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Kurzfassung

Fiir bestimmte Systeme der weichen Materie, wie etwa Makromolekiile mit niedriger
Monomerdichte in ihrem Inneren, kann man die effektiven Wechselwirkungen zwischen den
Molekiilen durch rein abstoflende, beschrankte Potentiale darstellen. FUr das Phasenver-
halten solcher Systeme wurden zwei unterschiedliche Szenarien vorausgesagt: einerseits “re-
entrant melting”, wo eine Fliissigkeit bei Kompression zuerst friert und schliellich wieder
schmilzt, und andererseits das “clustering” Phanomen, wo iiberlappende Teilchen Klumpen
bilden, die sich an den Gitterplatzen von Kristallen anordnen. Das erste Szenario wurde
sowohl theoretisch als auch experimentell an zahlreichen Systemen der weichen Materie un-
tersucht und bestétigt. Der Bildung von Cluster-Phasen ist hingegen bislang noch wenig In-
teresse geschenkt worden. In dieser Arbeit wird dieses Phanomen daher eingehend studiert:
einerseits wird aufgezeigt, wie man geeignete Makromolekiile, die dieses Phasenverhalten
zeigen, synthetisieren kann. Andererseits wird eine eingehende Analyse der Eigenschaften
und Thermodynamik dieser exotischen Systeme prisentiert. Somit werden in dieser Ar-
beit sowohl die mikroskopischen als auch die mesoskopischen Aspekte dieses Phdnomens

behandelt.






Abstract

Effective interactions in particular soft matter systems, such as macromolecules of low inner
monomer concentration, can be described by purely repulsive, bounded potentials. For such
systems, two different phase behaviours have been predicted: re-entrant melting, where a
fluid freezes and re-melts again upon compression, and clustering, where particles agglom-
erate in groups at the lattice sites of perfect crystals. The former has been studied and
confirmed by both theory and experiments for a wide range of soft matter systems. Cluster-
ing, however, has not yet received due attention despite its intriguing and counterintuitive
character. Our investigations range from tailoring suitable macromolecules—demonstrating
that clustering can indeed be realised in certain soft matter systems—to an thorough exam-
ination of the properties and thermodynamics of such exotic systems. In our detailed study
of this phenomenon we thus bridge the scales between the microscopic and the mesoscopic

level.






In any field, find the strangest thing and then explore it.
John Archibald Wheeler
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Chapter 1

Introduction

Soft-matter physics is a rapidly developing and challenging field for both experimentalists and
theoreticians. Due to several reasons, particular effort has been dedicated in recent years to
investigations on this topic. The applied aspect is undoubtedly based on the fact that we are
surrounded by soft matter in our daily lives. Everyday examples of soft-matter systems range
from food and food additives, through paints, rubbers, foams, gels and liquid crystals to cosmetics
and pharmaceuticals. Therefore, soft matter plays a key role in many technological applications
and processes. From the academic point of view, soft matter offers a broad range of possibilities
where experiment and theory can cooperate in a very constructive and complementary manner.
The fact that soft-matter particles are considerably larger than particles in atomic systems makes
experimental investigations much easier, using modern tools such as video microscopy or optical
tweezers (for an overview see [1]). Moreover, by suitably changing, on the one hand, relevant
properties of the suspension such as solvent quality, salt concentration and temperature, or, on
the other hand, the number, structure and length of the constituent polymer chains, it is possible
to tune the effective interactions in a well defined way, leading to the freedom to tailor potentials.

This brings a direct comparison between theory and experiment within reach.

In the present work, we will focus on a particular class of soft-matter systems, i.e., suspensions
of mesoscopic particles (ranging in size from 1 pm to 1 nm) immersed in a solvent formed by
particles of atomic size. The mesoscopic particles, in turn, are usually complex aggregates built

up from a large number of atoms or molecules.

The huge number of constituent entities is one of the key problems in theoretical investiga-
tions of soft-matter systems. It is impossible to use concepts based on statistical mechanics that
take all the degrees of freedom of these building particles explicitly into account. It is there-
fore more appropriate to focus rather on a simplified representation of the interaction between
two macromolecules which may be obtained by applying suitable coarse graining procedures [2].
These techniques average over the internal degrees of freedom of the constituent particles of the

macromolecules, leading to “effective” spherical particles. These are identified by their centre of



mass position and momentum and the interaction between two such effective particles is mod-
elled by an effective pair potential. For a few colloidal dispersions such effective interactions have
been proposed or derived in the literature, sometimes even in closed, analytical form: neutral and
charged star polymers and microgels [3-5] are a few examples (for an overview see [2]).

In the special case of polymeric macromolecules of low inner monomer concentration, such as
polymer chains [6-8], dendrimers [9,10], microgels [4,5,11,12] or block copolymers [13,14], it is
conceivable that—as a consequence of their complex internal structure—these particles may over-
lap, mutually penetrate, or even intertwine when being compressed. As apparent from Fig. 1.1,
the centres of mass of two such macromolecules might even coincide as long as their constituent
monomers do not overlap and still obey the excluded volume conditions at the microscopic level.
Thus, since full overlaps between these effective particles are possible, the resulting effective in-

teraction remains finite, i.e., bounded, at zero separation.
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Figure 1.1: Top row: two macromolecules of low inner monomer density. The centers of mass are indicated
by black squares. The coarse-grained effective particle is represented by the spherical shape. Bottom row:
two effective macromolecules, which can even fully overlap without any monomers violating the excluded
volume conditions. This leads to a bounded effective interaction ¢(r).

