ordered structure of a binary mixture. The orgin
of the unit cell is chosen to coincide with the position of therst particle in
the cell, p1, so that B; = (0;0).

per particle for a binary mixture can thus be written as [62]

2
U 1 ,na X 0 ne X 0
— = —4A (ia+jb)+ —= ia+i
AA jb)+ g (ia+ jb)+

N W 2y 2 3

X ™ X o

(o m(ia+jb+ B Bp)d
i k=l m=k+1

(3.28)

(k) (m)(r) stands for the appropriate interaction potential, depending on the involved particle

species, (i) = Afori na and (i)= B forna <i  nyg.




Chapter 4

Theoretical Tools I:

Genetic algorithms

Genetic Algorithms (abbreviated "GAs", "GA" in singular) a re widely applicable optimisation
techniques, invented in the late 1960ies, early 1970ies byolhn Holland [26]. They were developed
with the information-theoretical aspects of natural evolution in mind and closely resemble bio-
logical processes: Information is stored by encoding it in equences of "genes" and is propagated
from step to step using operations like recombination, mathg and mutation. The iterative search
process is guided by a principle resembling Darwin's "surwal of the ttest". The main feature
of a GA is its inherent ability to simultaneously explore large areas of the search space, but to
concentrate its numerical e orts on promising regions at the same time. It is this global scope
that leads to the GA's e ciency in nding global extrema in ro ugh and high-dimensional search
spaces.

The rst applications of GAs ranged from biology { modelling the development of cells [63,64]
{ to computer science, namely designing arti cial intelligence [65] and controlling image recogni-
tion [66]. In the meantime, GAs have taken over many di erent elds, including business admin-

istration, economics, game theory, logistics, circuit degn and, of course, physics.

4.1 General principles

One of the main characteristics of a GA is the way in which infemation is stored: Every solution
to the problem at hand is translated to a sequence of genes, ually a binary vector. Thus, every
solution has two representations: aphenotype the "physical appearance” like the actual values
of a set of parameters, and agenotype which comprises all hereditary information, i.e. the exa¢
sequence of genes. In the context of GAs, a possible solutida also often called anindividual,
meaning both, the pheno- and the genotype speci c to this saltion. The GA acts solely on the

"genetic” level, i.e. the genotype, to nd the optimal solut ion.

29
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0. Find suitable encoding of the individuals.

1. Initialise a random starting population ("generation G(0)").

2. Evaluate every single individual in the current generation,
using a tness function.

3. Selectindividuals for reproduction.

4. Recombineselected "parent” individuals to create o spring.

5. Mutate the o spring.

6. Replaceindividuals of the current generation by o spring,
thus creating a new generation.

7. Check termination condition and either terminate the algorithm
or cycle through steps 2. - 7. once more.

Table 4.1: Pseudo-code of a generic genetic algorithm

There exist many di erent versions of GAs nowadays, all adaped and trimmed to best solve
one special set of problems. The general work- ow of GAs is metheless easily explained as it
normally remains unchanged in all varieties (see table 4.1dr a summary): Before to start the GA,
an encoding suitable to the parameters of the problem at hanchas to be found. The GA is then
initialised with a number of randomly generated individuals, the starting generation G(0). In the
next step, each individual in G(0) is evaluated by assigning a tness value: the better an idividual
is suited to solve the problem, the higher its assigned tnes. After this evaluation of the current
generation, parents are selected for reproduction. The selection process is gefned by the tness,
so that tter individuals have a higher probability to repro duce. The information stored in the
selected parent individuals is then recombined and new indiiduals are created. The o spring is
mutated and replaces individuals of the current population according to the chosen replacement
scheme and a new generatio®(1) is formed. In the last step, the termination condition { u sually
a maximal number of generations to be created { is checked anthe algorithm is either aborted or
the cycle of evaluation, selection, recombination, mutaton, and replacement is iterated once more.
The di erent versions of GAs vary in how the structures emphasised in table 4.1 are implemented.
We will therefore explain them in more detail, including the implementations used to carry out

the investigations described in Chapter 6:

Encoding

In the encoding step, a mapping from pheno- to genoptype andice versa has to be found. Every
solution is encoded in a string of geneg;, usually called achromosomec=<xq;::;X; >. Thel
genes in the chromosome can take on values out of a given alphet M = fmy;:::;myg. The most

commonly used alphabets are:

” Binary alphabet
The possible values a gene can take on am®l pinary = f0;1g. This encoding allows for
e cient use of computational time, as memory access is compet and most programming
languages support operations directly on the binary level.lts main drawback lies with the

fact that the encoding in binary is highly dependent on the pgsitioning of bits: The binary
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decimal binary gray code

0000 0000
0001 0001
0010 0011
0011 0010

0100 0110
0101 0111
0110 0101
0111 0100
1000 1100

o~NO UL WNEO

Table 4.2: The rst nine decimal numbers (left) in their binary (middle ) and
gray code representation (right).

representations of two "adjacent" decimal numbersn and n + 1 mostly di er in more than
one bit, so that small changes in one encoding (e.g. decimatjoes not necessarily result in a
small change in the binary code. For an example, consider theumbers "3" and "4". A value
of "4" is given by the sequence "100" whereas "3" is encoded a¥11", a sequence in which
all signi cant bits are di erent. Additionally the di eren t positions in a binary number are
not of equal importance. Leading digits in a binary number carespond to higher powers of
two by de nition, so that a change in one of the leading genes ba chromosome can yield a
drastic change in the encoded parameter value. These e ectsan cause severe problems in
the recombination or mutation of individuals and have to be taken into account by choosing

an appropriate mating and/or mutation routine (see below).

Gray code

Gray code was developed to overcome one of the drawbacks ofnary code stated above.
It uses the same alphabetM gay = f0; 19, to encode decimal numbers, but the translation
follows di erent rules: Instead of splitting each decimal number in powers of two, they are
encoded such that the gray code representation of two neighduring decimal numbers di ers
always only in one bit. For examples, see table 4.2, where thdecimal numbers O to 8 are
encoded using both schemes.

Besides the chosen alphabet, also the way in which the inforation is arranged on the chromosome
has major in uence on the performance of the search algoritm. In general, contentually related

information should be stored close together on the chromosne and segments essential to an
individual's ability to solve the given problem are to be enmded as compact as possible, so that
they are not easily destroyed in mutation or reproduction processes [67]. When encoding in binary,
one possible way of paying respect to these two rules is to oed the genes on the chromosome not
by parameter, but by their corresponding power of two: Each decimal parameter is encoded in
its binary representation and those bits of each parameterthat correspond to the same power of
two, are stored next to each other on the chromosome. Figure.4 depicts a schematic example of

such an "importance arrangement".
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‘ 5 | 9 | 12 ‘ Decimal representation

‘0‘1‘0‘1|1‘1‘0‘0|1‘0‘0‘1‘ Binary representation

—

‘0‘1‘0|1‘1‘0|0‘0‘0|1‘0‘1‘ Importance arrangement

Figure 4.1: A schematic representation of an "importance arrangement” Bits
corresponding to the same power of two in the binary represéation of every
parameter are stored next to each other.

The main disadvantage of a genetic algorithm has its origint the encoding process. Due to the
nite number of genes available, a GA is not converging to theexact global extremum. Additional
re ning mechanisms are needed to reach the solution that caesponds to the global extremum
exactly.

Evaluation

In the evaluation step, the "quality” of every individual is assessed and a value is assigned to each
individual, measuring its ability to approximate the optim al solution. According to this value, the
probability of an individual to be selected for reproduction is determined. Strictly speaking, there
thus exist two di erent quantities: a rating and a tness value; the rst expresses the quality of an
individual and the latter determines an individual's chance to partake in the reproduction process
and pass on its genes. Since the tness is given as a functiorf por can even be set equal to { the
rating, the two terms are often used synonymously. There areno constraints on both functions,
although continuous functions are best suited to achieve ecient convergence, since small changes
in the rating and/or tness thus correspond to small changesin the chromosomes. The actual
form of the rating and tness function depends strongly on the speci ¢ problem as they in general
contain the function to optimise (see Subsection 4.2.2).

Selection

The selection process determines which individuals are udeto produce the o spring forming the
next generation. It is governed by the tness of the individuals in a sense that individuals with
a high tness have a higher probability to reproduce and the ospring of "t" parents are over-
proportionally frequent in the newly generated populations. In this way, the average tness can
increase from generation to generation.

The two di erent selection schemes used in our surveys are

" Roulette selection
In this routine, the selection probability pseiect(li) Of individual I; is directly correlated to
the individuals tness:

Vo oo H3) :
Psetect (1 i) PW ;
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P
with f (1) being the tness of the i-th individual I; and szl f (1;) the total tness of the
population. Strategies how to implement this scheme e ciertly can be found in [67].

Linear ranking
Individuals are ordered according to their tness and a xed reproduction probability is
assigned to each individual, depending on their rank in thissequence. No direct correlation

exists between the tness of an individual and the probability to be selected for reproduction.

Recombination

The recombination procedure { or "cross-over mechanism", a it is often called following biological
nomenclature { governs in which fashion information is pased on from one generation to the
next. It determines how new individuals { also called o spring or children { are created from
the selected parent individuals. It thus de nes the way in which the search space is sampled and
has to be adapted to both, the specic problem, as well as the ltosen encoding to ensure an
e cient performance of the GA. A suitable recombination mechanism allows to reach regions with
an above-average ranking fast and then to keep to such regisnby preserving sequences of genes

that lead to especially t individuals. Common examples of aoss-over mechanisms are

One-point cross-over
Two selected parent chromosomes are cut at the same, randoynthosen point and genetic
information is interchanged to form the chromosomes of two ew individuals (see gure 4.2,

top).

Two-point cross-over
In this case, both chosen parent chromosomes are cut at two hitrary positions before the

cross-over of genetic material takes place to create new imndduals (see gure 4.2, bottom).

Random cross-over

The random cross-over routine represents a generalisationf the n-point cross-over. It
employs a random assembly vectorA to determine the genes a child inherits from each
parent. At the beginning of a recombination step, A, which is of the same length as the
chromosomes, is lled with an arbitrary sequence of genes. fie rst child G is constructed
gene by gene from the parent chromosomeB, and P; following the "rules" posed by the
assembly vector: at every position of a 0 (1) in the assembly ector, the gene is inherited
from parent Py (P1). If using binary or gray code, the second childG, is generated from child
G via a simple bit-inversion. For a schematic representationof a random cross-over of two
binary or gray coded chromosomes, see gure 4.3, bottom. Oftte examples given, this cross-
over routine allows for the highest mobility in search spacealthough the random "“jumbling”

of genetic material hinders the development of stable, highguality gene-sequences.
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1]1]ofofof1]1]0] of[1]of1][1]|o[1]0] Parents
=

of1]ofz]1]1]1]0] 1][1]o|o|ofo[1]0] ospring

1]1]ofo]o]1]1]0] of1fof1]1|o|1]0] Parents

1]1]o|1]1]1]1]0] of1]|o]ofo|o]1]0]| Ospring

Figure 4.2: Schematic representations of a one-point cross-over (toppnd a
two-point cross-over (bottom) of two binary or gray coded clomosomes. The
two cutting positions are marked by thick lines in both cases

A [1]ofof1]z]1]o]1]

Po [1]1]0f0f01]1]0] of1fof1f1]fof1]0]
_—

P, [0f1]of1]z]of1]0] 1fofz]ofo]1]of1]q

Figure 4.3: Schematic representation of a random cross-over of two bing or

gray coded chromosomes. Genes are passed on from the parehtramosomes
P to the children C according to the bits of an assembly vectoA. The second
child G is given by a simple bit-inversion of childG.
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1/0/1/12/0|1|0]|1| before mutation

1/0/12/0/0|1|0|1]| after mutation

1/0{1 /1[0 10|11 peforeinversion

1 0{0|1 0 1 1|1 afterinversion

Figure 4.4: Schematic representation of a general mutation step (top) ad of
an inversion (bottom) in a binary or gray coded chromosome.

Mutation

In a mutation step, genes are changed at random to a dierent alue of the chosen encoding

alphabet M . Every gene has a certain probability pmutate  t0 mutate, typically ranging from

Prmutate = 0:001 0:01. Its function is to reintroduce lost genetic material and thus to avoid

inbreeding. It is also essential to the GA's ability to escape local extrema as it averts premature

convergence to a local minimum. For an example of a general nhation step, see gure 4.4, top.

Common mutation routines contain:

~ Uniform mutation

Every gene in the chromosome has the same probability be to ntated. Normally, pmutate 1S
a xed, external parameter, although there do exist GAs that use a uniform mutation where

the probability changes with increasing number of generatbns produced.

Position-dependent mutation

Position-dependent mutation is a variation of the uniform mutation. Instead of one proba-

bility value pmuate for all genes, every gene; in the chromosome is assigned an individual
mutation probability pmutate (Xi). It is often employed together with binary encoding, as it

allows to pay respect to the varying importance of digits in abinary number.

Inversion

This procedure mimics a mutation process known from naturalbiological evolution, namely
the inversion of whole sequences of genes on a chromosome. HAwersion procedure is
given by the following rules: rst, choose two arbitrary genesx; and x; with i  j on the

chromosome. Then invert the sequence betweex; and x; so that

new — ,.old . ; ;
Xi¥n = Xj n o 8n J I
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For a schematic representation of an inversion on a binary ogray coded chromosome, see
gure 4.4, bottom.

Replacement

The replacement scheme determines which individuals form anew generation G(n + 1). The
possible candidates to choose from are the individuals of # generationG(n), their mutated and
their unmutated o spring. The various schemes di er in the number of individuals they accept

from each of these three populations and the criteria used fochoosing them.

" Generational replacement
Generational replacement is the most simple replacement seme possible. All individuals of
generationG(n) are replaced by their mutated o spring to form generation G(n+1). Because
the whole population is replaced disregarding the respecte quality of the individuals, both,
maximum and average rating can decrease from one generatido the next, slowing down
convergence. Despite this drawback, generational replaocgent is widely used as it helps to
avoid premature convergence due to a too homogeneous genegbolt makes it impossible

for a small number of t individuals to dominate populations from an early stage on.

Elitism

Elitism tries to overcome the disadvantages of generationareplacement by including the best
m individuals of generation G(n) in the next generation G(n + 1). The maximum rating in
the population is thus guaranteed to monotonically increa®. The number of best individuals
to pass on unchanged from one generation to the next is usuglismall (m 1). Problems

occurring because of lacking diversity in the gene pool arefaourse enhanced by elitism.

Additional information on the general concepts of GAs can befound in [26, 31, 67].

4.2 Genetic algorithms and solidi cation

When investigating the phase behaviour of a given system, ware confronted with the task of
determining its equilibrium states for varying values of the di erent thermodynamic quantities.

Concepts based on statistical mechanics like liquid state Heories [22], density functional theory
[20] and computer simulations [68] provide reliable infornation on a system's thermodynamic
properties for a broad range of state points. To explore the Wole phase diagram, it is also
necessary to determine the ordered con gurations a systemdopts on freezing. The conventional
approach to this task relies heavily on the experience and iuition of the investigator: A set of

candidate structures is selected, the thermodynamic potetial corresponding to each structure is
calculated via suitable methods and the candidate with the bwest value of the thermodynamic
potential is taken to be the stable equilibrium con guratio n at the speci ¢ state point. Especially

for systems that tend to show a broad variety of complex strudures, this procedure, based on
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a biased preselection of con gurations, is bound to fail astiis extremely likely that relevant
structures are not included in the preselected set and are threfore missing in the phase diagram.
Another approach of using computer simulations, namely a ghulated annealing technique [69,70],
is time-consuming and runs the risk of getting trapped in lo@al minima due to the rough and
complex search space of the problem. Additionally, computesimulations most often require some
input concerning the expected structure { e.g. to determinethe shape of the simulation box { to
work e ciently. Thus, also simulation techniques are often biased in their search for an ordered

equilibrium structure.

Knowing about this drawback of conventional methods, GAs wee introduced as an alternative,
independent approach to the problem of nding ordered equilbrium structures in condensed matter
[27{29,71]. They are particularly suited to deal with rough, complex and/or high-dimensional
search spaces, making them less time consuming than most cpuiter simulations. However, the
more relevant feature of a GA-based search strategy is, thait allows for an unbiasedsearch for the
optimal ordered structure, as crystal lattices can be paranetrised and encoded in a very general
way (see Subsection 4.2.1). The only constraint posed on theearch stems from the limited number
of parameters a GA can optimise e ciently. Using a GA thus minimises the risk of overlooking

suitable structures.

Dieter Gottwald introduced a GA-based search strategy ableto predict ordered equilibrium
structures for systems of xed particle density, requiring only the particle interactions as sole
input [30,31]. Remarkable results for three-dimensional aft systems like ionic microgels [34,
35], amphiphilic dendrimers [13,72, 73], and star polymerg30] were obtained: Not only was it
possible to correct established phase diagrams, the genetalgorithm was also able to nd highly
asymmetric, open structures to be stable equilibrium strudures. In order to investigate hard-core
particles in three dimensions, the algorithm was adapted byGernot Pauschenwein and tested on

a three-dimensional square-shoulder system [74,75].