In striking contrast to the harshly repulsive interatomic potentials typically known from atomic
systems, the effective potentials characteristic of soft-matter systems lead to completely new fea-
tures and a richer variety of ordered phases. Among those are not only the face-centred cubic ar-
rangement assumed by colloidal spheres at high concentrations [15-17] and low-symmetry crystals
formed by soft spheres [18], but also a variety of alloys observed for charged colloidal mixtures [19]
and the gyroid phases assembled in block copolymer solutions [20-22]. Furthermore, in the phase
diagram of star polymers and charged microgels a new and completely unexpected feature was

encountered, namely re-entrant melting processes [11, 23], where the liquid freezes and re-melts




again upon incessant compression.

In this thesis, the thermodynamics of materials with soft, bounded effective interactions is
studied using simulation and theory. After classifying the different types of phase behaviour
expected for these systems in Chap. 2, their physics is quantitatively investigated. To this end,
we give a short introduction to the concepts of statistical mechanics in Chap. 3, and then present
the theoretical apparatus adequate to study such systems in Chap. 4. In Chap. 5, we present
the various Monte Carlo simulation techniques that are used to test the theoretical predictions on
the one hand, and to investigate the connection between a system’s microscopic details and its
mesoscopic properties on the other hand. In Chapters 6 and 7, we consider soft-matter systems
that we predict to effectively interact via soft, bounded interactions, and discuss in detail the
properties of the different anticipated types of phase behaviour. Finally, we present a summary of

our findings and the most relevant conclusions of our work in Chap. 8.







Chapter 2

Models

2.1 System parameters

In this thesis, we consider one-component systems, i.e., systems consisting of only one species
of particles interacting via a radially symmetric, density-independent pair potential ¢(r) = ¢(r),
where |r| = r is the interparticle distance. We study classes of potentials which can be written as
¢(r) = ef(r/o) with € being an energy and o a length scale. f(r/o) is a dimensionless function.
Let N denote the number of particles in the system and V the volume to which these particles
are confined, then the number density o is defined by

0= (2.1)

To fix the thermodynamic state of the system it is also necessary to specify its temperature T or,
equivalently, its inverse

= (2.2

where kg is Boltzmann’s constant.

2.2 Phase behaviour of bounded, purely repulsive poten-
tials
In the following, we are going to present the two most frequently studied examples for bounded,

purely repulsive model interactions. The first one is the penetrable sphere model (PSM) [24],
defined by

o(r) = . (2.3)
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Figure 2.1: Schematic representation of the topology of the phase diagrams of the PSM (left) and the
GCM (right): while the PSM freezes at all temperatures into crystals with multiply occupied lattice sites,
the GCM shows re-entrant melting below an upper freezing temperature T,,.

The other is the Gaussian core model (GCM), defined as
o(r) = ce~ /7", (2.4)

which was introduced by Stillinger in the 1970s [25]. Both models were extensively studied by
both computer simulations and different theoretical approaches (see [24,26-34] for the PSM and
[25,35-42] for the GCM).

In these studies, the phase diagrams of both systems were investigated and discussed in detail.
Surprisingly, the phase diagrams of the two models show a qualitatively very different topology
schematised in Fig. 2.1. Upon increasing the density at fixed temperature in a system interacting
by the PSM, homogeneously sized clusters of overlapping particles begin to form which arrange
themselves in an ordered phase. This phenomenon is referred to as “clustering”. On the other
hand, compressing a GCM-system at constant 7', one observes below an upper freezing temperature
a first order phase transition from the fluid to a crystalline cubic phase with singly occupied lattice
sites. Upon further increase of the density, the system might undergo a structural phase transition,
which depends on the temperature, but eventually, the solid will melt again. Therefore, this
behaviour is called “re-entrant melting”. Above the upper freezing temperature, the fluid phase
is stable at all densities.

Since both these model potentials are non-negative, bounded and monotonically decaying?,
their fundamentally different phase behaviour gives rise to the simple question: what is the essential
difference between the PSM and the GCM?

The answer was given by Likos et al. [43]. Based on an analysis of the behaviour of the struc-
ture factor within the mean field approximation (MFA), these authors established a criterion that

determines whether clustering or re-entrant melting behaviour will be observed in systems inter-

INote that the discontinuity of the PSM has no effect on the following considerations.
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acting via bounded, non-negative potentials. For the criterion to be applicable, these interactions
have to decay sufficiently fast to zero for large distances so that they are integrable and their
Fourier transforms exist. Then, there are two possibilities for the functional behaviour of the

Fourier transform 25((1), where ¢ is the wave number:

. 5((1) is a non-negative and monotonically decaying function, i.e., g(q) > 0 for all g. Such po-
tentials are called QT-potentials and a system of such particles will show re-entrant melting.
Since the Fourier transform of Eq. (2.4) is of Gaussian shape, the GCM obviously belongs
to this kind of potentials (cf. Sec. 2.3).

e The Fourier transform q~3(q) oscillates, i.e., it attains negative values for certain ranges of
the wave number g. Such potentials are called Q*-potentials and are expected to lead to

clustering behaviour. The PSM is a representative of this class.

To find out to which class a potential belongs, an explicit evaluation of g?)(q) is not required.
A sufficient condition can be deduced along the following lines. We start from the inverse Fourier

transform of a (bounded) potential ¢(r)

o0

1 9 ~, , singr
o) = 55 [ dad? dlo) (25)
0
Then, the second derivative of ¢(r) at = 0 is given by
" 1 47
¢"(r=0)= = dqq” ¢(q). (2.6)
T
0

Thus, if ¢”(r = 0) > 0, then q;(q) must necessarily have negative parts and hence ¢(r) is a
Q*-potential [44].

2.3 The Gaussian core model

The GCM has been introduced in Sec. 2.2. Its Fourier transform reads

d(q) = w/% gle=a' /A, (2.7

As already mentioned before and as can be seen from above equation, ¢~5(q) > 0 for all q.