When the same search strategy was to be employed for two-dinmsional systems for the present
work, a number of changes became necessary to ensure the aitfun's capacity to reliably nd
the global minimum representing the equilibrium lattice structure: The parametrisation of two-
dimensional lattices presented in [31] was re ned and adamd to the special geometries of the
systems to investigate. Furthermore, the algorithm was adpted to deal with systems of constant
pressure. In the following, all extensions are described idetail, starting with the parametrisations

of the various (quasi-) two-dimensional lattices in the folowing subsection.

4.2.1 Parametrisation of lattice structures

The various parameterisations presented in this chapter a@ all based on the general description
of two-dimensional lattices proposed in [31]. To facilitat discussion, we therefore repeat this

"standard" description of two-dimensional lattices at thi s point.
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000
600

Figure 4.5: Example of a general two-dimensional lattice with the two ltice
vectors a and b spanning the unit cell. The angle between the lattice vectsr
, acting as a parameter in the chosen description, and the lagth scale are

also depicted.

4.2.1.1 One-component systems

A general, two-dimensional lattice can be described by twodttice vectors a and b and n, vectors
Bi (i = 1;::;np) that determine the positions of the particles in the unit cell, as described in
section 3.3.

The two lattice vectors can be parametrised as

1 cos
= i b= ) ; 4.1
a=a o ax sin (4.1)
with
a_ _ M
2x sin

xing the overall size of the lattice, being a problem-speci ¢ length scale, usually the particle
diameter (see gure 4.5), and the particle area density. The two parameters used are the legth

ratios of the two lattice vectors,

and the angle between the primitive vectorsa and b (see gure 4.5).

The position vector of the rst particle in the unit cell can b e set to

0

Blz 0

without loss of generality. The vectors of the remainingn, 1 particles in the cell are given as

linear combinations of the two lattice vectors a and b,

B;= ja+ b
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In this way, the unit cell of a general, two-dimensional lattice is described by thenq = 2 +
2(np 1) parametersx; ; 1; 1;:; n,s n,.- Requiring a to be the longer of the two vectors
spanning the unit cell and all n, particles to lie inside the cell spanned bya and b leads to the

following constraints

O<x 1 ; 0< > 4.2)

0 <1 ; 0 <1 with i=21;:::;n, : (4.3)

To facilitate encoding, the real valued parameters are traslated to integer numbers, using the

scheme described in [31]:

my +1
2h
m +1

2

The integersmy;m ;m . and m . are then converted to binary or gray code (see Section 4.1)

before they are encoded and stored in a chromosome. Dependion whether the quantity is an
angle or not, |, or |, bits are used for encoding the corresponding integer. Thisreoding scheme

is used, independent of the chosen parametrisation of latties.

Since the choice of lattice vectors is not unique, di erent ndividuals may translate to the same
lattice structure, thus diminishing the variety in a popula tion and reducing the performance of the
algorithm signi cantly. To guarantee an e cient search alg orithm, a mechanism has to be included
which reduces the number of parameter sets that translate tathe same lattice and which allows
for an unambiguous mapping between geno- and phenotype. A wao achieve this unambiguity is
the strategy described in [31], where each set of lattice véars found by the algorithm is modi ed
such that the circumference of the described unit cell reachs a minimum, thus minimising the

existing ambiguities. The utilised transformations of vedor sets are

(a;b) ' (a b;b) (4.4)
(a;b) ' (a;b a) : (4.5)

Instead of employing an iteration of transformations of theform (4.4) and (4.5) as described in [31],
it is also possible to reduce the search space of the algorith a priori so that it only contains
unambiguous con gurations. As explained in appendix A, the constraint on the parametersx and

that correspond to the usage of a unit cell of minimal circum&rence can be written as

2cos X ; (4.6)
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N

Figure 4.6: Reduced search space due to unambiguous lattice parame&i®n. The region of (x; )-
pairs corresponding to unit cells with minimal circumference is coloured blue.

leading to a reduction of the search space as depicted in gu 4.6.

To implement the constraint posed by (4.6), the domains of tre parameters change from (4.2)
and (4.3) to

X
O<x 1 ; arccos — = 4.7)

0 i<1 ; 0 i<1 ; (4.8)

with i =1;:::,np .

4.2.1.2 Systems with constant pressure

For calculations in the NPT-ensemble, i.e., if the externalpressureP on the system is xed instead

of the particle number density , the latter enters as an additional parameter to be optimisel. It

is encoded in the chromosome via the quantity =a , which correlates to the number density as
Np 2

~ “Zxsin a ; (4.9)

with =a in the range
1 : (4.10)

o |
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4.2.1.3 Hard-core systems

If the particles in a system interact via a potential of the form
8
<

(n=.

8r

1 (4.11)
€r) else '

i.e. if the particles are impenetrable hard spheres, the syem is not allowed to take on con g-
urations containing overlapping particles. The basic paranetrisation of two-dimensional lattices
as described above does not exclude such "forbidden" con gations a priori. Due to the highly
stochastic character of GAs, our search algorithm is likelyto produce large numbers of useless,
forbidden (or "illegal) individuals, slowing down conver gence, if not preventing it completely.

There exist two conceptually di erent strategies to guarantee the e ciency of the algorithm
in this case: rst, by excluding all illegal structures from search space by nding a suitable
parametrisation of the lattice, and second, by enabling theGA to distinguish between di erent
degrees of overlap, so that the undesired con gurations argradually ruled out in the evolutionary
process. A combination of both approaches has been opted fan this work: For the primitive
lattice { i.e. concerning the parametersx and { the additional constraints due to hard-core
exclusion are taken into accounta priori. Restraining the cores of the particles from overlapping
is equivalent to demanding all possible vectorsx in the lattice to be larger than the particle
diameter ,

Xj=j a+ bj 78, 272 (4.12)

Translating the conditions given in (4.12) to constraints on the parametersx and leads to the
porous search space of allowed con gurations depicted in tein gure 4.7. If we combine these
conditions with (4.6), that was introduced to reduce the ambiguity of the parametrisation, we see
that most of the constraints posed in (4.12) are super uous. The only constraint, that remains

relevant as a consequence of relation (4.12), is the one cesponding to the curve that connects
the points (x; ) =(0;0) and (1; =2) in gure 4.7,

ib : (4.13)

This constraint can be written in terms of x and as

2sin
Np

leading to the following domains of the two parameters

. . Np
—= min arcsin — ; = ; 4.14
3 7 5 (4.14)
2sin
max 2cos; — X 1 ; (4.15)
p
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0 lﬂm‘“«.’n.c.&.. £ Lo,

Figure 4.7: Reduced search space including constraints due to the unaighity of the lattice
parametrisation (blue) and the hard core conditions (red) br 2 = 1:0. The remaining legal
search space is coloured violet.

asx and can no longer be chosen independently. The reduced searchase that results from
this intersection of the two conditions (4.6) and (4.13) is @loured violet in gure 4.7.

For the parameters ; and ;, which x the positions of additional particles in the unit c ell, the
hard-core condition was not implemented directly in our parametrisation. Instead, the hard-core
in the interaction potential (see equation (4.11)) was sofened to a linear ramp

(= o2 1) 8r

with o being a su ciently large constant, typically o O (10%). Thus, con gurations in which

particles overlap only slightly are rated higher than those structures with large overlaps, and
inept structures can be ruled out step by step in the evolutionary cycle of the GA. For two-
dimensional lattices with a maximum of eight particles per unit cell, this workaround approach to
hard-core systems has proven to be e cient and a full implementation of the hard-core exclusion

was refrained from.

4.2.1.4 Cluster-biased lattices

For one-component systems that are known to exhibited clustring, the standard parametrisation
of Section 4.2.1.1 was altered in the following way: We intepret the clustered lattice as a standard
two-dimensional lattice whoseng lattice sites are not occupied by single particles, but by rgular

dimers or triangular trimers. Thus, the parametrisation described in 4.2.1.1 can be utilised for
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Figure 4.8: Example of a clustered lattice, in which each cluster contais three
particles. The additional parametersd, the separation of particles in the cluster
and , the tilting angle of the cluster are indicated in the gure.

the underlying structure, but additional parameters are introduced to determine the shape and
respective orientation of the clusters: a tilting angle ; of the cluster at site i, i = 1;:::;ns in the
unit cell and the separation of particles in the clusterd (see gure 4.8).

As only clustered lattices are of interest, the interparticle distanced is not allowed to take on
the largest distance in the unit cell, i.e.ja + bj, but is limited to the length of the smaller lattice

vector b. In the case of soft particles, the additional parameters ofcluster-biased lattices read

0 d<xa ; 0 ; (4.16)
with j =1;::;ns.
If hard-core particles are to be considered, these domainshange to
<d<xa ; 0 : (4.17)

The main advantage of the cluster-biased parameterisations that it allows to describe unit
cells with n, 2 with a smaller number of parameters as the standard parametsation of two-
dimensional lattices given in Section 4.2.1.1: In the casefdhe standard description, 2n, param-
eters are necessary to x the positions ofn, particles in the unit cell. Using the cluster-biased
parametrisation with dimers at the ng sites of the unit cell, we need 25 parameters to determine
the underlying two-dimensional lattice and ns + 1 to describe the dimers. Since the total number
of particles in the cell is twice the number of available sites, n, = 2ns, 3n,=2 + 1 parameters are
used to describe a lattice withn, particles per unit cell. Therefore, the cluster-biased desription
and the standard parametrisation need the same number of pameters to describe the lattice if

Np = 2, namely 2 2 = 4. In the case ofn, > 2, the cluster-biased parametrisation manages to
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standard parametrisation: 2np , 8n, 2 N
cluster-biased (dimers): %np +1, 8ny,2f2,46;:::9
cluster-biased (trimers): np+1, 8np2f369:::g

Table 4.3: Comparison of the numbers of parameters necessary to desbe
a lattice with ny particles in the unit cell, using the standard parametrisaion

introduced in Section 4.2.1.1 and the two versions of the ckter-biased descrip-
tion.

describe the lattice with fewer parameters.

If the sites in the cell are populated by triangular trimers instead of dimers, this advantage
gets even more pronounced. We again neech2+ ( ns + 1) parameters for the whole lattice, which
in the case of trimers, containsn, = 3ng particles in the unit cell. We therefore need onlyn, + 1

parameters, to describe a lattice withn, particles per cell (see table 4.3 for a summary).

4.2.1.5 Binary mixtures

In a binary mixture, two di erent particle species, A and B, populate the sites of an ordered
equilibrium structure. A binary mixture is characterised by the concentration C of one of the two
species, e.gC = ng=(na + ng). Since a unit cell of an ordered structure can only contain a
integer number of each particle species, only non-primitie lattices, i.e. lattices with more than one
particle in the unit cell (n,  2) occur in this case. We identify the rst na particles in the cell to
belong to speciesA and the remainingng = n, na particles to be of speciedB. No additional
parameters are necessary to describe the lattice. The rando case, where the di erent sites in
the crystal lattice are not associated with a species but thetwo sorts of particles are randomly

distributed, was not considered.

4.2.1.6 Quasi-planar geometries

In Section 2.3, we introduced a system, in which the particle are allowed to detach from the strict
two-dimensional geometry. We choose the two-dimensionabhittice to lie in the (x; y)-plane, so that
the particles' deviation is perpendicular to the z-axis. To describe this system, we employ the
basic parametrisation of two-dimensional lattices, but include n, additional parameters z; 2 [0; 1],

that determine each particle's deviation ; from the plane:

with h the maximum deviation possible (see gure 4.9, top).

In the case that the particles exclusively populate the botom ( ; = 0) and top positions
( i = h), the system can also be described using the parametrisatioof layered systems introduced
in [31]. In this case, the structure is formed byn; monolayers, all of which exhibit the same lattice

structure and are shifted with respect to each other. The layrs are chosen to lie perpendicular
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Figure 4.9: Sketches of a quasi-planar lattice (top) and of a lattice sucture
parametrised using two-dimensional layers (bottom). The fanes of the di er-
ent layers in the bottom picture are marked by straight linesparticles belonging
to di erent layers have di erent colour.

to the z-axis and are described using the basic parametrisation ofwo-dimensional lattices. The
mutual displacements of the n, layers are given byn, 1 interlayer vectors ¢j, connecting the

origins of subsequent layers,
0 1
0
C = ja+ ib+~i%o§ ;o i=1unn 1
1

a andb are the lattice vectors of the two-dimensional lattice in each layer and ~ is the displacement

of the i-th layer from the (i  1)-th layer in z-direction (see gure 4.9, bottom), so that

w1
i=1

Instead of the ~, the quantities z; 2 [0;1); i =1;:;;n; 2 are introduced as parameters to simplify

encoding. Thesez; are related to the displacements via

Pii1 C =g
=1 7 ; i=1;un 2 and
P
ny 1= h nl:l |
To compare the two parametrisations presented in this sectin for e ciency, we again determine
the number of parameters used in both descriptions. In the rst case, 31, parameters describe the
positions of n, particles in the unit cell: 2n, from the standard description xing the position of

the particles in the plane andn, parameters for the position in z-direction. In the case of a layered
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lattice, the total number of parameters is 2n,p +2(n; 1)+ n; 2 : 2nyp are needed to describe
the two-dimensional lattice structures of the layers, 2fqy, 1) determine the components of the
interlayer vectors in the x; y-plane andn; 2 parameters x the components of these vectors in the
z-direction. The layer-parametrisation can therefore descdbe a unit cell containing np = nap N

particles with only 2n,5 +3n; 4 parameters, making it the more e cient description.

4.2.2 The tness function

We employ a tness function similar to the one proposed in [3] to evaluate the individuals. In

the case of a xed particle number density , the tness of individual | is given by
!

B()

0

f(l)=exp 1

(4.18)

(1 ) stands for the the free energy per particle of the lattice stucture represented by individual |
and 5, is the free energy per particle of a suitable chosen refereacstructure, usually a hexagonal
lattice of the same particle density. At zero temperature, the free energy is simply given by the
lattice sum of the crystal, as the entropic contribution to t he free energy vanishes (see section
3.3.2).

If calculations are conducted in anNP T -ensemble, i.e., for xed pressureP, the Gibbs free
energy G(N; P; T) acts as a thermodynamic potential, and the equilibrium structure is charac-
terised by a minimum in G(N;P;T). At T =0, the Gibbs free energy reduces toG = U + P=,
with  the particle number density of the crystal and U its lattice sum (see section 3.3.2). The

form of the tness function remains unchanged,
!
&(l)

f(l)=-ex 1
(1) p e,

(4.19)

€(1) and & are the Gibbs free energies per particle of individual and of the reference structure,

respectively.




Chapter 5

Theoretical Tools IlI:

Phonon band structures

Besides the static equilibrium con gurations, we are interested in the dynamic properties of the
investigated systems, as the motion of the particles in the odered structure accounts for a number
of e ects and properties, e. g. the thermal conductivity of a material, its elastic properties, and
its melting behaviour. Also the propagation of sound through the solid is closely connected to the
dynamics of the system.

In this chapter, we summarise the tools necessary to study tB dynamics of an ordered solid
structure, focusing on the calculation of the dispersion réation, or phonon band structure for a
given two-dimensional system. We start with the framework d the classical theory of harmonic
crystals, presenting the formalism that leads to the dispesion relation [61,76,77], before discussing

the changes necessary to describe colloidal crystals [783B

5.1 Basic concepts of harmonic lattice dynamics

In order to investigate the dynamics of a given system, we haw to consider nite temperature, as
the description of solid structures as given in section 3.3a&nnot account for various of a materials
properties. Although the equilibrium structures are identi ed for zero temperature in this thesis,
we can assume that at su ciently low temperature, T 0, these con gurations will prevail as

stable equilibrium structures and we can determine their dyhamics.

We have chosen to investigate the dynamics of our systems witn the theory of harmonic

crystals, which is based on two assumptions:

1. the movement of the particles in the ordered structure is gven by oscillations around their
respective lattice sites, which are identi ed as the averag position of the particles in the

structure.
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2. the deviation of a particle from its mean position shall besmall compared to the average

spacing between neighbouring sites in the lattice.

With these two assumptions, the Hamiltonian of the system, which governs the dynamics of
all constituent particles, can be simpli ed to the harmonic approximation of lattice dynamics and
every motion possible to the particles in the lattice can be @scribed as a superposition of a small
set of harmonic oscillations { the so-callednormal modes of the system.

5.1.1 The harmonic approximation

The Hamiltonian of a system of N particles is given by the sum of kinetic and potential energes:

X p2

N.~Ny_—
H(r vp )_ M

+ vy (5.1)

where p, is the momentum of the -th particle in the n-th unit cell of the lattice structure. The
index thus runs from 1 to n,, the total number of particles in one unit cell (see section 33).
We will also introduce an index i to distinguish the three Cartesian components of vector-véued
guantities in the following.

If the interactions between particles are described by the adially symmetric pair potential
( r), the potential energy V (rN) is represented by the interactions between all particlesn the
lattice,

X X
vty =3 (jra Tnoof) (5.2)

As the particles are allowed to oscillate around their assoated lattice site, the actual position

of a particle r, (see gure 5.1), can be written as
rh = Rn +uUn (5.3)

so that the deviation from the lattice site at R, is given by the vectoru, . With (5.3), equation
(5.2) becomes
v(iN)= 2 (jRn  Rpoo+Up  Upooj) (5.4)

According to our second assumption { the de ectionu, is small for all particles { the potential

energy (5.4) can be expanded following Taylor's theorem:

X 1X X
vV(irNy= v+ Kni Uni + = Knin o giolni Uno oo+ O(U3) ; (5.5)
ni 2 ni no 00
with
1 X X .
Vo: E (JRn RnO OJ)

n noo
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o, ©

0

Figure 5.1: Schematic representation of a two-dimensional lattice wi the av-
erage position of a particle in this lattice given byR, , the displacementuy
and the resulting, actual positionry .

being the potential energy of the equilibrium structure at rest, and the coupling parameters

@\r™)
Kni = —=— ; :
@Hi u=0 (5 6)
e = _@V(IY)
Kn [H I @u: @4yo oo - (5-7)

The parametersky; corresponds to individual Cartesian components of the force exerted on the
particle labeled n by all other particles at their respective equilibrium positions. Since there is
by de nition no net force acting on the particles in equilibr ium, the coupling parametersk,; have

to vanish for all values ofn, , andi,
kni =0 ; 8 n;;i

Taking the translational invariance of the lattice and its symmetric properties into account, one
of the indices n or n%is super uous in the kyin o qo: the properties of the lattice have to be left

unchanged if the whole lattice is shifted, e.g. by a lattice \ector R o,
Knin 0 60 = Kn+noojn o+ poo oo
If we choosen®=n® we see thatk,n o o is only dependent on the di erencen n°,
Knin 000 = Kn noi; 0 oo ; (5.8)

re ecting the translational invariance of the lattice stru cture. Following the de nition of the

knin o oo in equation (5.7), we can express the coupling parameters iterms of the pair potential
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(r):

(5.9)

Knin o oo =

rire 1@r) @(r) 1 @)
2 r @r @¢? r

with
ri = Rni Rno o and ri0= Rnpi o Rpo oo

For su ciently small deviations u, the anharmonic terms O(u®) can be neglected in the ex-

pansion of the potential energy in (5.5), and we arrive at the harmonic approximation for the

Hamiltonian:
N. N X Pa N
H(r™;p")= 2|\r;| + Vo + Vham (™)
with
N 1 X X
Vharm (™) = 2 Kni;n o oUnyi Upo oo (5.10)
ni no oo

5.1.2 Normal modes and dispersion relations

Within the classic theory of harmonic lattices, the motion of every particle in a structure can be

described by a superposition of a small set of "elementary waes" or normal modes characteristic

to the system. To determine the normal modes of a given lattie consisting ofn, particles in the

unit cell and determined by the lattice vectors f R, g, we start with the harmonic approximation

of the system's Hamiltonian,

O TV I (5.11)
2M 2 ’

ni ni no 0j0

HuN;pN) =

By introducing the canonic variables

ni = % and sy =Uyi M

we can rewrite equation (5.11) as

Nyl X 1x X
H(S ; ): T'F \p + E Dni;n 0 0j0Spj Spo o (5.12)
ni ni no 0j0

where we identify
Kn iin 0 00

—— 5.13
M M o ( )

D, iin 0 0o =

as the dynamical matrix of our system.

Hamilton's equations of motion (see chapter 3) lead to Bl partial di erential equations to

describe the movement of theN particles in the system,

(t X
M = Dnin o goSno oo(t)

o | : (5.14)
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where the time-dependence o8, , Spo oo iS now explicitly marked. We solve these equations by

using an ansatz of the form of simple plane waves { the normal mdes:
sy (t)= c edRn Mt (5.15)

wherec = c (q) is the polarisation vector and! = ! (q) is the frequency of the normal mode,

both yet undetermined, and q is the wave vector of the plane wave.

Inserting relation (5.15) in equation (5.14) yields

) X )
! ZCi gdRn = C ooDpin o oo gRqo - (5.16)
no 0jo
Due to the de nition of the dynamical matrix in equation (5.1 3), Dnin o qo has to share the

symmetry properties of the coupling parameterkp in o oo:
I:)ni;n 0 oo = Dy no%i; 0 90

in analogy to equation (5.8). We can therefore de ne the Fouier-transform of the dynamical
matrix, X
B oo(@)=  Dnin ocoe 9Rn Rad (5.17)

no
which is independent of the indexn and allows us to write the equations of motion from equation
5.16) as
(5.16) «
!ZCi = |§i; oio(q)C ojo . (5.18)

0j0
In this way, we retrieve 2n, relations, from which the frequencies! (q) and polarisation vectors

¢ (q) of the normal modes can be extracted as the eigenvalues andgenvectors of the Fourier-

transformed dynamical matrix.

From equation (5.17) we see that the Fourier-transform of the dynamic matrix is periodic in
g-space:
B oo(q+ Qn)= By oo(q) ;

where Qp is a vector of the reciprocal lattice. The eigenvalued (q) and the eigenvectorsc (q)

are fully determined by the Fourier-transform of the dynamical matrix and share its periodicity,

'(+Qn)="(q) and c (q+ Qn)=c (q)

As the rst Brillouin zone is a smallest repeat unit of the reciprocal lattice and re ects its
symmetry, it is su cient to determine the dispersion relati ons! (q) and the polarisation vectors

¢ (q) only for wave vectors inside the rst Brillouin zone in order to de ne both, ! (q) and ¢ (q),
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Figure 5.2: Reciprocal lattice of a square Bravais lattice (left) and ofa hexag-
onal Bravais lattice (right). The rst Brillouin zone is mar ked by broken lines
in both cases, the full line encloses the irreducible sectioof the respective zone
(see text).

in the entire reciprocal space. In addition, we can de ne a secalled "irreducible section" within

the rst Brillouin zone, which represents the smallest repeat unit of the Brillouin zone itself (see
gure 5.2). The border of this irreducible section usually links the points of high symmetry and
runs along the symmetry lines present in the Brillouin zone ¥7]. By convention, phonon band
structures are presented for paths along this border.

The 2n, curves for! (q) forming the phonon band structure of the given lattice can belong to
two fundamentally di erent sorts of branches (see gure 5.3 for an example): There always exist
two acoustic branches where the frequencies vanish in the limit of long wave lendis jgj ! O,
and which correspond to a collective movement of all partioks in the lattice. If the considered
structure contains more than one particle in the unit cell, i.e. if n, > 1, the remaining 2n, 2
branches are so-calledptical branches which are characterised by a nite frequency atjgj = 0.
In an oscillation corresponding to an optical branch of the ghonon band structure, the particles

in the unit cell are de ected such that the centre of mass of the unit cell remains xed.

5.2 On the lattice dynamics of colloidal crystals

Although colloidal dispersions often act as suitable modekystems for conventional, "atomic" ma-
terials, the lattice dynamics of a solid colloidal disperson crucially di ers from the respective
behaviour of an atomic system. The main reason for these di eences lies in the special setup of a
colloidal dispersion: a colloidal solid { or colloidal crystal as it is also called { consists of macro-
scopic particles forming a periodic structure while suspeded in a microscopic solvent. Contrary
to the classic atomic theory of harmonic crystals, the dynanics of a colloidal crystal is not fully
determined by the particle interactions and the form of the lattice structure, but the in uence of

the solvent on the particles' motion has to be taken into accaint as well.
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Figure 5.3: The phonon band structure of a hexagonal lattice with threegpticles
per unit cell (left), interacting via an ideal dipole-dipole potential. The corre-
sponding structure is shown on the top, right; the chosen unicell is marked
by a broken line. The reciprocal lattice of the structure is sown on the bot-
tom right, with the rst Brillouin zone (broken line) and the irreducible path
along which the band structure was calculated (full line). Tie points of special
symmetry are also marked ( , M, and K).

The presence of the solvent has various e ects: it introducs friction, and thus a damping
of the lattice vibrations, and it allows for an exchange of manenta between particles, leading to
hydrodynamic forces. There exist various models to describ and derive the dynamical behaviour
of colloidal crystals, which consider the in uence of the sévent to various extent, e.g. simple
models treating the colloidal dispersion as a spring-beadattice immersed in a viscous medium [79],
descriptions including Stokes friction to the standard treatment known from solid state theory
[80,81], or theoretical approaches that treat both in uences on the particles motion, friction and
hydrodynamic forces [78,82,83].

By employing these models, it can be shown that due to these atitional forces acting on the
particles in the colloidal solid, no modes travelling through the colloidal crystal can exist. The
typical lattice vibrations are strongly damped, as the ratio of the frequencies of the normal modes

I (q) over the also wave-vector dependent friction factors [78] ( q), is usually very small,

|

t(a) 103 10 4

(q)
The travelling phonon modes of the classical, harmonic crysl are thus transformed into normal
relaxation modes|[78,79,84{87], and an arbitrary movement of the particles n a colloidal crystal

is described as a superposition of these relaxation modes.
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In our investigations on the dynamics of solid colloidal sysems, we focus on the calculation of
the phonon band structure. The dispersion curved (q) are still fully determined by the interpar-
ticle potential and the lattice structure, so that despite all the changes necessary in the description
of the dynamics of colloidal crystal, the phonon band strucures retain their role as an important
source of information on the system's properties.

In experiments, there exist various techniques to determie the phonon band structure of
a colloidal crystal. Most of these approaches depend on an agrate model of the particles'
movement [78, 88, 89], as the dispersion relations are deded from the decay rate of the auto-
correlation function of the normal modes. There are some tdmiques though, that circumvent
the complex problem of modelling the di erent in uences on the particle dynamics through the
extensive use of video microscopy: instead of recording damical data, the dispersion curves are
directly accessed via the measurement of spatial correlatins [80, 87, 90], rendering the complex

problem of modelling the in uences of the solvent on the colbidal particles super uous.




Chapter 6

Results

6.1 Square-shoulder systems

The two-dimensional square-shoulder system presented irestion 2.1 has been investigated in the
past by various di erent methods [12, 15, 25,32, 33]. In thes studies, a remarkably rich variety of
stable ordered con gurations was discovered, where the pdicles were found to arrange in often
highly asymmetric structures, despite the radially symmetric interaction potential (see section 2.1,
equation (2.1)).

Knowing about the de ciencies in identifying complex particle con gurations of the conven-
tional search algorithms that have been employed in these mvious works [12,15, 25,32, 33], GA-
based optimisation techniques as described in chapter 4 werintroduced in this thesis to provide
a reliable and systematic survey of the square-shoulder ste@m's strategies to form stable ordered
con gurations.

In this section, we present the results of our investigatiors on the equilibrium structures of the

two-dimensional square-shoulder system.

6.1.1 Ordered equilibrium structures

We investigate the formation of ordered structures in the system by systematically varying the
pressureP for ve dierent values of shoulder width, =1:5,3 ,5,7 ,and 10, where is
the diameter of the impenetrable core of the particles. All @lculations are performed in anNP T -
ensemble, so that the equilibrium structures are characteised by a minimal Gibbs free energy (cf.
section 3.2),

G=U ST+ PA ; (6.1)

where U is the internal energy of the structure, S the system's entropy, T is the temperature,
P the applied external pressure, andA the area of the system. As we choose to investigate the

zero-temperature phase diagram of the square-shoulder s¢sn, the entropic contribution to the
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Gibbs free energy vanishes, due to the constrainT = 0 (cf. section 3.3.2).

Instead of the Gibbs free energy given in equation (6.1), we se the Gibbs free energy per

particle in standard reduced units in our investigations:
G =—=U+— ; (6.2)

whereU = US(N"),P =(P ?)=",and = N=A is the particle area density of the system, with
N being the number of particles present. In order to compare tle results for the di erent values
of , we additionally scale all thermodynamic quantities with the maximal internal energy U,

obtained for each shoulder width.

To nd the global minimum of the Gibbs free energy for every pressure value and shoulder
width , we employ genetic algorithms, as they were introduced in sgion 4.2. The ordered lat-
tice structures were either parametrised using the standad description of crystal lattices or via a
cluster-biased parametrisation according to section 4.2.. As the investigated particles exhibit an

impenetrable hard core, the parametrisations were adaptediccordingly (see section 4.2.1.3).

The special form of the interaction potential (2.1) leads to characteristic forms of U and G
as functions of P : each structure is characterised by its number of corona owaps, so that the
internal energy U of this structure has a xed rational value, given by the number of corona
overlaps per particle. As long as the structure does not chage, the internal energy is the same,
irrespective of the applied pressure. The same is true for th particle area density: as long as the
structure remains the same, the density retains its value. he corresponding Gibbs free energy
G (P ) of a single structure is therefore given by a straight line é slope &= ina G -P -diagram
according to equation (6.2). We can identify two limiting structures in this context, which occur
for all values of the shoulder width : at very low pressure, the system will arrange so that discs
of diameter form a hexagonally close-packed structure. As no overlapsfa@oronas occur in this

con guration, the internal energy vanishes, U, = 0, and we can write

_ N _ r‘2
low Ahex( ) P§ 2

for the particle area density. The con guration of maximal i nternal energy and density is encoun-
tered at high values of the pressure and is given by another heagonally close-packed structure,
where the hard core of each particle is in direct contact withits six nearest neighbours. The
internal energy thus reaches its maximal value Uy,;, = Up,, () and the particle area density of
this incompressible structure can be written as

. = N = D 2
high Ahex( ) |~'§ 2

As 0w and nigh are the minimal and maximal values of the particle area dengy, all minimum
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energy con gurations (abbreviated "MECs", "MEC" in singul ar) for a given shoulder width have

to be located on straight lines of slope £ with

1 1 1

max min

inan G -P -diagram. It is this fact we use to construct an algorithm for a systematic scan along
the pressure axis: we rst determine the pressure value whit corresponds to the intersection point
of the two lines representing the above discussed limiting ases in theG -P -diagram. For this
pressure value, a GA is then employed, leading to a con gurabn of lower Gibbs free energy. This
Gibbs free energy of the newly found structure is again repreented by a straight line which can
be intersected with the previous lines, yielding two new prasure values. At these values, GA runs
are again performed. By iterating this procedure, we are ald to investigate the whole pressure
regime e ciently, without risking to miss a MEC due to an inap propriately spaced pressure grid.
The Gibbs free energyG = G (P ) is obtained as a sequence of intersecting straight lines ev

the entire pressure range (see references [74,75] for fuethdetails).

We start with our survey at a shoulder width of = 1:5 and show the MECs proposed
by the GA in gure 6.1: at very low pressure, the particles were found to populate an ideal
hexagonal lattice, avoiding overlapping coronas. Upon comression, the system must pay tribute
to the reduced space in terms of an energy penalty, i. e. via arst overlap of shoulders, and lane-
formation emerges as an energetically convenient solutionAlong the lanes, particles are in direct
contact, forming a one-dimensional close-packed arrangeent. Parallel lanes try to avoid corona
overlap and the shoulder width  serves as a spacer (see magni ed view in gure 6.1). As the
pressure is further increased, new strategies are requireld arrange particles in an energetically
favourable way. While particles still prefer alignment along lanes, the internal arrangement is
modi ed: rather than forming straight lines, the lanes are now zig-zag shaped, which is a tradeo
between the reduced available space and the energetic pehaldue to additional corona overlaps.
Neighbouring lanes are arranged in a way that each particles now in direct contact with three
others (see magni ed view in gure 6.1). These staggered laes can also be viewed as ring-like
structures where six particles form elongated rings with  xing the width of the cage. Further
compression causes the system to collapse into the hexagdiyeclose-packed structure, where each
particle is in direct contact with its six nearest neighbours.

Figure 6.2 displays the corresponding thermodynamic propgies G (P ) and U (P ), where
the characteristic features mentioned above are clearly dible: the internal energy appears as
a distinct sequence of at plateaus, each representing onefadhe MECs found, whereas the in-
dividual line segments, which compose the Gibbs free energgre also easily recognised in the

G -P -diagram.

As we proceed to a shoulder width of =3 , the system develops completely di erent strate-
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Figure 6.1: Complete sequence of MECs for the square-shoulder system of
shoulder range = 1:5 . Red spheres mark the particles' hard cores, whereas
the repulsive shoulders are depicted as grey coronas. Corugations correspond
(from left to right and from top to bottom) to pressure valuesindicated in gure

6.2 by vertical arrows.
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Figure 6.2: Gibbs free energy (black line),G , and internal energy (red line),
U , as functions of P for a system of shoulder range = 1:5 , all scaled
with U, = 3, the internal energy of the hexagonally close-packed striuze.
Vertical arrows indicate MECs depicted in gure 6.1. Broken lines indicate
limiting cases of MECs (see text).
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i

Figure 6.3: MECs for the square-shoulder system of shoulder range = 3 .
Con gurations correspond (from left to right and from top to bottom) to pres-
sure values indicated in gure 6.4 by vertical arrows. The squence shown here
is a representative selection from the MECs found. The full squence can be
found in appendix B.
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Figure 6.4: Gibbs free energy (black line),G , and internal energy (red line),
U , as functions of P for a system of shoulder range = 3 , all scaled
with U,,, =15, the internal energy of the hexagonally close-packed striuze.
Vertical arrows indicate MECs depicted in gure 6.3. Broken lines indicate
limiting cases of MECs (see text).
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gies to form MECs as the pressure is increased, leading to amsiderably broader variety of di erent
structures. The con gurations shown in gure 6.3 capture the general trends observed by present-
ing a selection from the full sequence of MECs found, whereabe corresponding thermodynamic

properties are displayed in gure 6.4.