Due to the absence of an infinitely repulsive core of ¢(r) we have to address the question of
thermodynamic stability against collapse, i.e., the existence of the thermodynamic limit. Accord-
ing to Ruelle [45], the total interaction energy, ®(r"), of a system of N particles positioned at

N

{r1,...,rn} =" enclosed in a fixed volume V" and interacting via a pair or higher order potential
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is stable if there exists a constant B > 0 so that
o(rV) > —-NB, (2.8)

for all N and all possible particle configurations r" in V.

In the case of pair potentials ¢(r), the total potential energy of the system is given by

o) =Y (|ri — r)). (2.9)

i<j

For purely repulsive potentials, such as the GCM, Eq. (2.8) is trivially satisfied with B = 0,

implying that the thermodynamic limit exists.

2.4 The double Gaussian core model

To generalise the GCM, we introduce a family of model potentials which we call double Gaussian
core model (DGCM). Its functional form ¢(r) is defined as the difference between two Gaussians,
ie.,

o(r) = [e—<r/a>2 _ ne—(r/cof} : (2.10)

where 17 and ( are dimensionless real parameters and n > 0 and { > 0. Depending on the values of

n and ¢, this potential can develop locally or globally attractive regions? (see Figs. 2.2 and 2.3).

The Fourier transform of this potential is given by

o(q) = 132 o® (efq2”2/4 - 77(3678‘12"2/4) . (2.11)

Since the DGCM develops negative parts for certain combinations of 7 and (, it is not obvious
that Ruelle’s stability criterion Eq. (2.8) is fulfilled. To avoid these complications, we restrict our

studies to potentials of this family that are non-negative, i.e.,
¢(r) =20, Vr (2.12)
to guarantee thermodynamic stability, which is fulfilled for

0<(¢<1 and 0<n<l. (2.13)

To find out for which pairs of parameters the potentials of the DGCM-class show re-entrant

2Here, locally attractive is defined by ¢”(rm) > 0, ¢/(rm) = 0 and ¢(rm) > 0 while globally attractive cor-
responds to ¢ (rm) > 0, ¢/(rm) = 0 and ¢(rm) < 0, 7y being the location of the minimum of the attractive
region.
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melting, we have to select those members for which
ema' /A 77(36_42‘12‘72/4 >0, Vg (2.14)

We can reformulate this condition as two inequalities, i.e.,

log (n¢?)
2 2 .
q o S 4ﬁ, if g < 17 (215)
and 5
1
o’ > 4%, if ¢ > 1. (2.16)

These conditions have to be fulfilled for all q. However, since ¢ can attain arbitrarily large values,
the first inequality can never be fulfilled. On the other hand, the second condition does not meet
our stability requirement Egs. (2.12) and (2.13). Thus, the DGCM potentials will show clustering
for 0 < ( <1 and 0 <n < 1. For the special cases ( =1 or n = 0, the DGCM reduces to a single

Gaussian and will show re-entrant melting.

2.5 The generalised exponential model

A different generalisation of the GCM is given by the family of bounded, strictly repulsive poten-
tials termed the generalised exponential model of index n (GEM-n) [46-48],

d(r) =ee= /" (2.17)

where n > 0 is a real parameter. For n = 2, the GCM is recovered, whereas the limit n — oo
yields the special case of the PSM. Since ¢(r) > 0 in Eq. (2.17) for all n and r, Ruelle’s stability
criterion (2.8) is automatically fulfilled.

In Sec. 2.3 it was already shown that the GCM, which is identical to the GEM-2, belongs to the
QT -class. On the other hand, the PSM, which corresponds to the GEM-o0, is known to belong to
the Q*-class. Thus, there has to be a threshold value for the index n, where the phase behaviour
of the GEM potentials changes from re-entrant melting to clustering. As no closed expression of
the Fourier transform exists for the potential of the GEM-n for arbitrary index n, we rather study
the second derivative of the potential given by

¢ (r) = 2= (r/o)" [n (5)2("71) —(n—1) (5)"2] . (2.18)

g g g

We find that for the GEM-n family, ¢”’(r = 0) = 0 for n > 2. Therefore, it follows that the
threshold value of the index is 2 and that for n > 2, the GEM-n potentials belong to the class of
QT -interactions [44,46,49).
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-

Figure 2.4: Four members of the GEM-n family: the GCM (n = 2), the GEM-4, GEM-10, and the PSM
(n = o00).







Chapter 3

Statistical mechanics in a nutshell

Statistical mechanics [50-53] provides the mathematical framework to derive the macroscopic
properties of materials, which are accessible in experiments, from the knowledge of the microscopic
properties and dynamics of its constituent entities, such as atoms, molecules or macromolecules.
Statistical mechanics thus forms the basis for thermodynamics, which otherwise would just be
a phenomenological theory. It also allows for the calculation of static and dynamical properties

using the formalism of spatial and time correlation functions.

3.1 Basic concepts

At any time, the microscopic state of a classical system of N spherical particles is fully determined
by the 3N coordinates ry,rs,...,ry and 3N momenta p1, p2, ..., py of the particles, presenting a
point in the 6 N-dimensional phase space. The dynamics of the system is governed by the Hamilton

function H(r™, pV) and the equations of motion read

OHEN, pN)
R 1
op; T (3 )
and NN
OH(r",p")
ari = —Pi, (32)

where the dot denotes a time derivative. These differential equations have to be solved with
suitable initial conditions.