The hexagonal pattern imposed by the non-overlapping coroas, which is observed for very
low pressure values only and not displayed in gure 6.3, is son superseded by a novel strategy,
namely the formation of clusters. At low pressure, dimer- am trimer-clusters are observed to
form distorted hexagonal lattices, where the degree of distrtion is imposed by the shape of the
clusters. In this way, the dimers form a strongly distorted lattice, whereas the trimers sit on an
almost ideal hexagonal structure. As the system is further ompressed, the formation of clusters
becomes energetically less attractive and lane-formatiorsets in. In the beginning, each lane is
built up by a single, linear chain of particles, resembling tie rst lane scenario encountered for

= 1:5 , but for increasing pressure, the internal architecture ofthe lanes gets more complex:
besides the lanes formed by single chains of particles mentied above, we observe a dense dimer
phase, that can easily be interpreted as a lane-like scenarj a striped phase of double chains and
pearl-necklace structures. As the pressure is increasedrther, the system collapses to close-packed
structures characterised by a compact distribution of particles, until the high pressure limit of a
hexagonally close-packed structure is nally reached, whee the hard core of each particle is in

direct contact with its six nearest neighbours.

This considerably richer wealth of MECs encountered for =3 is re ected by the increased
number of energy levels in the plotU vs. P and the number of intersecting straight line segments
inthe G -P -diagram in gure 6.4. The complete sequence of stable struares identi ed with the

GA can be found in appendix B.

For =5 , the general trends already observed in the previous cases 0 =1:5 and 3 get
more pronounced (see gure 6.5). Again, the structures presnted in gure 6.5 are a representative
selection from the complete sequence of MECs found for =5 , which is displayed in full detail
in appendix B. Figure 6.6 displays the behaviour of the Gibbsfree energy,G , and the internal
energy per particle,U , for increasing pressure.

The low pressure regime is populated by clusters, arrangedmoan underlying distorted hexag-
onal lattice. As the pressure increases, those aggregategdome larger until they reach a size of
four particles. Upon further compression, the system agairprefers to form lane-like structures of
various shapes: we observe striped phases with up to four picles per lane as well as parallel
zig-zag-shaped lanes. The increasing complexity of the irer structure of the lanes makes simple
energetic explanations in terms of overlapping coronas hakto perceive, but the magni ed views
in gure 6.5 give evidence that the formation of the di erent lane structures is an e cient strategy
to avoid an overlap between the coronas of particles belongg to neighbouring lanes. Above a

certain pressure threshold, the formation of lanes is no loger energetically favourable and the
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Figure 6.5: MECs for the square-shoulder system of shoulder range =5 .
Con gurations correspond (from left to right and from top to bottom) to pres-
sure values indicated in gure 6.6 by vertical arrows. The squence shown here
is a representative selection from the MECs found.
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Figure 6.6: Gibbs free energy (black line),G , and internal energy (red line),
U , as functions of P for a system of shoulder range =5 , all scaled
with U, =42, the internal energy of the hexagonally close-packed striuze.
Vertical arrows indicate MECs depicted in gure 6.5. Broken lines indicate
limiting cases of MECs (see text).
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system collapses to compact con gurations with a dense distbution of particles, like the square

lattice shown in gure 6.5.

Additionally, we encounter a phenomenon, that can be intergeted as a rst observation of a
narrow cross-over region from cluster-populated latticedo striped phases: single particles arrange

in chains with two di erent inter-particle separations alo ng the lane (cf. appendix B).

The complexity of internal arrangements increases furtherin all three types of encountered
structures { clusters, lanes and compact arrangements { astte shoulder width changesto =7
Figure 6.7 shows a representative collection of the alreadgonsiderably large number of MECs
proposed by the GA (see appendix B for the full sequence of skde con gurations). The internal
and Gibbs free energy per particle as a function of the presse, U (P )and G (P ), are displayed

in gure 6.8.

Starting from the low density hexagonally close-packed stucture, which is not depicted in
gure 6.7, we observe clusters of growing size for increasinpressure: the dimers shown in gure
6.7 are soon superseded by trimers, and later by clusters ceisting of four, six, or even eight
particles. The eight-particle clusters are of an almost cicular shape as can be seen in the magni ed
view in gure 6.7 and thus allow for an arrangement very closeto the energetically favoured
hexagonal con guration. Although the eight-particle cluster structure was found to be stable over
a comparatively large range of pressure values (see gure &), we however have to note that the
occurrence of this particular cluster size is possibly dued the chosen parametrisation of lattices:
the cluster-biased parameterisation as introduced in se@bn 4.2.1 favours the formation of clusters
consisting of six or eight particles, whereas clusters of sen particles, which allow for perfectly
symmetric aggregates even closer to the preferred circulashape, are not available to the cluster-
biased parameterisation and can enter the survey only via daulations employing the standard
description of two-dimensional lattices (cf. section 4.21).

Similar to the cluster phases, also the lane-like structurs increase in complexity as the shoulder
width increasesto =7 : arrangements of lanes that are two, three, four and six patricles wide are
found in the intermediate pressure regime, displaying a brad variety in their internal architecture.
Surprisingly, structures consisting of single-particle @ains fail completely to show up among the
discovered MECs.

Furthermore, we can now distinguish two di erent cross-ove regions for systems of shoulder
width =7 : rst, a cross-over regime from the clustered phases to thedne-like scenarios similar
to the one observed for systems with =5 , where dimers arrange in lanes with the inter-dimer
distance within one lane gradually decreasing as more presee is applied to the system. Second,
we observe a cross-over from lane-like structures to the copact con gurations encountered at
high pressure values, as dense particle distributions areofind to alternate with phases exhibiting

distinct stripes.
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TIBETI N
7 | | F 4

Figure 6.7: MECs for the square-shoulder system of shoulder range = 7 .
Con gurations correspond (from left to right and from top to bottom) to pres-
sure values indicated in gure 6.8 by vertical arrows. The squence shown here
is a representative selection from the MECs found.
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Figure 6.8: Gibbs free energy (black line),G , and internal energy (red line),
U , as functions of P for a system of shoulder range = 7 , all scaled
with U, = 84, the internal energy of the hexagonally close-packed striuze.
Vertical arrows indicate MECs depicted in gure 6.7. Broken lines indicate
limiting cases of MECs (see text).
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Finally, for =10 , the largest shoulder width investigated, the strategies 6 the system to
arrange particles in energetically favourable con gurations seems to be similar to the previous cases
at rst sight: the hexagonal pattern of minimum density, whi ch is not included in the selection of
MECs shown in gure 6.9, is soon replaced as the system prefethe formation of clustered lattices.
The formation of lanes of increasingly complex inner structire is preferred at intermediate and
high pressure values, and the cross-over regions, rst frontluster-shaped particle arrangements
to lane-like structures and second from lanes to the compactegime are both visible and more
pronounced as in the previous cases.

The di erences between the MECs of the comparatively large koulder length of =10 and
those obtained for the intermediate values discussed abovere of subtle nature and concern the
internal arrangement of particles in the structures: although the growing cluster arrangements are
located on slightly distorted hexagonal lattices as in the pevious cases, the system's strategy to
form MECs has changed, as we observe that inside a cluster theores of the particles sometimes
arrange in a disordered fashion (see magnied views in gure6.9 and Appendix B), while for
intermediate values of only clusters with an ordered internal particle arrangemer occur. The
reason for this change is obviously the following: once is su ciently large to support cluster-
formation, the system tries to arrange particles in clustes shaped as circular as possible. In
turn, this guarantees that the underlying structure is close to the energetically most favourable
hexagonal lattice. For intermediate shoulder widths, whee the core region still represents a
considerable fraction of the particle diameter, the systemhas to proceed rather carefully to ful |
this requirement, leading to an ordered arrangements of thecores. For = 10, however, the
core region is nearly negligible with respect to the corona vdth. Now both regular and irregular
particle arrangements inside the core can lead to circulashaped clusters of the same size, having
practically the same G-value (see gure 6.10).

If we extrapolate these results to even larger values of { or, equivalently, to a vanishing
core { and brie y switch to three dimensions, we arrive at ancther soft matter model system
that has been studied in detail in literature: the penetrable sphere model (PSM) [91]. Among
the remarkable, well-documented features of this system i#ts ability to form cluster phases: at
su ciently high densities clusters of overlapping particl es populate the lattice sites of a regular
fcc lattice [92]. Detailed simulations of a closely relatedsystem that also shows clustering [13]
have revealed that the internal structure of the clusters iscompletely random. These observations
are consistent with our results in the sense that an increasig corona width (or, equivalently, a
vanishing core) favours formation of disordered clusters Pparticles, which in turn populate sites
of regular lattices. Obviously, rst precursors of this phenomenon occur in systems of shoulder
width =10 [73,93].
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Figure 6.9: MECs for the square-shoulder system of shoulder range= 10 .
Con gurations correspond (from left to right and from top to bottom) to pres-
sure values indicated in gure 6.10 by vertical arrows. The squence shown
here is a representative selection from the MECs found.
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Figure 6.10: Gibbs free energy (black line),G , and internal energy (red line),
U , as functions of P for a system of shoulder range =10 , all scaled with
Unax = 180, the internal energy of the hexagonally close-packed struce.
Vertical arrows indicate MECs depicted in gure 6.9. Broken lines indicate
limiting cases of MECs (see text).
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6.2 Binary mixture of dipolar colloids

In this section we investigate the minimum energy con gurations formed by a binary mixture of
dipolar colloids. The two involved particle species di er in size and thus in their dipole moment,
leading to distinctly di erent potentials acting between t he species (cf. section 2.2). After pre-
senting the results obtained with our search strategy basedn genetic algorithms, we compare
our ndings to experimental data and to structures discovered in simulations. The last part of
this section is dedicated to the phonon band structures of tle found equilibrium con gurations;
in particular we focus on the in uence of the system parametes on the functional form of the
dispersion relations.

6.2.1 Ordered equilibrium structures

The two parameters to be varied when investigating the ordeed equilibrium structures of the
dipolar binary mixture are the particle size ratio z = Rg=Rp and the concentration of small
particles in the system, C = ng=(na + ng) (cf. section 2.2), whereA labels the bigger particle
species andB the smaller one. n; is the number of particles of species in the system. Here we
consider structures with a particle area density 2 = (na + ng)=A = 0:6, a value for which we
believe the average inter-particle distance to be still lage enough to guarantee that the interactions
are close to the ideal dipole-dipole behaviour (cf. sectior2.2).

Due to practical reasons we have limited the number of partites per unitcellton, = na+ng =
8, as the computational cost increases substantially with he number of particles and the GA-search
is not able to nd the global minimum of the free energy reliably if too many parameters are to
be optimised. Thus, we can investigate values for the concerations of the smaller particles, C,
in the range of C = 1=8;:::;7=8. For particular xed C-values we could therefore perform inde-
pendent GA-runs for a given state point using unit cells of dierent size: for instance, a system
with C = 1=2 could be realised using 2, 4, 6 or 8 particles per cell. Fingl we have also included
the caseC =2=9 (i. e.,, na + ng =9) in our investigations, since this particular ratio is kn own to

give rise to highly asymmetric structures [94].

In order to guarantee a high reliability of our method, each gate point (characterised by
concentration C and particle size ratio z) is considered in a two-step process: First, several inde-
pendent GA-runs are performed with a cuto radius r. of considerable size (see below). These
obtained structures and their respective energies are congved. The lattice with the overall lowest
free energy is re-considered in the second step, but now withn even larger cuto radius. The
structure that emerges from this search is then taken as the MEC for this particular state point.
This rather high numerical e ort might seem exaggerated at rst sight, but we have good reasons
for this strategy: the large number of parameters that characterises a two-dimensional lattice leads

to a rough energy landscape and the slowly decaying potentias responsible for the sensitivity
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of the tness function to the numerical parameters. Thus, GA-runs carried out for one state
point using a moderate cuto radius do not necessarily convege to the same energetic minimum,
which forces us to suitably adapt the algorithm's parametes (i.e. the mutation rate, the number
of individuals per generation etc.). Furthermore, performing identical runs provides additional
information on the roughness of the energy landscape in themmediate surrounding of the found

energy minimum and makes degenerate structures accessitlgee below).

We used the following values for the numerical parameters irour investigations: In every run
200 generations were calculated, consisting of 1000 indtials each. The mutation rate was set
to pm = 0:01. For the encoding step we use twelve bits to encode a numbetr.e. for the lattice
parametersx, i, and i, and six bits for the angle (cf. section 4.2.1), as our numerical tests have
given evidence that a larger number of genes does not increashe e ciency of the GA. Due to
the slow decay in the inter-particle potentials, we have usd in the rst search step outlined above
a cuto radius, ro =200 A for the evaluation of the lattice sum. This value for r. guarantees even
at high densities that an increase ofr. by 10% leads to a relative change of the lattice sum of less
than 0.01%. For the second step in our search strategy, i.efor the overall best structure, a cuto

rc = 1500 5o was used.

In gures 6.11-6.14 we present the minimum energy con guratons obtained with the GA-based
search strategy described above for our mixture of dipolar @lloids. For clarity we show our results
on four dierent panels: Figure 6.11 shows the structures fo concentrations of small particles
C 1=2 and particle size ratiosz ranging from 0:1 to 0:41. Figure 6.12 contains the structures for
the size ratios up toz = 0:9 at the same concentrations of small particles. Figures 63 and 6.14
show the minimum energy con gurations obtained for C > 1=2. Structures of z-ratios marked by
a star in gures 6.11 and 6.13 were originally obtained forn = 2 and rescaled using relation (2.9).
All shown con gurations are of a particle area density of 2 =0:6.

The main general trend to be observed for all investigated cocentrations is the system's
tendency to form lanes at large particle size ratios¢  0:5, for examples see especially gure 6.14,
(a)-(0)). This inclination to stripe-like structures migh t indicate a region of phase separation, a
phenomenon not directly accessible due to our search algahim's inherent restriction to periodic

structures.

At z = 0:8 and above, the dierence in size between the two particle spcies is no longer
pronounced enough to produce distinctive deviations from acompact hexagonal lattice (see gure
6.12 (m)-(t) and gure 6.14 (p)-(y); the dierent colouring of the particles can be misleading to
the eye in this respect). Additionally, the GA experiences d culties in nding the global energy
minimum as the energy-landscape attens out due to the potetials getting increasingly alike. We
will therefore exclude the results obtained for particle sze ratios larger than z = 0:7 from the

following discussion, and we will also omit the many degenette structures, i.e. structures that
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di er in their arrangement of particles but correspond to th e same energy, found foz  0:8 from

our survey.

Results for C 1=2

We start a more detailed discussion with the lattices obtaired for C ~ 1=2 as their common fea-
tures are easily visible. Increasing the concentration of mall particles C results in decreasing the
size of the area occupied by a hexagonal lattice formed onlyybthe large particles. The particle
size ratio z on the other hand in uences the form of the cage, the large patcles build around
the small ones. Ifz is small, the small particles are incorporated into the hexagonal lattice of the
large ones without disturbing their immediate surrounding (z =0:1 0:2, see gure 6.11, (a), (b),
(e), (f), (i), and (j)) so that they populate the centres of equilateral triangles of large particles.
As z increases, the in uence of the size of the small particles otheir surrounding becomes more
pronounced and the triangles of large particles around the mall ones are distorted; rstto a rhom-
boid (z = 0:28, gure 6.11, (m) and (n)) and then to a square with the small particle sitting at the
centre (z =0:3296 0:5, gure 6.11, (q) to (x), and gure 6.12, (a) to (d)). Finally , the square cage
formed by the large particles then deforms to a rectangle (foexamples see gure 6.12, (e), (f), (9),
(i), and (j)), until it nally meets the requirements to tin to a hexagonal lattice and, forz  0:8,
we arrive at the compact case (see gure 6.12, the rectanglesiclearly visible in (m), (n), and (q)).
In the case of C = 1=3 and 1=2, an additional phase appears for small values of (z  0:28).
The triangular cages of the large particles arrange next to ach other in alternating orientation,
and stripes of small particles, meandering through a slighy deformed hexagonal lattice of large
ones, emerge. We believe that similar ground states are to bexpected forC = 1=7 and 1=5, but

which were inaccessible to our survey due to the limitation b a maximum of eight particles per cell.

We would like to point out that all the various structures dis played in gures 6.11 and 6.12
are built up by only a small number of di erent lattice elements or "tiles": an equilateral triangle
of large particles, possibly decorated by a small one in its entre (see gure 6.11 (a) or (b) for
examples), a lozenge of large particles containing a pair a§mall ones, which is aligned along the
longer diagonal (e.g. gure 6.11, (d)), a large rectangle orsquare decorated by a small particle
(e.g. gure 6.12, (i) or (c)), and an distorted hexagon with two small particles inside ( gure 6.12,
(h), (k), and (I)). We believe that this occurrence of "tiled " phases might be an indicator of the
occurrence of so called "random tiling" phases [94] or evenugsi-periodic structures { both are
scenarios inaccessible to our search strategy.

Results for C > 1=2

General trends for mixtures with an abundance of small partcles in the unit cell (C > 1=2) are
harder to perceive as the structures get more complex with inreasingC, though common features

can be identi ed: at the very low value of z = 0:1, the small particles tend to group into small
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Figure 6.11: Found minimum energy con gurations for C 1=2andz 041
The particles are not drawn to scale. Particle size ratios m&ked by a (*) were
originally considered for n = 2 and rescaled using relation (2.9).
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Figure 6.12: Found minimum energy con gurations for C

The particles are not drawn to scale.

C=1/3

(9)

(k)

(0)

(S)

C=1/2

(d)

(h)

0

(p)

(®)

1=2 and z > 0:41.




6.2. BINARY MIXTURE OF DIPOLAR COLLOIDS

71

C=2/3 C=5/7
(@) (b)
(f) (9)
(k) ()
(P) (@)
(u) v)
() (aa)

C=7/9

()

(h)

(m)

(r)

(w)

(bb)

C=4/5

(d)

()

(n)

(s)

)

(co)

C=6/7

()

()

(0)

(t)

v)

(dd)

Figure 6.13: Found minimum energy con gurations for C > 1=2andz 0:41

The particles are not drawn to scale. Particle size ratios maked by a (*) were
originally considered for n = 2 and rescaled using relation (2.9).
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clusters of various shape and occur as isolated single pactes, populating the interstitials of an
ideal hexagonal lattice of the large particles. Asz increases, the formerly distinct groups of small
particles merge (Q1 <z  0:41), until nally stripe-like structures emerge (0:41<z  0:7).

We want to pay closer attention to how these complex structures form by discussing the
obtained sequences in more detail. Because of the small uniell involved, the general trend is
clearly re ected in the sequence atC = 2=3: We start out with isolated single particles at the
interstitials of the large particles' hexagonal lattice (z =0:1 0:2, gure 6.13, (a), (f), and (k)).
If the small particles increase in size, two of them approacteach other, rst forming a distinct
pair (z = 0:28 and 03296, gure 6.13, (p) and (u)) and then { by a small change in the relative
orientation of the originally parallel aligned dimers { pairs from adjacent cells combine to zig-zag
shaped lanesf=0:41 0:6, gure 6.13, (z) and gure 6.14, (a) and (f)).

For the next higher concentration of small particles,C = 5=7, the obtained sequence is consid-
ered much more complex. At very small particle size ratios, v nd dimers in addition to isolated
single small particles located at the interstitials of the hexagonal lattice of large particles ¢ = 0:1,
gure 6.13, (b)). Increasing the size of the small particlesleads to one single particle joining the
adjacent dimer and elongated trimers emerge for = 0:16 andz = 0:2 (gure 6.13, (g) and (1)).
With further increase in size, every trimer is joined by two additional single particles to form
zig-zag shaped pentamersz = 0:28 and 03296, gure 6.13, (q) and (v)), which, in turn, merge to
form lanes (z  0:4). As soon as neighbouring pentamers are close enough to ngey; they "share”
the particles at their respective ends and an additional, Iss populated lane of small particles
emerges £ = 0:41, gure 6.13, (aa)). At size ratios from z = 0:5 to z = 0:7, rearrangements occur

within the lanes, but the overall, stripe-like structure re mains.

For C = 7=9, we encounter "cup-like" structures, where every large p#icle is surrounded by
a ring segment of small particles (see gure 6.13, (r), (w), ad (bb) for examples). The "cups"
have their origin in the deformation of zig-zag-shaped hepamers, formed at low particle size ratios
(z =0:2, gure 6.13, (m)): increasing z rst leads to a bending of the initially straight parts of
the heptamers around the large particles in their surroundng (z = 0:28, gure 6.13, (r)). Ata
further increase of z neighbouring heptamers of small particles join together, hus forming the
above mentioned cup-like arrangement of small particles aund each of the large onesz = 0:3296
andz = 0:41, gure 6.13, (w) and (bb)). At z =0:5 and above, the cup-like features disappear and
we arrive at a normal, lane-like lattice for z = 0:5 and z = 0:6, where neighbouring lanes formed by
the small particles alternate in width and we can distinguish a hexagonal pattern in these stripes
of small particles (see gure 6.14, (c) and (h)). Forz = 0:7, we observe the arrangement of large
particles into distinct pairs, as the lanes formed by the smdl particles are now interconnected (see
gure 6.14, (m)).

This occurrence of "cups" can be interpreted as a precursorfahe formation of rings, encoun-
tered for the concentrationsC = 4=5 and C = 6=7. For C = 6=7, the rings of small particles

surrounding the positions of the large ones, which in turn fem a more or less ideal hexagonal
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lattice, are already recognisable at very low values o and remain stable over a long range of
particle size ratios (z=0:1 0:3296, gure 6.13, (e), (j), (0), (), and (y)). The transitio n to the
stripe-like phases takes place via a deformation of the undeing hexagonal lattice of the large
particles (z = 0:41, gure 6.13, (dd)), to a slightly distorted square lattice at z = 0:5 (gure
6.14,(e)). This transformation is accompanied by a reductbn of the number of small particles
surrounding a large one from twelve ¢  0:3296), to ten (z = 0:41), and nally to nine at z =0:5.
At particle size ratios larger than z = 0:5, the system exhibits distinct stripes of large and small
particles (see gure 6.14, (j) and (0)).

In the other case, atC = 4=5, we also observe the formation of small particle rings =
0:41 0:6, gure 6.13, (dd) and gure 6.14, (d) and (i)). This time the y are not visible at
small particle size ratios, but are preceded by a sequence nig-zag-shaped or pearl-necklace lanes
(z=0:16 0:3296). Like at C = 6=7, the number of small particles forming a ring also becomes
smaller at this concentration asz increases, starting with nine particles atz = 0:41 andz = 0:5
and diminishing to eight particles per ring at z = 0:6. For even higher values ofz, the stripe

scenario is realised once more.

Comparison to a hard-disc mixture

In an e ort to understand the mechanisms leading to the obseved minimum energy con gurations,
we compare our ndings to the phase diagram of a hard disc mixtire [94]. All of the ordered,
periodic structures found to be stable in this study are alsopresent in our current survey on
dipolar colloids (see gure 6.15). Almost all of these lattices were found atz-values closest to the

structures' "magical” values z , for which all neighbouring particles are in direct contact in the
high-density, close-packed unit cell. For the parameter si&s available through [94] and using the
terms coined therein for the di erent lattices, we observe the following for the dipolar colloids:

At C = 1=2, the S;-structure is obtained for z = 0:3296 0:41, and @5 and the H,-structure
for z=0:6 and 07. At C = 2=3, the dipolar mixture forms T;-like structures at z=0:1 0:3296
and Hi-lattices at z=0:41 0:6. An example of anH3-structure is found at C =7=9,z = 0:8.
S, occurs forC = 4=5, z = 0:6, while for C = 6=7, we encounterT,-structures in the range of
z=0:1 0:3296 (see table 6.1 for a summary).

Most di erences occur because our method of investigation des not allow for non-periodic
lattices like "lattice gas phases", "random tiling phases" or the possibility of a phase separation {
all phenomena which were included in the survey of Likos and Enley [94]. Nonetheless, there are
also cases in which the mixture of dipolar colloids shows a l®viour undiscovered in the hard-disc
system: For low and intermediate values ofz, the Hs-structure (C = 7=9) is stable in the case of
the hard-disc mixture [94]. The dipolar mixture shows distinctly di erent lattices throughout the
whole range of particle size ratios (see gure 6.13, (c),(h)(m), (r), and (bb)), all of which were
explicitly checked against the H z3-structure and proved to be of lower energy. AtC = 4=5, instead

of the S, structure occuring for hard-discs, the dipolar mixture shows two di erent structures at




6.2. BINARY MIXTURE OF DIPOLAR COLLOIDS 75

< @ /7 N

S1 H2 T1 Hi

O
/)

H3 S2 T2

Figure 6.15: Equilibrium structures of the dipolar binary mixture (large pic-
tures) with the corresponding stable lattices of the hardidc system (small pic-
tures [94]). Symbols refer to the structures listed in tables.1. A possible choice
of the unit cell is marked in both cases.

| C [ structure [ z-values (dipolar colloids) [ z-interval (hard-discs) [94] | z [94] ]
1= S 0:3296 0:41; 0:5 [0:392 0:414] 0:414
1= H, 0:6;0:7 (0:414,0:438][ [0:627,0:646] 0:637
2= T 0:1; 0:16; 0:2; 0:28; 0:3296 [0; 0:312] 0:155 0:281
2= Hi 0:41;0:5; 0:6 [0:517, 0:546] 0:533
7= Hs 0:8 (0:101 0:110][ (0:378 0:408] 0:386
4= S, 0:3296 0:6 (0:101 0:123][ [0:193 0:245] | 0:216,0:62
6= To 0:1; 0:16; 0:2; 0:28; 0:3296 [0;0:157][ [0:315;0:354] 0:101; 0:349

Table 6.1: Comparison of the particle size ratiosz for which certain structures
were found for dipolar colloids (column 3) and in the hard-dsc system (column
4). In the fth column the "magical" particle size ratios z for each structure
are given (see text).
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group | | | | | I I 1 1
z 0:1 | 028 0:3296| 0:41 | 041 0:1 | 0:2 | 0:41 | 06
C 1=5| 1=7 2=3 2=3 | 4=5 || 1=2 | 1=2 | 1=83 | 79

Table 6.2: Table of those values of the particle size ratia and the concentration

of small particles C for which degenerate structures were found for the binary
mixture of dipolar colloids. The top row indicates the groupof degenerate
structures to which the individual cases belong to (see text

low z, both unique to the system: A hexagonal lattice of large partcles with small dimers sitting
at the interstitials ( gure 6.13,(d)) and zig-zag-shaped lanes of small particles running through a

hexagonal lattice of large particles (gure 6.13, (i)).

Degenerate structures

The method of investigation as introduced in the opening renarks of this section allows us to
identify degenerate structures, i.e. con gurations which di er in the arrangement of particles
while corresponding to the same (minimal) value of the Helmioltz free energy.

As the numerical accuracy of our investigation procedure ignainly determined by the chosen
cuto radius in the calculation of the free energy, we de ne two structures to be energetically
degenerate if the di erence in their Helmholtz free energis per particle, F, is of the same order
of magnitude as the error due to the employment of a nite cuto. Thus, two structures are
considered degenerate, if their di erence in energy is F < 10 6", where", refers to the energy
scale of the system. F thus corresponds to about 0.01% of the free energy per partie of the

con gurations in question.

In total, we encounter degenerate structures at nine of the @8 combinations of particle size
ratio z and concentration C that were investigated (see table 6.2), excluding those cogurations
found at z = 0:8 and z = 0:9, where the di erence between the particle species become&sery small
and the GA experiences di culties in identifying the global minimum of the Helmholtz free energy.
These nine occasions of degeneracy can be divided into twoayps: in the rst group, labeled
"I"in table 6.2, the additional structures resemble a parti cle arrangement previously encountered
for a smaller or larger particle size ratio. The additional dructure thus indicates a cross-over
from one structure to another as the particle size ratioz changes. The second group, labeled "II"
in table 6.2, consists of completely new con gurations, whtch are not encountered at any other

combination of z- and C-values.

The members of the rst group are shown in gure 6.16, where ineach respective panel on
the right hand side, we see the structures already includednto the overview of gures 6.11 to
6.14, while the additional, degenerate con gurations are kown on the left hand side: forz =0:1

and C =1=5 (see gure 6.16, (a)), we nd two con gurations, which can be considered as tilings
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formed by two di erent types of equilateral triangles of lar ge particles. The rst type is decorated
by a small particle at its centre, the other tile is empty. Int he rst tiling, the two types of triangles
share one corner, thus giving rise to distinct lanes of smalbarticles running through the hexagonal
lattice formed by the larger species (see gure 6.16, (a), ¢ panel). In the other tiling, the two
types of triangles share an edge, thus preventing the formabn of lanes of small particles (see
gure 6.16, (a), right panel). We interpret the rst con gur ation as a strongly distorted precursor
of the arrangement of rectangular cages encountered for istmediate and large values oz (cf.
gure 6.11, (m), (q), (u) and gure 6.12, (b), (f), (j), and (n )).

For a particle size ratio of z = 0:28 and a concentration ofC = 1=7, the two structures that were
found to share the lowest free energy represent analogons the minimum energy con gurations
obtained for z = 0:2 and z = 0:3296. In one structure (see gure 6.16, (b), left panel), thesmall
particles do not distort their surrounding equilateral tri angle of large particles like at the smaller
particle size ratio of z = 0:2 (see gure 6.11, (i)). The small particles of the other structure (see
gure 6.16, (b), right panel) sit at the centre of large rhombi and again form distinct lanes, thus
being comparable to the arrangement found atz = 0:3296 (see gure 6.11, (q)).

The degenerate structures encountered at a concentrationfoC = 2=3 for particle size ratios
of z = 0:3296 andz = 0:41 (see gure 6.16, (c) and (d)) forge a link between the distnct
dimer con guration of small particles discovered at z = 0:28 (see gure 6.13, (p)) and the zig-
zag shaped small-particle lanes that were found az = 0:5 and z = 0:6 (see gure 6.14, (a)
and (f)): at z = 0:3296, the formation of pairs with alternating orientation ( gure 6.16, (c),
left) is energetically as favourable as the strictly paralel orientation of the dimers ( gure 6.16,
(c), right): concomitantly, the hexagonal lattice formed by the large particles compensates for
this alignment in the second case by a considerably strongedistortion. At z = 0:41, C = 2=3,
structures displaying distinct four-particle aggregates( gure 6.16, (d), left) and zig-zag lanes of
small particles ( gure 6.16, (d), right) are of the same enegy, once more illustrating the transition
from aligned dimers (see gure 6.13, (p) and (u)) to zig-zag baped lanes of small particles (see
gure 6.13 (z) and gure 6.14 (a) and (f)).

Finally, the degenerate structures obtained forz = 0:41, C = 4=5 display the cross-over from
the pearl-necklace con guration encountered atz = 0:3296 (cf. gure 6.13, (x)) and gure 6.16,
(e), left) to the ring-like arrangements ( gure 6.16, (e), right), which occur at higher particle size
ratios (cf. gure 6.13, (cc) and gure 6.14, (d)). The format ion of rings of small particles leads
to a substantially modi cation of the lattice formed by the | arger species, which changes from a
rectangular structure to a hexagonal arrangement.

Pictures of the structures belonging to the second group of égenerate con gurations are shown
in gure 6.17. For a particle size ratio of z = 0:1 and a concentrationC = 1=2, we nd two
con gurations corresponding to the same minimal free energ One structure shows stripes of

small particles meandering through a hexagonal lattice fomed by the larges one (see gure 6.17,
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(@ z=0:1,C=1=5 (b) z=0:28,C=1=7

(c) 2=0:3296,C =2=3 (d) z=0:41,C=2=3

(e) z=0:41,C=4=5

Figure 6.16: Degenerate structures found for the dipolar mixture of paricle
belonging to group | (see text and table 6.2).

(@ z=0:1,C=1=2 (b) z=0:2,C=1=2

(c) z=0:41,C=1=3 (d z=0:6,C=7=9

Figure 6.17: Degenerate structures found for the dipolar mixture of paricle
size ratiosz =0:1 to z = 0:6 and concentrations C = 1=2 to 7=9, belonging to
group Il (see text).
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(a), right panel), in the other, small particles arrange in groups of three particles, surrounding
a large one in the form of a small arc (see gure 6.17, (a), lefpanel). Both con gurations can

be interpreted as variations of the same tiling, where the baic module consists of six equilateral
triangles of large particles forming a hexagon. In both casg three neighbouring triangles in each
hexagon are decorated by a small particle in their centre. Tle emergence of the two di erent

structures depends solely on the orientation of neighbourig hexagon-shaped tiles.

At the same concentration of small particles but for the slightly higher particle size ratio of
z = 0:2, we encounter three energetically degenerate structuresharing the common feature of
small particle lanes embedded in a hexagonal lattice of theilarger counterparts. In the structure
which was already included in the previous discussion in gue 6.11 (cf. section 6.2), neighbouring
lanes of small particles are separated by a single stripe ofndecorated rhombohedral unit cells (see
gure 6.17, (b), right). In the other two con gurations, the meandering stripes of small particles
are farther apart, as two lanes of rhombohedral unit cells t between the zig-zag-shaped stripes
of small particles. Both of these structures also exhibit a mgle lane of isolated small particles in
addition to the zig-zag-shaped lane; in one case, the isolatl single lane is directly adjacent to the
zig-zag-shaped arrangement, so that the impression of coected pentamers or cup-like structures
emerge, which partially surround the large particles (see gure 6.17, (b), left panel), in the other
case, the single stripe of isolated particles is distinctlyseparated from the zig-zag-shaped lane (see
gure 6.17, (b), middle panel).

In the case ofz = 0:41 and C = 1=3, both structures are built using the same two types of
tiles: a square unit cell of large particles decorated with asmall particle at its centre and an
empty rhombohedral unit cell of large particles. In one structure, the rhombohedral unit cells
are arranged parallel to each other, giving rise to a patternof distinct alternating lanes of square
and rhombohedral unit cells (see gure 6.17, (c), right pané. One of the rhombohedral lanes is
emphasised in the picture.) The other structure can also beriterpreted as an arrangement of
alternating square and rhombohedral lanes, but in this casgethe orientation of the tiles changes
along the lanes, which obscures the pattern. Tiles belongim to one lane are of the same type
and are connected via opposite corner points only (see gureés.17, (c), left panel. One of the
rhombohedral lanes is again highlighted in the picture.).