Since typical macroscopic systems usually consist of a huge number of particles of the order
of N ~ 1023, it is impossible to determine the trajectory of the system through phase space, even
with the most modern computers. Fortunately, we do not need the details of the specific behaviour
of every single particle. It is more convenient to introduce the concept of an “ensemble”, i.e., a
large number of realisations of one and the same system where each member of the ensemble is

compatible with fixed macroscopic parameters which describe the thermodynamic state of the

13
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system. At the same time, however, each member is assumed to evolve under the microscopic
laws of motion from its particular initial condition, i.e., its specific time evolution will be different
from that of all other members in the ensemble. Nevertheless, we can determine macroscopic
properties common to all members of the ensemble by performing so-called “ensemble averages”.
Let A = A(r™,p") denote a macroscopic, time-independent property. Then, the ensemble average
of A, denoted as (A)eps, is obtained by calculating the value of A in each member of the ensemble

and performing an average over all these values:

1 M
M —_ .
<A>ens - M Zl Aza (33)

where M is the number of realisations of the system in the ensemble and A; is the value of A
in the i*? realisation. Usually, only a single system is considered and measurements are made at

different points in time and we can determine a time average given by

t
1
(Atime = - / dt" A(t"). (3.4)
0
A system is called ergodic if
(A)ens ™ = (A, (3.5)

i.e., given an infinite amount of time, such a system will visit all possible microscopic states

available to it in phase space.

3.2 The canonical ensemble

We consider a system of identical particles with fixed particle number N confined in a fixed volume
V and in thermal equilibrium with an infinite large heat reservoir, thereby assuring that the system
will have fixed temperature 7.

The partition function Q(N,V,T) of this so-called canonical or NVT ensemble is given by

hiBN N N
Q.. T) = " [ [arVapy e, (3.6)

where h is the Planck constant and the factor N! accounts for the indistinguishability of the

particles. This function links statistical mechanics to thermodynamics via the relation
F =—kgTlogQ(N,V,T), (3.7)

where F' is the Helmholtz free energy, which is the appropriate thermodynamic potential for a
system of fixed N, V and T.
If F = F(N,V,T) were known, all other thermodynamic state functions could be obtained by
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differentiation with respect to its variables. Thus, the free energy or equivalently the partition
function contain essentially the entire information about the macroscopic thermodynamic proper-

ties of the system. For instance, it can be shown [54] that the internal energy U can be calculated

via
01 N, V. T 0BF
U = <'H> = — {M] = (L) . (3.8)
op V,N B Jyn
Further, the pressure P of the system is given by
I N, V.T F
P = kgT Olog Q(N, V. T) __(9F (3.9)
ov NT oV )Nt

and the chemical potential p by

. [0lgQ(N,V,T)]  (OF
o= kBT[ N o lew),, (3.10)

Also, second derivatives of the free energy can be determined, like the bulk modulus B, which is

given by
0’F
BV<—) =Kyt (3.11)
V2 )nr

where xp is the isothermal compressibility.
For the systems considered in this thesis, the Hamilton function H can be separated into two

contributions due to the kinetic and potential energy, thereby allowing for an explicit integration

over the momenta in Eq. (3.6), which then can be rewritten as

A—3N
QN,V,T) = i 2y (V,T), (3.12)
where
2N (V,T) = /drN e B2 (3.13)

is the configurational integral, &(rV) is the total potential energy (cf. Eq. 2.9) and

A= ] 2TBR (3.14)
m

is the de Broglie thermal wavelength. Here, m is the mass of the particles and i = % For an

ideal gas, ®(r") = 0 and 2y (T,V) = V. Therefore, the partition function of the ideal gas is

given by
A~ 3N

id —

Vo, (3.15)

Based on this result, we can rewrite the partition function of a system of interacting particles as

ZN(V, T)
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which upon taking the logarithm of both sides naturally separates the free energy into an ideal
and an excess part

F = F'44 pex, (3.17)

Here, the excess part takes into account all contributions to the free energy that stem from

interactions between the particles.

Using Stirling’s approximation for large N
log Nl ~ Nlog N — N, (3.18)

F'd is given by .
ﬂFld

=logo+3logA -1 (3.19)

and the excess part F'°* of the free energy is

x ZN(V, T)

& = *kBTlOg T (320)

In a similar manner, the internal energy can also be separated according to
U=U"+U°, (3.21)

where U'd = %NkBT and
1 N

U= ——— [ deV oV )e P20 = (¢). 3.22
g [ e (@) (3:22)

3.3 The isobaric-isothermal ensemble

Experiments are usually performed at constant pressure and temperature rather than constant
volume and temperature, leading thus to the isobaric-isothermal or NPT ensemble. Similar to
the canonical ensemble we can imagine the system being in contact with a heat reservoir at
temperature T', and in addition the system will also be put under the action of a piston which is

controlled by an external pressure P.

Following similar lines as before, a partition function Q(N, P,T") can be introduced which is

related to the one of the canonical ensemble via a Laplace transform
Q(N,P,T) = ﬁP/dV e PPV Q(N,V,T). (3.23)
0

The thermodynamic potential of the isobaric-isothermal ensemble is the Gibbs free energy,




3.3. THE ISOBARIC-ISOTHERMAL ENSEMBLE 17

G(N, P,T), which can then be calculated via
G(N,P,T) = —kgTlog Q(N, P, T). (3.24)

It can also be obtained by performing a Legendre transformation of the Helmholtz free energy

OF

G(N.P.T)=FN.V(P).T] - V(P) 5 = FIN.V(P),T] + PV(P). (3.25)

Again, Q(N, P,T) and G(N, P,T) contain all the information about the macroscopic behaviour of
the system. The volume is now given by
o1 N,P,T oG
V = —kpT M = (= . (3.26)
oprP NT OP )y r

) )

and the chemical potential p can be obtained by

_ Olog Q(N, P, T) _ [ 9G
lEsen) (@)







Chapter 4

Theory

To be able to study the phase behaviour of the systems under consideration, we have to choose
theories suitable to describe the different states of matter. In this effort, we decided to investigate
the fluid state by integral equation theories (cf. Sec. 4.1) and the solid state via genetic algorithms
(cf. Sec. 4.2) and density functional theory (cf. Sec. 4.3).