In the last case of degenerate structures discussed here,@muntered forz =0:6 and C = 7=9,
the particles are again arranged in distinct lanes in the twocon gurations. The di erence be-
tween the two degenerate structures lies with the width of the lanes consisting of small particles
and the associated accommodation of these changes by the fae of the large particles: In one
case (see gure 6.17, (d), right panel), we observe double gizag-shaped lanes alternating with
a pearl-necklace-like con guration of small particles. Inthe other case (see gure 6.17, (d), left
panel), the small particle arrange in a sequence of single@izag-lanes and lanes of interconnected
hexagons.
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Summarising, the occurrence of degenerate tilings is obsexd in ve of the in total nine cases
of energetically degenerate structures, namely in the stratures shown in gure 6.16, (a) and (b),
and in gure 6.17, (a), (b), and (c). We interpret this repeat ed appearance of di erently tiled
phases that correspond to the same minimal free energy as areng indication that the random

tiling phases mentioned in reference [94] might be observeat those state points.

6.2.2 Comparison to simulations and experiments

We have chosen to investigate this binary mixture of dipolarcolloids because of its realisability in
experiments. As stated in section 2.2, there exist two di erent experimental setups for our model
system: in system |, polystyrene particles are used, which oat at an oil-water interface to ensure
the two-dimensional geometry of the setup. The particles ae of two di erent sizes and interact
via an induced, e ective dipole-dipole potential (cf. equations (2.4) to (2.6)) [40{42,53]. System
Il consists of super-paramagnetic colloids, interacting ia an ideal dipole-dipole potential, as an
external magnetic eld is employed to induce dipole momentsperpendicular to the plane of the
monolayer in the particles (see equation (2.8)). Like in sygem I, the particles are con ned to an
interface by gravity in order to provide their arrangement in monolayers. This time the interface
is given by the surface of a pending water droplet [43{47]. Insection 2.2, we have shown that
these two systems are equivalent if the average spacing begégn particles is su ciently large, i.e.
if the particle area density is su ciently low.

We compare the minimum energy con gurations identi ed with the GA for system | to molec-
ular dynamics simulations of this system [42] and to experinental data obtained from a realisation
of system Il [47,95].

Comparison to molecular dynamics simulations

We start our discussion by comparing our results presentedni the previous section to the structures
obtained by T. Stirner and J. Sun for system | [42]. These autlors employed molecular dynamics
simulations (abbreviated "MD simulation") to determine th e con guration corresponding to the
global energy minimum, mimicking in detail the experimental setup of system | as it is described
above. They investigated the system at di erent concentrations of small particles, namelyC = 2=3,
C =6=7 and C = 7=8. As we did not include systems with a concentration ofC = 7=8 in our
survey, we will not discuss this case in the following.
In the simulations study [42], the particle size ratio z was xed to z = 0:32963, as the diameters
of the two particle species were restricted to the two valuegeadily available to experimentalists,
A =27 mand g = 0:89 m. Instead of changing the particle size ratio, Stirner and $in
investigated two di erent interaction regimes: a so-called strong interaction regime, where the
exponentn in the interaction potentials given in (2.4)-(2.6) was set to n = 3, and a so-called weak
interaction regime with n = 2, where the dipole moment of each particle scales with its srface

area. Furthermore, the average distance between large padles was xedtoda =6 m  2:2 4,
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2=0:3296,C = 2=3

z=0:3296,C =6=7

z=0:41,C=6=7

Figure 6.18: Comparison of results obtained for a binary mixture of collads in-
teracting via an e ective dipole-dipole interaction. The pictures were obtained
for di erent particle size ratios and concentrations as indicated. Structures in
the left column were found in molecular dynamics simulatios (pictures were
taken from reference [42]), those in the right column were idnti ed using the
GA-based search technique.

irrespective of the concentration of small particles in thesystem. ForC = 2=3, an average distance
between large particles ofda = 2:2 corresponds to an overall, dimensionless particle area dsity
of % 0:70, whereas forC = 6=7, this value changesto %  1:64.

In the case of the strong interaction regime characterisedyn = 3, we nd good overall agree-
ment between the structures found to be stable in simulatiors and those identi ed as minimum
energy con gurations by the GA: for C = 2=3, the GA and the simulations nd large particles
occupying an ideal hexagonal arrangement, where each eqaikral triangle of this lattice has a
small particle at its centre (see gure 6.18, top row). At C = 6=7, the MD simulations reveal
a con guration where the large particles again form a hexagoal pattern, but each equilateral
triangle of large particles is occupied by an inverted triargle of small particles. Thus, ring-like
arrangements of twelve small particles are formed around ezh large one { a con gurations that
coincides well with the structure obtained with the GA (see gure 6.18, middle row).

As mentioned above, Stirner and Sun also provide results fotheir so-termed weak interaction
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regime in [42]. Since they claim that no changes in the foundtsuctures occur if varying the
particle coverage { and thus the particle area density { in their simulations, we are safe to assume
that the simulations operate in the "ideal dipole limit" and relation (2.9) holds true to "translate"
between the two interaction regimes,n = 2 and n = 3. Thus, simulations conducted forz = 0:3296
and n = 2 correspond to z = 0:41 in the strong interaction regime and comparisons to our rdings
presented in gures 6.11 to 6.14 are possible. For the weak faraction regime (n = 2), Stirner and
Sun only provide us with structures obtained at concentrationsC = 6 =7 andC = 7 =8, and as stated
above, we exclude the latter from the following discussion.For C = 6 =7, the simulations show a
largely disordered structure as the minimum energy con guition in contrast to the well ordered
structure identi ed with the GA (see gure 6.18, bottom row) . We believe this to have several
reasons: rst, disordered structures are inaccessible tohe applied GA-based search method.
Second, the MD simulations were performed at nite temperature in contrast to our technique,
which operates atT = 0. Even if the ratio of potential to kinetic energy was quite large in the
simulations, F=(Nkg T) =5 10? [42], the temperature applied to the system could already béigh
enough to "melt" the ordered equilibrium structure proposed by the GA for T = 0. This might
even more be the case, since the much weaker interacting snhadarticles are supposed to enter
the liquid state at lower temperatures than their large courterparts. Yet another reason for the
disagreement could stem from the starting con guration usel in the simulation, which puts a bias
on patterns with a homogeneous distribution of small partides: each simulation was started from
a con guration with 121 large particles arranged on an idealhexagonal lattice and the appropriate
number of small particles distributed evenly inbetween. Itis probable that the employment of such
a starting con gurations hinders the emergence of a structue with an anisotropic distribution of

small particles, like the one identi ed with the GA and shown in gure 6.18.

Comparison to experimental data

Besides the MD simulations of T. Stirner and J. Sun, we also campare the results presented
in section 6.2.1 to experimental data provided by F. Ebert etal. for system Il [47,95]. They
investigated a binary mixture of super-paramagnetic collads for di erent values of the system
temperature in order to study its vitri cation. The formati on of locally ordered structures or
crystallites was observed despite the globally disordered state of the stem. These crystallites are
believed to have their origin in the non-additivity of the in teraction potential and the consequential
partial clustering of the small particles in the system [5496]. The locally ordered regions are known
to play a major role in the glass transition as their occurrerce hinders the emergence of long range
order in the system [97]. It is the structure of these stable tystal grains that we compare our
ndings to in the following.

The magnetisation ratio of the super-paramagnetic partices in use in the experiments was
m= pg=, 01, where ; is the susceptibility of speciesi. This value of the magnetisation

ratio corresponds to a particle size ratio of approximatelyz = 0:398 atn = 3 in the description
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@) (b)

(© (d)

Figure 6.19: Comparison of stable crystallites found in experiments (&) to
the GA-identi ed structure (b,d) at the corresponding values ofz = 0:41 and
the matching concentrations, C = 1=2 (top row) and C = 1=3 (bottom row).
(Snapshots from experiments by courtesy of F. Ebert.)




84 CHAPTER 6. RESULTS

(@) (b)

Figure 6.20: Comparison of (a) stable crystallites found in experimentsto
(b) the GA-identi ed structure at the corresponding values of z = 0:41 and
C =2=3. (Snapshots from experiments by courtesy of F. Ebert.)

of system | (cf. relation (2.9)). The percentage of small paticles in the system varied between
29% to 45%. Video microscopy and standard image processingere utilised in the experiment to

analyse the behaviour of the system [47]. The dimensionlessteraction strength

Emagn.(B) .
NkpT

representing the inverse temperature of the system, was carolled via the strength of the external
magnetic eld B and set to values between 220 and 554 [47].

Ebert et al. report two patterns to be predominant in their samples, irrespective of the overall
concentration of small particles in the system: rst, a hexagonal structure consisting of large
particles only, and, second, the arrangement of large partles into squares, with a small particle
at the centre. The individual crystallites exhibit either a hexagonal lattice formed by the large
species only, a square structure, or an alternating composon of hexagonal and square unit cells,
so that the local concentration of small particles in the crystal grains is either C = 0 for the
hexagonal lattice of large particles,C = 1=2 for the square arrangement orC = 1=3 for the
alternating con guration. Besides crystallites consisting of the two unit cells described above,
zig-zag shaped lanes of small particles occur in the samplélthough these small particle chains
are mostly rather short { usually four to eight small particl es form a chain { they represent a
distinct feature of the system. Despite the partial clustering, no other crystal grains consisting
predominantly of small particles occur in the sample, as rempns with a large majority of small
particles are unlikely to form, due to the overall concentraion of small particles C being well
below 1=2 in all experiments.

The particle size ratio which was investigated with the GA and most closely corresponds to
the magnetisation ratio used in the experiments, isz = 0:41. When comparing the experimental
data to the con gurations identi ed by the GA for z = 0:41, we nd good overall agreement in

the structures found to be stable. The predominance of the tw patterns { a hexagonal lattice
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of large particles only and the square con guration with the small particle at its centre { and its
independence from the overall concentration of small partiles in the sample is generally in accord
with the results obtained with the GA-based search technique, as all con gurations identi ed with
the GA which are of a concentrationC  1=2 consist of these to types of cells (cf. gure 6.11).
Furthermore, each structure found in the individual stable crystallites corresponds to a minimum
energy con guration identi ed with the GA: the square latti ce, with the small particles sitting
at the centre of each square was found fo€ = 1=2, the alternating sequence of hexagonal and
square unit cells was identi ed for C = 1=3 (see gure 6.19), and the hexagonal structure is known
to be the minimum energy con guration of a one component sysem, whose constituent particles
interact via a dipole-dipole interaction [53]. Also the zig-zag chains of small particles have their
representation in a minimum energy con guration obtained with the GA, as they closely resemble
the structure the GA predicts to be stable for C = 2=3 (see gure 6.20).

6.2.3 Phonon band structures

Phonon band structures of colloidal dispersions have recegd intensive interest currently, especially
in regard to the tuneability of the dispersion curves and the associated possibility of designing
the elastic properties of a material [80, 90, 98{100]. In ths section, we focus on the phonon
band structures of the binary mixture of dipolar colloids and study the in uence of the system

parameters on the layout of the dispersion curves.

Under the assumption that the average particle separation $ large enough to allow for de-
scribing the interaction by an ideal dipole-dipole potential, the following three parameters a ect
the phonon band structure: the susceptibility ratio m = g= 5 and the concentration of small
particles C control the ground state of the system and thus have major in uence on the dispersion
curves. The mass ratioM = Mpg=M, of the two particle species involved is the third crucial
parameter in this context, as two systems with identical minimum energy con gurations but dif-
ferent mass ratios exhibit di erent phonon band structures (cf. section 5.1.2).

With future applications in mind, we restrict our investiga tions to those values of the suscepti-
bility ratio and concentration that correspond to ground st ates veri ed in experiments, m  0:108
and C = 1=3, 1=2, and 2=3. Besides the value known from experiments [47], we invegiate the
phonon spectra at two other values of the mass ratidM , which re ect the two general methods to

prepare magnetic colloidal particles [101]:
~ M 0:2409, the value known from experiments.

"M m, corresponding to magnetic colloids produced viaencapsulation paramagnetic
nano particles are incorporated into the growing colloid, yelding susceptibilities 5 and g
proportional to the volume of the particle, i. e. i R?, whereR; denotes the radius of a

particle of speciesi. Since the mass of each particle also directly relates to thés volume,
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M; R?3, itis justi ed to assume that the mass ratio M is proportional to the susceptibility

ratio, i. e. M m in this case.

"~ M m332 which relates to super-paramagnetic colloids produced ¥ coating processes: the
magnetic component is contained in a layer on the particle'surface, so that the susceptibility
i of a colloid of species scales with its surface area, ; R?. As the mass is proportional
to the volume of the particle, we obtain M m3=2 as the relation between mass ratioM
and the susceptibility ratio m.

Figures 6.21, 6.22, and 6.23 contain the band structures$ 2(q) of the stable particle arrange-
ments identied at m  0:107 andC = 1=3, 1=2, and 2=3 for decreasing values of the mass ratio,
(@ M =0:2409, ()M m =0:107, (c) andM  m3>?  0:035. The respective minimum
energy con gurations are also depicted in the gures (see aires 6.21 to 6.23, (d)) together with
their corresponding reciprocal lattices (see gures 6.21d 6.23, (e)). The paths along which the
phonon band structures are calculated encircle the irreduible sections of the respective rst Bril-
louin zones (cf. section 5.1.2), and are marked in the pictugs of the reciprocal lattices. Reduced
units are used throughout the entire discussion, so that thedispersion curves! 2(q) correspond to
the frequencies! (q) via ! 2(q) = ! 2(q) 2Ma=";i, where", is the energy scale of the system and

A corresponds to the diameter of the larger particle speciescf. section 2.2).

In every band structure, we observe B individual branches, whereny is the number of particles
in the chosen unit cell. Two of these bands are acoustic, &, 1) are optical branches. We start
our discussion of the phonon band structures with the resuls obtained for a susceptibility ratio
of m 0:107 and a concentration of small particlesC = 1=3 (see gure 6.21). At a mass ratio
of M 0:2409, the in total six branches of the band structure are distibuted evenly over a
small frequency range, from! 2 = 0 to a maximum value of ! 2 6:8. Decreasing the mass
ratio to M 0:107 widens the frequency range covered by the band structureas frequencies
upto ! 2 110 are reached by the topmost branches. The two topmost dispeion curves also
detach from to rest of the spectrum, thus giving rise to a disinct gap in the band structure and
yielding the system "opaque" to vibrations of frequencies i the range of! 2 5.7 to 9:4. An
additional e ect of the decrease in the mass ratio is obserw in the attening of the detached
optical branches, leaving the frequencies of the correspaling normal modes more insensitive to
changes in the wave vectorg. Further enhancing the asymmetry in the mass of the two involed
particle species toM  0:035 considerably widens the observed gap { from? 5.7 to 27:4 { and
even higher frequencies are covered by the phonon spectrurtihe maximum value being! 2 29.5.
In addition, the topmost two optical branches that decouple from the rest of the band structure
appear again considerably attened as the mass ratio is furher decreased.

The dispersion curves obtained fom  0:107 andC = 1=2 in general follow the trends observed
for the previous system (see gure 6.22): atM  0:2409, the phonon band structure consisting of

four branches is rather compact with a maximum frequency valie of! 2 4:3 and no gaps occur
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Figure 6.21: Phonon spectra obtained for the binary mixture of dipolar ctoids
for m 0:107 and C = 1=3 at three values of the mass ratio, (a)M = 0:24,
(M m 0107 and (c) M m3?2 0:035 The two small pictures show
(d) the stable particle arrangement with the chosen unit cél(full line), and (e)
the corresponding reciprocal lattice with the rst Brillou in zone (dashed line)
and the path along which the band structures were calculaté€lll line).
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Figure 6.22: Phonon spectra obtained for the binary mixture of dipolar ctoids
for m 0:107 and C = 1=2 at three values of the mass ratio, (a)M = 0:24,
(M m 0107 and (c) M m3? 0:035 The small pictures show (d)
the stable particle arrangement with the chosen unit cell @l line), and (e) the
corresponding reciprocal lattice with the rst Brillouin z one (dashed line) and
the path along which the band structures were calculated (fuine).
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Figure 6.23: Phonon spectra obtained for the binary mixture of dipolar ctoids
for m 0:107 and C = 2=3 at three values of the mass ratio, (a)M = 0:24,
(M m 0107 and (c) M m3? 0:035 The small pictures show (d)
the stable particle arrangement with the chosen unit cell @l line), and (e) the
corresponding reciprocal lattice with the rst Brillouin z one (dashed line) and

the path along which the band structures were calculated (fuine).
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in the spectrum. Lowering the mass ratio toM  0:107 again opens a distinct gap in the band
structure (see gure 6.22, (b)), as the two optical branchesdecouple from the acoustic bands and
no normal modes exist that can pick up vibrations with frequencies between! 2 3:3 and 52.
The topmost branch reaches a maximal frequency of 2 7:0. A further decrease in the mass
ratioto M 0:035 widens the gap even more as the optical branches move toghier frequencies,
the maximal value being! 2 180. The gap thus encompasses all frequencies in the range from
12 3:3to 159. Also in the case ofC = 1=2, the optical branches appear less modulated as the
mass ratio decreases.