4.1 The fluid - integral equation theories

4.1.1 The radial distribution function and its connection to thermody-

namic properties

The key element of integral equation theories (IETs) is the pair distribution function which for a

system of N spherical particles confined in volume V' at constant temperature 7" is defined as

gn(r1,10) = Zon VT / /drg drye” G ) (4.1)

where zy(V,T) is the configurational integral given by Eq. (3.13).

On physical grounds, gn(ri,r2)dridry can be understood as a measure for the probability
to find particle 1 within a volume dr; at r; while particle 2 is located in a volume dry at ro,
irrespective of the positions of all other particles in the systems.

For isotropic systems, gy (ri,r2) only depends on the distance |r; — ra| = 7 between the

particles and can be written as an ensemble average over pairs [54,55]
<Z 5(r—ry > (4.2)
i

g(r) is called radial distribution function (RDF) represents the ratio of the probability to find a
particle at a certain distance from a given particle compared to the same probability in an ideal

gas. The fundamental importance of ¢g(r) stems from the fact that the knowledge of this function

19
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is sufficient to calculate all thermodynamic properties of the system under study [54].
Provided that all particles in a system interact only via pairwise additive interactions ¢(r) and

that ¢(r) is density independent, the equation of state can be expressed as

oo

% =1- 2?Wﬁg/drr?g(r) [quﬁ(r)] . (4.3)

dr
0

This equation is commonly referred to as virial equation, since it expresses the pressure as an

ensemble average of the virial.

There are two further routes to determine the pressure. The so-called energy route is based

on the excess (over ideal) pressure, P*, which can be determined by rewriting Eq. (3.9) as

ox aFex
P = (c’)V >T. (4.4)

The excess free energy, F'**, on the other hand, is given by

B
0= [a8 S0, (4.5

0

Here, the integral is evaluated along an isochore and the excess internal energy, U, is related to

UeX <
ﬂ'g/drr g(r . (4.6)
0

g(r) via

The last route leads to the so-called compressibility equation, which in contrast to the two
routes presented above is also valid for systems where particles interact through more general

than pairwise additive forces. In this approach, the pressure can be obtained by integrating

b (30, bE))

along an isotherm with respect to o or V, where the isothermal compressibility xr is obtained

from the RDF according to
okpTrr =1+ 4Q/dr [g(r) —1]. (4.8)

4.1.2 The Ornstein-Zernike equation and integral equation theories

In 1914, Ornstein and Zernike [56] introduced in a heuristic way the so-called direct correlation

function ¢(r) via the following equation

h(r) =c(r) + Q/dr/ c(je —1'|) h(r"). (4.9)
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This equation is valid for translationally invariant and isotropic fluids and is referred to as Ornstein-
Zernike equation (OZE). It expresses the total correlation h(r) = g(r) — 1 between two particles
in the fluid separated by distance r as the sum over the direct correlation ¢(r) between those two
particles and all indirect correlations mediated by ¢(r) through an infinite number of many-body

correlations over the other particles of the fluid.

The pair and direct correlation function can be systematically analysed in terms of configu-
rational integrals over clusters of particles. Within the scope of this cluster expansion it can be

shown that [54]
g(r) = e*ﬁ(b(THh(T)*C(THB(T), (4.10)

where the bridge function B(r) is the sum of an infinite number of terms, each consisting of integrals
whose kernels are products of increasing order of correlation functions and simple functions of the
potential. Since the exact B(r) is not known for any system, approximations have to be made,
thereby giving rise to IETs. Then, Eq. (4.10) can be used as a so-called closure to the OZE.
Whereas in an exact closure the virial, compressibility and energy routes to the equation of state
would provide identical results [54], the approximate nature of the various IETs leads to different

ones, i.e., they suffer from thermodynamic inconsistency.

In the following sections we will present the IETs considered in this thesis.

4.1.3 The mean field approximation

The mean field approximation (MFA) [57] was originally proposed for systems interacting via pair

potentials consisting of a hard sphere interaction
¢(r) =00, forr <o, (4.11)

with diameter o plus a tail for r > ¢ that can take different functional forms. For such potentials,

the MFA is based on an ansatz for ¢(r),
c(r) = =po(r), forr>o, (4.12)
along with the so-called core condition that expresses the impenetrability of the particles
glr)=0, forr<o. (4.13)

The relation (4.12) is motivated by a detailed investigation of the long-range behaviour of ¢(r).

Thereby, it can be generally shown that

c(r) =2 —pe(r), forr — oo, (4.14)
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which implies that the MFA is correct in the limit » — oo and can be considered as an extension
of the realm of validity of Eq. (4.14) to short distances. This feature will be further discussed in
Sec. 6.5.

As bounded potentials lack a hard core, Eq. (4.13) is not applicable and the MFA reduces to

e(r)y =—po(r), Vr. (4.15)

Supplementing the OZE with this closure, Egs. (4.12) and (4.13), or (4.15), respectively, yield an
integral equation for the RDF.

Despite the simple form assumed for ¢(r), the MFA provides reasonable results for many model
systems, both with harshly repulsive and soft interactions. The most attractive feature of the MFA,
however, is the fact that it can be solved analytically for a number of model potentials of physical
interest, including the hard core Yukawa potential [58] and the charged hard sphere model [54].
In the case of soft potentials, however, the MFA suffers from some deficiencies, like, e.g., yielding
negative values for the RDF at low densities (cf. Sec. 6.5), which is unphysical. This effect does
not occur in the case of hard core potentials, as such a behaviour is then explicitly ruled out by

Eq. (4.13).