At m 0:107 andC = 2=3, the phonon band structures consist of six branches and exbit a
small variation of the trends observed so far (see gure 6.28 the rst band structure, determined
for M 0:2409 and shown in gure 6.23 (a) is again the most compact strature overall, as it
only covers frequencies from 2 =0to ! 2 2:5. The frequency range broadens with a decrease
of the mass ratio, rstto !'2 47 atM 0107, and thento!? 130atM  0:035. A
relatively small gap is only observed in the case oM 0:035, where all four optical branches
detach from the rest of the band structure, leaving frequenaes from! 2  1:4 to 3:1 uncovered
by the dispersion curves, so that the gap is located at relatiely low frequencies, compared to the
corresponding band structures determined forC = 1=3 and C = 1=2. We also observe the optical
branches to be less at than in the previous two cases.

Although not observed in experiments, we include the partide arrangement found form  0:018
and C = 5=7 into our discussion, as its phonon band structure exhibitsthe above mentioned fea-
tures in a particularly pronounced fashion (see gure 6.24) the dispersion curves comprise a
number of isolated, almost completely at branches that give rise to seven gaps of considerable
size. As the mass asymmetry is already very strong in the tworivestigated casesM m  0:018
(gure 6.24, left panel, top) and M m32  0:0024 (gure 6.24, left panel, bottom), the same
band structure is observed for both values of the particle mas ratio.

In summary, we believe the susceptibility ratio m and the concentration of small particlesC
to have distinct in uence on the overall appearance of the ptonon band structures as the ground
state of the system is de ned by these two parameters. The pasoning and number of eventual
gaps seems to be connected to the number of small particlesg , and thus to the value of C, as
the observed gaps in the phonon band structure are formed by optical branches decoupling
from the rest of the band structure in all investigated cases

The mass ratio M on the other hand a ects the frequency range covered by the dipersion
curves, as an increasing asymmetry in the mass of the two paidle species is observed to lead
to higher maximal frequencies in the phonon spectra. Howeve this in uence on the frequency
seems to be non-uniform, since gaps in the phonon band strugte open and close upon changes
in the mass ratio. Furthermore, the value of M is found to have an e ect on the modulation of

the optical branches, yielding almost completely at bands at small values ofM .
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Figure 6.24: Phonon band structures (left panels) obtained for the binar mix-

ture of dipolar colloids atm  0:018and C = 5=7, for two values of the particle
mass ratio, M m (top) and M m3%2  0:0024 (bottom). The small pic-

tures show (a) the particle arrangement with the chosen unitell marked by a
full line and (b) the corresponding rst Brillouin zone (dashed line) with the
path along which the dispersion curves were calculated (fuine). The points

of special symmetry are also marked in panel (b).
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6.3 Quasi-planar dipolar colloids

A one-component system of dipolar particles con ned to a plaar cell of variable thickness is the
centre of our attention in this section. The impenetrable particles interact via a dipole-dipole
potential, which is either purely repulsive, softened repusive or attractive at short distances,
depending on the cell thicknessD (see section 2.3). By employing our optimisation technique
based on genetic algorithms, we study the equilibrium strutures of this system at the cross-over
from two to three dimensions by varying the particle density for a number of di erent values of D.
After presenting the con gurations identi ed by the geneti ¢ algorithm, we set our investigations
in a larger context by comparing the results to data obtainedin experiments and Monte Carlo

simulations.

6.3.1 Ordered equilibrium structures

We analyse the system's strategies to arrange particles inhe energetically most favourable pat-
tern for varying particle volume density 2 and six di erent values of the cell thickness, D =

+h=1:2,1445,155 , 1.6 , 1.8 , and 2 , with  denoting the hard-core diameter of the
particles and h being the maximal vertical displacement between two partides in the system. The
investigated density region ranges from 3=0:5to0 2 =2:0, with a step size of 3 0:08.
As all calculations are performed in anNV T-ensemble, the equilibrium structure at a given value
of the particle volume density corresponds to a global mininum in the Helmholtz free energy.

The six di erent values of the cell thickness that were invegigated cover all interaction regimes
discussed in section 2.3D =1:2 and 1445 correspond to the purely repulsive regime of the
interparticle potential; in the case of D =1:2 , the interaction still closely resembles the potential
known from two-dimensional dipole-dipole interactions, whereas atD = 1:445 we are close to
the cross-over to the regime of relative attraction. At a cel thickness of D = 1:55 , the potential
has a region of relative attraction adjacent to the impenetrable hard core of the particle, and at
D =1:6 and 1:8 , the cell is wide enough to allow for an attractive interaction between particles
at close distances. At the sixth investigated cell thicknes, D =2 , two colloidal particles are able
to arrange on top of each other, resembling the formation ofdnes parallel to the external eld, a

behaviour well known from three dimensional systems of diplar particles (cf. section 2.3).

The investigation on the minimum energy con gurations of the quasi-planar system is per-
formed in two steps: rst, we use a parameterisation that indudes the vertical displacementsz;
of all n, particles in the unit cell as parameters to optimise, in orde to determine the vertical
arrangement of the particles (cf. section 4.2.1.6). These ngliminary calculations showed that all

particles keep to either the very top or bottom of the cell without any particles populating interme-
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Figure 6.25: Minimum energy con gurations of a quasi-planar system of dpo-
lar colloids at a cell thickness ofD = 1:2 and two particle volume densities,
(@ 3=0:5and (b) 2=2:0. The dierent vertical positions of the parti-
cles are colour-coded: blue particles are located at the ot of the cell, white
particles at the top.

distribution, we decide to employ the more e cient layer par ametrisation in the second step of
the investigation, where each structure is described as a atking of n; identical two-dimensional

layers (see section 4.2.1.6). We considered systems of up four layers, i. e. nj = 4, and the

distance between the outermost two of these layers was xedd the maximal displacementh. In

addition, we limit the number of particles per unit cell to ny = 6 in each layer, with an exception

for systems with a cell thickness ofD = 1:445 , where the maximum number of particles in the
unit cell of a two-dimensional layer is set tonp, = 8.

In an e ort to check the convergence and reliability of our algorithm, ten to forty independent
runs are performed for every state point; the actual number & runs depends on the number of pa-
rameters to optimise. The Helmholtz free energies of the strctures obtained in these independent
implementations of the GA are then compared in a second stepa determine the nal con guration
of minimal energy for the given state point (cf. the procedure employed in the investigations of the
binary mixture of dipolar colloids in section 6.2). Due to the long range nature of the interaction
potential (2.10), we have extended the lattice sums to distaces as large as 500 times the particle

diameter in each of the independently performed calculatios.

Among the six values of the cell thickness that were investigted, we identify two limiting cases,
for which no structural change is observed in the entire denigy range: the rst, where D =1:2 ,
closely resembles the two-dimensional setup since the pactes can vertically deviate from the
plane only to a small extent. The particles at the top and at the bottom of the cell arrange in two
rectangular structures which are mutually displaced, leadng to an almost ideal hexagonal lattice
in top view (see gure 6.25), as was to be expected for a quagtanar system that close to the
two-dimensional case. In the second limiting case) =2 , the cell is wide enough to allow for two
particles to arrange on top of each other. These vertical dimars arrange on the sites of an ideal

hexagonal lattice (see gure 6.26). In terms of stacked layes, the identi ed structure consists of
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Figure 6.26: Minimum energy con guration of a quasi-planar system of dip-
lar colloids at a cell thickness ofD = 2:0 and a particle volume density of

3 = 2:0. Picture (a) shows the structure in top view, picture (b) the same
structure in side view. The dierent vertical positions of the particles are
colour-coded: blue particles are located at the bottom of éhcell, white particles
at the top.

two congruent hexagonal lattices with coinciding origins,placed at the top and bottom of the cell,
respectively.

For all other values of the cell thickness, the obtained segences of minimum energy con gu-
rations consist of a number of di erent structures. We start our discussion with the arrangements
found to be stable for a cell thickness oD = 1:445 ; examples of the obtained con gurations for
increasing density are shown in gure 6.27. The con gurations at the low end of the investigated
density range can be viewed as a centred rectangular latticewhere the particles at the centre
and at the corners of each rectangle populate opposite vertal positions (see gure 6.27, (). As
the density increases, the centred rectangular lattice defrms to a square structure with the same
vertical positioning of particles as in the preceding caseqdee gure 6.27, (b)). The square lattice is
observed to be stable in the comparatively large density rage from 3 =0:583t0 3 =1:116.
Further increase of the density leads the system to change gt strategy to arrange particles and
formation of pairs { one particle in the pair located at the bottom of the cell and one at the top
{ is identi ed as the energetically favoured con guration ( see gure 6.27, (c)). The particles at
the bottom of the cell form a centred rectangular lattice as  their counterparts in the top layer
where the sub-lattice is displaced along the direction of tle smaller edge of the rectangle. The ar-
rangement of particles to dimers is observed in the densityange from 3=1:25t0 3=1:417.
We interpret this occurrence of dimers as a precursor to thedne-like con guration that is found to
be stable from 2 = 1:5 onwards, where particles at the top and bottom positions alernate along
the lane. Neighbouring lanes are out of registry by one e edie particle diameter . (see gure
6.27, (d)), so that in a top view, the structure resembles a sqgare lattice which is compressed along
one lattice vector and stretched in the direction of the othe as far as possible. If we alternatively
describe this structure as an arrangement of stacked layerghe lanes are built by two layers of a

centred rectangular lattice, which are shifted by an e ective particle diameter . along the shorter
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Figure 6.27: Exemplary pictures of the minimum energy con gurations of a
quasi-planar system of dipolar colloids at a cell thicknessf D =1:445 . The
di erent vertical positions of the particles are colour-coded: blue particles are
located at the bottom of the cell, white particles at the top.
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edge of the rectangle. At the high end of the investigated desity regime, i. e. at 3 = 1:916,
the two layers forming the lane-like arrangement are shiftel with respect to each other along the
larger edge of the rectangle and staggered chains appear imrsequence (see gure 6.27, (e)). We
believe that this displacement of particles in a lane increaes with the density until a honey comb
lattice, like the one observed at 3 =2:0 is formed. In the honey comb structure, each particle
has three nearest neighbours (see gure 6.27,(f)) { a numbecompatible with the energetically
favoured up-down positioning of neighbouring particles.

The minimum energy con gurations obtained for larger values of the cell thickness,D = 1:55 ,
D =1:6 ,and D = 1:8 where the interaction potential has attractive components resemble in
general the sequence discussed above for=1:445 . Representative collections of the structures
identi ed as MECs are shown in gures 6.28, 6.29, and 6.30. Inthese sequences of structures,
we do observe the following changes though: rectangular orgsiare lattices do not occur in the
entire investigated density range for all three D-values. Additionally, the density region in which
the formation of dimers is observed as the energetically madavourable arrangement gradually
shrinks and moves to lower values of 3: we obtain stable dimer con gurations in cells of thickness
D =155 at 2 = 0:50, 05833, 0667, and Q75; for a cell thickness ofD = 1:6 , dimers
are obtained as the most favourable arrangement only at 3 = 0:5, and for systems of a cell
thicknessD = 1:8 , no dimer-phase is observed at all. Furthermore, arrangens of lane segments
consisting of four particles appear among the observed statures for low values of the volume
density as soon as the cell is wide enough for the interactiopotential to display an attractive region
adjacent to the hard core, i.e.forD =1:6 and 1:8 (see gures 6.29,(b) and 6.30,(b)). Concerning
the formation of lanes, we observe the density regime for wich the arrangement in alternating
chains is the most favourable con guration to broaden and mae to gradually lower values of
the particle volume density at the same time: the GA identies lanes as the minimum energy
con guration for D = 1:55 at all investigated density values from 3=0:833t0 2=1:5. For
cells of a thicknessD = 1:6 , lane-formation is rst observed at 3 =0:667, and the arrangement
in straight lanes persists until the onset of staggering at 3 = 1:5. At D = 1:8 , structures
consisting of straight lanes appear for particle volume desities between 2 = 0:583 and 1667.
For all three systems, the honey comb lattice is approachedtahigh values of the particle volume
density. The structure is clearly visible for D = 1:55 and 1:6 (see gures 6.28, (d) and 6.29, (d)),
whereas the con guration obtained at the highest value of the particle volume density 3 =2:0
for D =1:8 shows only the rst inklings of the honey comb lattice (see gure 6.30, (d)).

6.3.2 Comparison to experiments and simulations

We compare the structures identi ed by the GA as minimum energy con gurations to the arrange-
ments observed in experiments and Monte Carlo simulations o quasi-planar systems of dipolar
colloids presented in [9, 10].

The experiments conducted by Osterman et al. utilise supeiparamagnetic colloids con ned to
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Figure 6.28: Representative examples of the minimum energy con guratios

of a quasi-planar system of dipolar colloids at a cell thickess ofD = 1:55 .

The di erent vertical positions of the particles are colour-coded: blue particles
are located at the bottom of the cell, white particles at thedp.

@ 3%=05 (b) 3=0:583 (c) S%=1:167 (@ 3=1:5

e 3%=2:0

Figure 6.29: Representative examples of the minimum energy con guratios

of a quasi-planar system of dipolar colloids at a cell thickess of D = 1:6 .

The di erent vertical positions of the particles are colour-coded: blue particles
are located at the bottom of the cell, white particles at thedp.

(@ 3%=0:583 by 3=1:33 (0 3=1:83 (d 3%=2:0

Figure 6.30: Representative examples of the minimum energy con guratios

of a quasi-planar system of dipolar colloids at a cell thickess of D = 1:8 .

The di erent vertical positions of the particles are colour-coded: blue particles
are located at the bottom of the cell, white particles at thedp.
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a thin wedge-shaped cell [9]. An external magnetic eld appled perpendicular to the basis plane
of the cell induces magnetic moments in the colloidal partites and guarantees for the character-
istic dipole-dipole interactions (cf. (2.10)). By tuning t he strength of the magnetic eld B, the

dimensionless interaction strength,
Emagn. (B)
kg T '

where Emagn. iS the potential energy, was set to 400, thus focusing the investigations on the
low-temperature behaviour of the system. Osterman et al. inestigated the structures formed at
a cell thickness ofD = + h =1:445 , which corresponds to an interaction close to the cross-ove
from the purely repulsive to the attractive regime (cf. secton 2.3). The region in the wedge-shaped
cell that exhibits the desired thickness was determined in ke following indirect fashion: in the
absence of a magnetic eld, the colloidal particles clusteron contact. As the interaction between
the colloids is still purely repulsive at D = 1:445 , the sought-after region can be identi ed as the
area where these clusters still fully disintegrate under tke in uence of the magnetic eld [9]. The
thus identi ed region of the cell was observed with an inverg optical microscope for gradually
decreasing particle area fraction , which is related to the dimensionless particle volume derity
3 via
%h

= : (6.3)

In the above equation, h denotes the maximal vertical shift that the particles can ohtain in the

cell and is the diameter of the colloidal particles.

In addition to the experimental investigations, Monte Carlo simulations (abbreviated "MC
simulations") were performed by Dobnikar et al. [9, 10] to provide a better understanding of the
experimentally obtained sequence of structures. As in the xperiments, the vertical displacement
of the particles was limited to h = 0:445 and the emerging con gurations were observed for
varying values of the particle area fraction . Samples of up to 1000 particles were considered
in various simulation box geometries, employing horizontdly periodic boundary conditions. The
MC simulations were conducted at two di erent values of the interaction strength, = 375 and

= 125. The lower value, = 125, was employed in dense systemsin order to speed up conver-
gence.

The sequences of con gurations obtained in experiments andimulations comprise the following
structures, as illustrated in gure 6.31 (taken from reference [9]) by suitably selected snapshots:
an expanded hexagonal lattice is found at very low densitiesvhere the vertical displacements of
the particles seem to be uncorrelated and, in addition, are tstributed evenly across the available
range of z = 0 to h = 0:445 . If the density is increased, the expanded hexagonal lattie is
soon superseded by an expanded square structure, where thanticles keep exclusively to the top

and the bottom of the cell. A further increase in density leads to the emergence of short and
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Figure 6.31: Pictures of the structures observed for a cell thickness of
D =1:445 in experiments (top row) and MC simulations (bottom row) when
varying the particle volume density. Patches of the identied lattices are em-
phasised in some pictures. (Figure taken from [9] and labelghanged from
particle area fraction to the corresponding values of the paicle volume density

3 according to equation (6.3)).

long chains of particles instead of the formation of a squardattice. The vertical position of the
particles along the chains alternate between the two extrere positionsz = 0 and z = h. As the
density is increased further, these chains interconnect ash labyrinthine structures are formed. In
the high density regime, honey comb lattices and dense squarstructures are observed, where the
respective nearest neighbours occupy opposite vertical gitions in the cell, thus maximising the
distance between particles.

Apart from information on the emerging structures, the MC simulations also provide us with
the corresponding energies of the di erent particle arrangments. Figure 6.32 shows the energy
per particle for the hexagonal and the square phase as they we calculated in reference [9] in units
of " (cf. section 2.3) and scaled with the particle area fraction 372, as a function of the particle
area fraction . The energy per particle of the arrangements obtained in theMC simulations
is also shown in this gure. Although determined at a dierent temperature (T = 0), we have
included the energies of the structures identi ed by the GA into the plot in colour.