4.1.4 The hypernetted chain closure

The hypernetted chain closure (HNC) [59] is obtained by setting

B(r) =0. (4.16)
Then, Eq. (4.10) becomes
g(r) = e~ PO ) —e(r), (4.17)
which is equivalent to
c(r) = =Bo(r) + h(r) — loglh(r) + 1]. (4.18)

For the HNC, no analytical solutions are available. Usually, this approximation yields good results

for bounded potentials [44,47] and for long-ranged interactions such as in ionic systems [54].

4.1.5 The Percus-Yevick approximation

The Percus-Yevick approximation (PY), proposed in 1958 by Percus and Yevick [60], assumes that

e(r) = {1 _ eﬁaﬁ(r)} g(r), (4.19)
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so that ¢(r) equals zero wherever the potential vanishes.

In this case, the RDF is given by

g(r) = e PP 4 h(r) — ¢(r)]. (4.20)
Since expanding the HNC expression (4.17) with respect to [h(r) — ¢(r)] up to the first order gives
o= Bo(r) +h(r)—e(r) _

g(r) =
— B () —c(r) o,

~ e PO 4 h(r) — c(r)], (4.21)

we see that the PY approximation is the result of linearising the HNC closure. A cluster analysis
of both closures shows that the HNC approximation is obtained by summing up a higher number
of terms than the PY closure [54]. In most cases, the solution of the OZE in combination with
Eq. (4.19) has to be found numerically, but in some cases, e.g., for the hard sphere fluid or for
adhesive hard spheres, it can be obtained analytically [54].

In particular for systems with short-ranged, steeply repulsive potentials, the PY equation is
very successful. Its better performance for this kind of potentials in comparison to other conven-
tional IETs might to some extent be due to the cancellation of errors while summing up the terms
of the cluster expansion. On the other hand, as will be demonstrated in Sec. 7.3 and as was shown

in [46], the PY approximation is usually not a good choice for bounded potentials.

4.1.6 The self-consistent Ornstein-Zernike approximation

Over the past decades, considerable effort has been devoted to the formulation of thermodynam-
ically self-consistent liquid state theories, which, in turn, have most of all led to an improved
description of the structural and thermodynamic properties of liquids with harshly repulsive po-
tentials. In the first generation of these concepts, such as the Rogers-Young (RY) [61], the modified
hypernetted chain (MHNC) [62], or the Zerah-Hansen approach (HMSA) [63,64], simple functions
were introduced in the respective closure relations to the OZE which use an adjustable but not
explicitly state-dependent parameter to interpolate between two conventional closures (such as,
e.g., between PY and HNC in the case of the RY approach). Since self-consistency was enforced
for each state point independent of the neighbouring ones, we shall call this approach locally self-
consistent. The concepts of the second generation of the self-consistent liquid state theories were
based on more sophisticated ideas. The self-consistent Ornstein-Zernike approximation (SCOZA),
introduced in 1984 by Hgye and Stell [65], proposed an explicitly state-dependent function in the
MFA closure relation in order to enforce thermodynamic self-consistency between different ther-
modynamic routes [65,66]. The hierarchical reference theory (HRT) [67-69], on the other hand,

successfully merged ideas of microscopic liquid state theory and renormalisation group concepts.
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In both these advanced liquid state approaches thermodynamic consistency was enforced in the
entire space of system parameters, which we shall call global self-consistency. In the following, we
focus on the extension of SCOZA to soft systems.

The original formulation of the SCOZA for hard core systems [65,66] is based on the MFA
(cf. Sec. 4.1.3). Both concepts require the RDF to vanish inside the core and set the direct correla-
tion function proportional to the potential for distances larger than the core diameter. In SCOZA,
the proportionality factor now contains a state-dependent function that imposes global thermody-
namic consistency. Following the lines of generalising the MFA to soft potentials (cf. Sec. 4.1.3),

we extend the original SCOZA ansatz:
c(r) = BK;(0,8)¢(r), Vr, i=ECor VC, (4.22)

where K; (o, §) are as yet undetermined, state-dependent functions and the subscripts EC and VC
specify whether thermodynamic consistency is enforced between the energy and the compressibility
or between the virial and the compressibility routes (cf. Sec. 4.1.1). For the formulas common to
both cases, the generic subscript ¢ will be used. Since the MFA is recovered for K;(p,8) = —1,
deviations from this value are a measure of thermodynamic inconsistency in the MFA.
Applications of the SCOZA concept [65,66,70] to liquid systems were up to now restricted
to those cases where the respective interactions can be expressed as a hard core plus a linear
combination of Yukawa tails outside the core (HCY systems) [71,72]. This restriction can be traced
to the fact that the rather elaborate SCOZA formalism is intricately linked to the availability of
the analytic solution of the MFA for such a system [73,74]. From this point of view the obvious
counterpart of HCY systems in soft matter is the GCM [25], which also can be treated semi-
analytically within MFA [40,41,46]. The formalism of the SCOZA applied to the GCM will be

presented in Sec. 6.3.

4.1.7 Integro-differential equation SCOZA approach

The availability of a semi-analytical framework provided by the MFA for specific systems, such
as hard core Yukawa systems or the GCM, represents a rather singular exception and therefore,
straightforward applications of SCOZA are limited. In an effort to overcome these restrictions one
may ask whether the SCOZA concept may be formulated for the case of a general system, i.e.,
when a semi-analytic solution to the MFA is not at hand. This is indeed possible as we show in

the following. Let us assume a SCOZA-type closure relation, i.e.,

co(r)=BK¢(r), Vr, (4.23)

with a state-dependent function K (o, 3). Once K is specified, this leads in combination with
the OZE directly to the RDF g(r) = g(r; 0, 3; K), which is thus also a function of K. Since K
is explicitly state-dependent, i.e., K = K(p, 3), the compressibility as determined by the virial
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route, i.e., differentiating Eq. (4.3), is given by

_ 4 7 d _ 2 7 d q(r; 0,8, K
loksTwY] " = 1- %g/drﬁ Ljy)g(r; 0.3 K) - §Q2/d7"r3 ﬁi(r) g(r ggﬁ )
0

2 2aK/ dﬁqﬁ ) Dg(r; 0, ; K)
oK

(4.24)

Thermodynamic self-consistency between the virial and the compressibility route is now enforced
by choosing K such that k%, given by the compressibility equation (4.8), is equal to s, i.e., by

finding at fixed temperature T" a root of the function
f(K) = kS — &Y. (4.25)

Here, derivatives with respect to o and K have to be calculated numerically. We call this the
integro-differential equation (IDE) approach to SCOZA.

It was exactly this idea that was realised in previous applications of parameterised closure
relations such as RY [61], HMSA [63,64], or MHNC [62]. There, however, consistency was achieved
only locally, i.e., considering each state point in isolation and neglecting the state dependence of
K. This corresponds to setting K /Jo = 0 and dropping the last term in Eq. (4.24). In the
present approach, in contrast, we consider K to be explicitly state-dependent and thus this term
is retained. Consequently, the consistency criterion involves not only isolated state points but
also neighbouring state points via the density derivative. Therefore, we have decided to call our
criterion a global one. The quantitative difference between the local and the global approaches

will be discussed in Sec. 6.5.

4.1.8 HNC-based SCOZA

The above approach to thermodynamic consistency represents an IDE based re-formulation of the
SCOZA. Tt is now not only entirely independent of the semi-analytic solution provided by the
MFA for the GCM. More importantly, it has become completely general in the sense that in the
present formulation self-consistency can be enforced for systems with arbitrary (soft) potentials
and in combination with other, parameterised closure relations.

To demonstrate the power of this idea we introduce a HNC-based SCOZA (for clarity we will
refer to the SCOZA approaches introduced above as “MFA-based SCOZA”). This particular choice
is motivated by the fact that the HNC has been found to work very well for the GCM and other
soft potentials [40,41,44,47]. For the closure relation of our HNC-based SCOZA we propose

9(r) = exp [BKunc/(o, 8) ¢(r) + h(r) — c(r)] , (4.26)

where the unknown, state-dependent function Kpnc(o,3) is determined such as to make the right
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hand side of the consistency requirement (4.25) vanish, i.e., by enforcing equality between the
compressibility and the virial route. Numerically, this is achieved by solving Eq. (4.24), where

g(r; 0, 3; Kunc) is obtained from the solution of the OZE along with the closure relation (4.26).

4.2 The solid at zero temperature - genetic algorithms

Compared to the liquid state, the description of the properties of the solid phases is more delicate.
Due to the many exotic structures that can form in soft matter systems (cf. Chap. 1), we do not
know a priori which ordered structures our systems will form in equilibrium. The conventional
approach is to select a set of possible lattices, based on more or less plausible arguments, and
to calculate their respective free energies. The one with the lowest free energy is then assumed
to be the stable structure. While this strategy is in general successful in hard (atomic) systems,
the situation is entirely different in soft matter systems. Due to the arbitrariness involved, this
pre-selection process is highly unsatisfactory, a problem that we solve by using a genetic algorithm
(GA) [75], i.e., a tool which searches among all possible lattices for the equilibrium structure. On
several occasions, this approach turned out to be a very reliable and convenient means to determine
the equilibrium structures of different soft matter systems in an unbiased and parameter-free
search [11,12,75].

The basic idea of the GA is to mimic the concepts of evolution, which can be outlined as
follows. In an initial step we consider a large number of randomly generated possible candidate
structures which are denoted as individuals. The collection of these individuals forms a so-called
(first) generation. A fitness value is assigned to each individual which is a measure of its aptness for
survival and reproduction in the sense that a better solution has a higher fitness value. Since in our
case we search for the thermodynamically most favourable arrangement of particles in a crystalline
structure, we associate a lower free energy of a given lattice with a higher fitness value. Among
the individuals of the current generation suitable pairs of parents are chosen according to their
fitness and via recombination they create the individuals (i.e., lattice structures) of the subsequent
generation. With a certain probability, these individuals are then subject to a mutation process
which avoids inbreeding and introduces new or previously lost genetic material. We proceed in this
way for a sufficiently long sequence of generations, keeping track of the individual with the highest
fitness value, i.e., the lattice structure with the lowest free energy so far. In general, the algorithm
converges rapidly towards the equilibrium structure for a given state point. For conceptual details
we refer to [75,76].

The GA is used to search for the energetically most favourable ordered structures at T = 0,
which are then considered as candidates for the phase diagram at finite temperatures. This search
is particularly challenging for systems that show clustering behaviour. At T = 0, these solids
behave ideally: all clusters are populated by the same number of particles, denoted by n., which

sit perfectly on top of each other at the positions of an ideal lattice. Our measure of fitness is
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related to the free energy, F', which at 7' = 0 is identical to the internal energy, U, and is given by

FT=0 U _ne— 1¢(R: 0) + ne Z #(R), (4.27)

where {R} denotes the set of Bravais lattice vectors of a candidate structure for the cluster phase.
Here, the first term is the interaction energy of a particle with the (n. — 1) particles of the same
cluster, while the second one describes the particle’s interaction with all other clusters of the
crystal. In employing the GA, we minimise the lattice sum per particle, U/N, with respect to

both the Bravais lattice and the cluster occupation number n..