The general trends in the formation of stable structures obgrved in simulations and experi-
ments are well reproduced in our study with the GA-based optmisation technique: with increasing
density, we nd square lattices, the arrangement of particles into lanes and the formation of a honey
comb structure in the same sequence as in the experiments artthe simulations. Although not
included in the survey presented in reference [9], also theioher phase was observed as the stable
arrangement between the square lattice and the formation othains in previous investigations [10].
In addition, we can interpret the centred rectangular structure observed with the GA at low den-
sities (see gure 6.27, (a)) as a transitory state between tle square lattice and the disordered
hexagonal phase, the latter inaccessible to the GA due to itglisordered nature. The dense square
phase mentioned in [9] might have been missed in our investagion due to an unsuitably chosen

density range.
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Figure 6.32: Energy per particle E in units of and scaled with the particle
area fraction vs. the particle area fraction , obtained for a quasi-planar
system of cell thicknes® = 1:445 . The depicted results are from numerical
optimisations of the hexagonal (broad shaded line) and thegeare lattice (solid
black line) [9] and from the structures observed in Monte Cdo simulations
(open circles with error bars) [9]. The values for the structires identi ed to be
stable atT =0 by the GA are marked by other symbols as indicated.
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It seems that most of the discrepancies between the resultshtained by experiments and sim-
ulations and the ndings of the GA-approach have their origin in the fact that both, experiments
and simulation were conducted at nite temperature and thus allow for the arrangement of parti-
cles in disordered patterns like the labyrinthine structure or the expanded hexagonal phase with its
uncorrelated vertical positioning of particles. The GA-approach, on the other hand, was restricted
to T = 0 and therefore only included ordered structures into the sarch for the minimum energy

con guration.







Chapter 7

Conclusions

In this work, we have studied the ordered equilibrium structures of two-dimensional soft matter
systems. To identify the stable particle arrangements, an ptimisation technique based on ge-
netic algorithms [26] has been employed, which allowed forraunbiased search among all lattice
structures. Despite of the simple, radially symmetric interactions in all investigated systems, we
have been able to identify a rich variety of often complex andhighly asymmetric con gurations

{ a demonstration of the power of our search strategy to relidly determine the minimum energy

con gurations even if confronted with a rugged potential energy landscape.

With the aid of this highly e cient method, we have investiga ted the solid phases of three
model systems at zero temperature: rst, we have studied had-core particles interacting via
a purely repulsive, step-shaped shoulder of variable widthat varying pressure. The identi ed
minimum energy con gurations can be separated into three goups: above a certain width of
the repulsive shoulder, clusters composed of as many as ningarticles populating the sites of
ordered lattices have been observed in the low pressure rege. At intermediate values of the
pressure, lane-like structures of various shape emerge, gerseding the cluster phases. The third
group of stable patterns, which has been found in the high presure regime, consist of compact
con gurations characterised by a dense distribution of paticles. As the shoulder width increases,
the internal arrangement of particles inside the observed lusters appeared less and less ordered,
thus establishing a link to various other models in soft matter physics that exhibit cluster phases
[13,91,92].

The variety of ordered structures that has been encounteredor the second system { a binary
mixture of dipolar colloids { is even more extensive. Depenthg on the polarisability ratio of
the constituent particle species and on the composition of he mixture the monolayer has been
observed to order in a vast number of di erent alloy phases, nost of which are highly complex and
exhibit only a low degree of symmetry: as the number of weakedipoles increase in the system, the

particles arrange in more and more intricate patterns and, épending on the polarisability ratio,
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dipoles group together or form distinct lane-like structures. If the particles of lower polarisability
represent the minority in the system, however, the formed ca gurations are composed of only
a small set of recurrent lattice elements or "tiles". Since derent tilings with approximately the
same energy have been discovered in our survey, randomly difl phases [94] might be among the
ground states of the binary mixture of dipolar colloids. In an e ort to understand the mechanisms
leading to this immense diversity of non-trivial structure s and to investigate the in uence of the
interactions on structure formation, we have compared our ndings to the stable con gurations
of a binary hard-disc mixture [94], revealing that even in diute systems, packing arguments play
an important role in how particles are arranged to energetially favourable con gurations. In
addition, two di erent experimental realisations [40, 41, 47, 95] of our model system provide us
with the possibility to verify our results. Although the dyn amics of crystal growth impedes the
formation of extended crystals, and only locally ordered stuctures emerge in experiments, we have
been able to con rm several patterns that have been identi ed with the genetic algorithm-based
method.

As the last system, we have investigated monodisperse dipat colloids in a horizontally con-
ned cell for dierent values of the cell thickness and varying density. The system illustrates
the cross-over from two to three dimensions, as particles & allowed to buckle from the strict
two-dimensional setup. The nature of the pair potential acting between colloids is controlled via
the spatial constraints and ranges from the purely repulsie dipole-dipole interactions typical for
two-dimensional systems, to potentials which are attractive at short distances. Independent of
the density and the cell thickness, particles have been obseed to keep to either the top or the
bottom positions in the cell, thus maximising the distance between nearest neighbours in the
emerging structure. Since only a small number of ordered cogurations is compatible with this
preferred up-down arrangement of particles, the identi ed sequences of minimum energy con g-
urations show a much smaller diversity than those observedn the previous cases and consist of
largely the same, recurrent mesophases: square or rectarigulattices have been found at low den-
sities, dimer phases or larger segments of particle chainsawell as various lane-like arrangements
populate the region of intermediate density and at high dengies, particles have been found to
form honey-comb structures. Where available, results obtamed in experiments and Monte Carlo
simulations largely agree with our theoretical predictions. We point out, that at intermediate cell
thickness, where the interaction is still purely repulsive the sequences of stable structures closely
resemble the minimum energy con gurations formed by the sqare-shoulder system at small val-
ues of the shoulder width { a fact that leads us to the notion the exact functional form of the

interaction potential might be of minor importance in struc ture formation.

Motivated by a rapidly growing interest and prospective technological applications [80, 90, 98{
100], we have also investigated the dispersion relations afeveral of the obtained particle arrange-

ments. Focusing on a few examples, we have been able to demtmase that the soft matter
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compounds studied in this thesis o er a new way to tune the phaon band structures of soft mate-
rials. By controlling the composition of the mixture and the mass ratio of the two particle species,
multiple phononic gaps have been opened in the band structes, yielding the system "opaque"
to vibrations within a certain frequency range. In addition, optical branches have been observed

to atten considerably, if the mass ratio is su ciently redu ced.

Like every PhD thesis, also this work has its loose ends: thetlmse diagram of the quasi-planar
system of dipolar colloids is currently revised, considerig a broader density range and additional
values of the cell thickness in order to fully understand thetransitions between the observed solid
phases. Also the promising results obtained in the study of he phononic spectra warrant closer
investigations, as the observed dependencies of the disgon curves on the system parameters
are in need of further veri cation.

Due to an increase in the e ciency in the last few years, the inplementation of computationally
and conceptually more sophisticated tools to determine theenergy of a given system { like density
functional theory [19{21] { can now be considered within reach, so that another logical next step

in our investigations is to extend the search technique to sgtems at nite temperature.







Appendix A

An unambiguous lattice

parametrisation

Inequality (4.6) is derived in the following way: Let us choose a con guration K, the minimal
description in the above mentioned way. Therefore the tranformations ((4.4), (4.5)) cannot yield
a unit cell of smaller circumference. Without loss of generlity we can seta;b 0 and jaj > jbj
and thus only need to take

(a;b)! (a b;b)

into account. With

a=a(1;0) ; b=ax(cos; sin )
this leads to
jaj+jbj ja bj+jbj!
a? (a axcos )%+ (axsin )?!
2cos X

because of our rst assumption ofK being the con guration of minimal circumference.
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Appendix B

Square Shoulder System:

Minimum energy con gurations

Full sequence of MECs for =15
structure || U 2 stable P -range
(@) 0 | 0:5132 0:0 { 1:872
(b) 1 | 07071 1872 { 2757
(c) 3=2 | 0:8111 | 22757 { 4:089
(d) 3 | 11547 4089 { 1

Table B.1: Properties of the MECs proposed by the GA for a square-shoiéd
system of shoulder width =1:5 : the internal energy per particle in reduced
units, U , the particle area density 2, and the range of pressure value® |,
for which the structures were found to be stable (cf. sectioB.l). The letters

given in the rst column to distinguish the individual structures refer to gure
B.1.
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(@ U =0 () U =1 () U =3=2

d U =3

Figure B.1: Full sequence of minimum energy con gurations found for a
square-shoulder system of shoulder range = 1:5 with their respective in-
ternal energy per particle U in reduced units (cf. section 6.1) .




APPENDIX B

111

Full sequence of MECs for =3
structure U 2 stable P -range

€) 0 0:1283 0.0 { 0:2078
(b) 1=2 | 0:1856 || 0:2078 { 04534
(c) 1 | 0:2334|| 0:4534 { 07536
(d) 2 |0:3380| 0:7536 { 20834
(e) 7=2 | 0:4468| 2:0834 { 31488
() 14=3 | 0:5355| 3:1488 { 4:3196
(9) 6 | 0:6415| 4:3196 { 6:3156
(h) 13=2 | 0:6758| 6:3156 { 6:8564
() 9 | 0:8968| 6:8564 { 155370
() 11 | 1:.0138| 155370 { 332379
(k) 15 | 1:1547| 332379 { 1

Table B.2: Properties of the MECs proposed by the GA for a square-shoiéd
system of shoulder width = 3 : the internal energy per particle in reduced
units, U , the particle area density 2, and the range of pressure value® |,
for which the structures were found to be stable (cf. sectioB.1). The letters
given in the rst column refer to the pictures shown in gure B.2.
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(@ U =0 (b) U =1=2 © U =1

d U =2 () U =7=2 () U =14=3

(@ U =6 (h) U =13=2 () U =9
() U =11 k) U =15

Figure B.2: Full sequence of minimum energy con gurations found for a
square-shoulder system of shoulder range=3 with their respective internal
energy per particleU in reduced units (cf. section 6.1).
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Full sequence of MECs for =5
structure U 2 stable P -range

(€)] 0 | 0:0000| 0:0000 { 00604
(b) 1=2 | 0:0748| 0:0604 { 01571
(c) 1 0:0982 || 0:1571 { 03372
(d) 7=4 | 0:1256| 0:3372 { Q7107
(e) 3 0:1613|| 0:7107 { 08153
) 4 | 0:2010| 0:8153 { 20153
(9) 13=2 | 0:2678| 2:0153 { 27117
(h) 17=2 | 0:3337| 2:7117 { 51711
() 11 | 0:3979| 511711 { T:2312
() 44=3 | 0:4984 | 7:2312 { 134869
(k) 56=3 | 0:5849 || 134869 { 151363
() 21 | 0:6428| 151363 { 181230
(m) 24 | 0:7194 || 181230 { 212024
(n) 27 | 0:8009| 21:2024 { 281631
(0) 34 | 0:9999 | 281631 { 596821
(p) 42 | 1:1547] 596821 { 1

Table B.3: Properties of the MECs proposed by the GA for a square-showgd
system of shoulder width =5 : the internal energy per particle in reduced
units, U , the particle area density 2, and the range of pressure value® |,
for which the structures were found to be stable (cf. sectiof.1). The letters
given in the rst column refer to the pictures shown in gure B.3
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(@ U =0 (b) U =1=2 () U =1 d U =7=4
() U =3 () U =13=2 @ U =4 (h U =17=2
() U =11 () U =44=3 (k) U =56=3 ) U =21
(m U =24 (n) U =27 () U =34 () U =42

Figure B.3: Full sequence of minimum energy con gurations found for a
square-shoulder system of shoulder range=5 with their respective internal
energy per particleU in reduced units (cf. section 6.1).
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Full sequence of MECs for =7
structure U 2 stable P -range

(@) 0 0:0236 0:0000 { 00282
(b) 1= 0:0405 0:0282 { 00744
(© 1 0:0556 0:0744 { 01654
(d) 3= 0:0668 0:1654 { 02636
(e) 5= 0:0895 0:2636 { 05245
[G) 15=4 | 0:1138]| 0:5245 { 15452
9) 17=2 | 0:1785 1:5452 { 21180
(h) 21=2 | 0:2157 2:1180 { 30214
() 25=2 | 0:2502 30214 { 64725
)] 53=3 | 0:3127 6:4725 { 6:9967
(k) 64=3 | 0:3740 6:9967 { 117793
0] 65=3 | 0:3780 | 11:7793 { 143968
(m) 27 0:4395| 143968 { 148260
(n) 55=2 | 0:4428| 14:8260 { 151357
(0) 31 0:4974 || 151357 { 275137
(9)) 1094 | 0:5665| 275137 { 285437
(a) 38 0:5693 || 285437 { 294987
(n 125E=3 | 0:6127| 294987 { 312630
(s) 46 0:6696 || 31:2630 { 363017
(®) 52 0:7529 || 363017 { 488709
(u) 54 0:7768| 488709 { 538705
(v) 178=3 | 0:8415| 538705 { 719874
(w) 81 1:1284 | 719874 { 1296095
(x) 82 1:1383 | 1296095 { 1602448
) 84 | 1.1547| 1602448 { 1

Table B.4: Properties of the MECs proposed by the GA for a square-shoiéd
. the internal energy per particle in reduced
2, and the range of pressure value® ,
for which the structures were found to be stable (cf. sectiof.1). The letters

system of shoulder width
units, U , the particle area density

=7

given in the rst column refer to the pictures shown in gure B.4.
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(@ U =0 () U =1=2 © U =1 d U =3=2 () U =5=2
() U =17=4 (@ U =17=2 (hy U =21=2 () U =25=2 () U =54=3
K U =64=3 () U =65=3 (m U =27 (n) U =109=4 (0 U =31
(p) U =151=4 (@ U =38 (n U =125=3 (s) U =46 t U =52
(U U =54 (v U =178=3 w) U =81 () U =82 (y) U =84

Figure B.4: Full sequence of minimum energy con gurations found for a
square-shoulder system of shoulder range=7 with their respective internal

energy per particle U

in reduced units (cf. section 6.1).
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Full sequence of MECs for =10
structure U 2 stable P -range
(B.5,a) 0 0:0125 0:0000 { 00130
(B.5,b) 1= 0:0207 0:0130 { 00391
(B.5,c) 1 0:0282 0:0391 { 00767
(B.5,d) 3= 0:0345 0:0767 { 0:2666
(B.5,e) 5= 0:0496 0:2666 { 0:3816
(B.5,f) 4 0:0669 0:3816 { 04237
(B.5,9) 6 0:0702 0:4237 { 05640
(B.5,h) 7 0:0802 0:5640 { 0:7236
(B.5,i) 8 0:0901 0:7236 { 09037
(B.6,a) 9 0:1001 0:9037 { 1:6948
(B.6,b) 25=2 | 0:1262 1:6948 { 19126
(B.6,c) 29=2 | 0:1454 1:.9126 { 26294
(B.6,d) 33=2 | 0:1635 2:6294 { 32887
(B.6,e) 37=2 | 0:1816 3:2887 { 62722
(B.6,f) 82=3 | 0:2439 6:2722 { 83190
(B.6,9) 92=3 | 0:2703 8:3190 { 129347
(B.6,h) 79=2 | 0:3315| 129347 { 193908
(B.6,i) 89=2 | 0:3625| 19:3908 { 336106
(B.6,)) 53 | 0:3991| 336106 { 374077
(B.6,k) 220=3 | 0:5097 || 374077 { 468181
(B.6,)) 78 | 0:5370| 46:8181 { 484984
(B.7,a) 87 | 0:5964| 484984 { 638452
(B.7,b) 193=2 | 0:6545| 638452 { 702321
(B.7,c) 105 | 0:7108| 70:2321 { 820690
(B.7,d) 111 | 0:7498| 820690 { 854410
(B.7,e) 116 | 0:7842| 854410 { 1138668
(B.7,f) 135 | 0:9011 | 1148668 { 1337881
(B.7,9) 156 | 1:0495| 1337881 { 2274269
(B.7,h) 166 | 1:1003| 227:4269 { 3271034
(B.7,) 180 | 1:1547| 3271034 { 1

Table B.5: Properties of the MECs proposed by the GA for a square-shoiéd
system of shoulder width = 10 : the internal energy per particle in reduced
units, U , the particle area density 2, and the range of pressure value® |,
for which the structures were found to be stable (cf. sectioB.l). The letters
given in the rst column refer to the pictures shown in gures B.5 to B.7.
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(@ U =0 () U =1=2 © U =1
d U =3=2 () U =5=2 ) U =4
(9 U =6 (hy u =7 () U =8

Figure B.5: Full sequence of minimum energy con gurations found for the
square-shoulder system of shoulder range= 10 with their respective internal
energy per particleU in reduced units (cf. section 6.1)
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@ U =9 (b) U =25=2 ) U =29=2
d U =33=2 () U =37=2 () U =82=3
(@ U =92=3 (h U =79=2 () U =89=2
() U =53 (k) U =220=3 () U =78

Figure B.6: Full sequence of minimum energy con gurations found for the
square-shoulder system of shoulder range= 10 with their respective internal
energy per particleU in reduced units (continued from gure B.5).
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(@) U =87 (b) U =193=2 (c) U =105
d U =111 (e) U =116 () U =135
(9 U =156 (h)y U =166 () U =180

Figure B.7: Full sequence of minimum energy con gurations found for the
square-shoulder system of shoulder range= 10 with their respective internal
energy per particleU in reduced units (continued from gure B.6).
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