Strictly speaking, at T' = 0, n. can only assume integer values, if we insist that each site is
occupied by an identical number of particles. However, rational values of n. arising from populating
different sub-lattices with different integer occupation numbers and periodically repeating the
pattern, are in principle also allowed. In our calculation, we avoid these cases by employing a kind
of mean-field approach. Possible corrections to the lattice sum from short-range correlations that
lead to differently populated sub-lattices are ignored, and the occupation number of all sites is
set equal to the average value (n.), a general real number. In reality, irrational occupations are,
of course, forbidden for a ground state, pointing to the possibility of phase separation between
optimally occupied states with rational occupation. However, at finite temperatures, it is expected
that hopping processes will allow for the migration of particles and lead to an equalisation of
the average number (n.) of particles on every site. Our approximation of setting n., = (n.) is
expected to be valid for temperatures that are low enough so that the entropic contribution, -7,
associated with the hopping processes can be ignored in comparison with the lattice energy, U, in
the expression F' = U — T'S for the free energy F'. Moreover, since we do not expect sub-lattices
to be populated by vastly different particle numbers even at T' = 0, the error in replacing n. by
(n¢) is very small and the approach offers reliable information on the possible crystal structures

at T =0.

4.3 The solid at finite temperatures - density functional

theory

With the possible candidate structures predicted by the GA at hand we can now proceed to finite
temperatures where it is most convenient to describe the ordered phases within the framework of
classical density functional theory (DFT) [77]. For the systems considered in this work we use a

mean-field format for the free energy functional F[g],

f[g] = f'ld[g] + Fex[g]a (428)
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where the ideal part Fiq[g] is given by

Fiale) = ha [ dr ofr) {loglo()A*) - 1) (1.29)

A is given by Eq. (3.14). Further, the excess part, Fex[o], is obtained via

]:ex[Q] = %// dI‘ldI‘Q Q(I‘l) Q(I‘Q)d)(h’l — I‘2|). (430)

This choice of the functional is explicitly justified in [44].

In the case of clustering systems, where particles can overlap or even sit on top of each other,

we use a periodic array of Gaussian cluster density profiles,

0a(T) = nec (%)3/2 emor, (4.31)

localised at the lattice sites {R} as an ansatz for the inhomogeneous density field, o(r), i.e.,

o)=Y oulr—R) = n (£)F o2, (4.32)

{r) m
Our choice of this particular shape for the density profiles was anticipated in [44] and will be
justified a posteriori when comparing the theoretical data with the simulation results (cf. Sec. 7.3).
The inhomogeneous density field o(r) is uniquely determined by two parameters characterising the
cluster density profiles, i.e., the width « of the profile and the cluster occupancy number or cluster
size, n.. To find the equilibrium density field, the functional given by Egs. (4.28) to (4.30) has to
be minimised with respect to both a and n., at fixed o and T', giving us the theoretical predictions

for the equilibrium values of o and n. at the state point under consideration.

Inserting the ansatz (4.32) into the functional (4.28) to (4.30), F[g]/N reduces to a function

f = f(nc,a) that can be split into an ideal, an inter-, and an intra-cluster contribution
f(ne, @) = fia(ne, &) + finter(e, @) + fintra (e, @0). (4.33)
For the ideal contribution, we find
fia(ne, @) = kT [log ne + 3/2log(ac”/m) — 5/2 + 3log(A/0)] , (4.34)

which is an excellent approximation to the ideal free energy, provided that the Gaussians in
Eq. (4.32) do not overlap, which is the case for ao? 2> 30, representing thus a physically reasonable
lower bound for « [78]. Further, it is easy to see from Egs. (4.29) and (4.32) that for o — 0 the
ideal free energy per particle tends to kg7 [1og(gA3) — 1}, the finite free energy of the ideal gas,
whereas the approximate expression of Eq. (4.34) has a negative, logarithmic divergence there,

signalling the breakdown of the approximation for low a-values.
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For the other two terms in Eq. (4.33) we find

o r —a(r—R)? —a(r 2
finter (e, @) :nm/g Z /drﬁ [e (r=R)*/2 _ q—a(r+R)%/2 o(r) (4.35)

R0 {)

fintra(ne, @) = (ne — 1)\/37—;/dr T?e*ozr2/2¢(7ﬂ)7 (4.36)
0

where R denotes the modulus of the Bravais lattice vector R. For a given density g, the modulus

and

of the lattice vectors depends on the degree of clustering n., since the elementary cell can expand

by accumulating more particles per lattice site.







Chapter 5

Monte Carlo simulations

Monte Carlo (MC) methods are special kinds of computer simulations that are based on stochastic
algorithms, i.e., by using random numbers a wide variety of problems spanning from finance and

economics through mathematics to chemistry and physics become numerically tractable.

5.1 Conventional Monte Carlo simulations

We explain the idea of Monte Carlo simulations [55,79-81] for the canonical ensemble (cf. Sec. 3.2).
Via suitable modifications, the formulas presented in the following can readily be generalised to

other ensembles.

5.1.1 Master equation

A system of N particles confined in a simulation box of volume V at temperature T is assumed
to be in a state 7 characterised by the positions of the particles. At time span dt later the system
will be in state v with probability P(r — v)d¢. Statistical mechanics allows to define transition
probabilities for all states that are accessible to the system.

Let {w,(t)} be the set of weights which represent the probability that the system will be in
state 7 at fixed time ¢. Then, we can write the master equation which governs the time evolution

of w,(t) dn(®)

dt

= Z [w,(t)P(v — 7) —w,(t)P(r — v)]. (5.1)

The first term on the right hand side describes transitions of the system from states v into state
7, while the second one takes into account transitions leaving state T for other states v. Since the

system has to be in some state at a given time ¢, the probabilities w, () have to obey the sum rule
> we(t)=1, Vvt (5.2)
-
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Now, the ensemble average at time ¢, (A);, of some arbitrary macroscopic property A of the

system can be calculated with the help of these weights via
(A)y = Arw. (1), (5.3)

where A, is the value that A takes in state 7.

5.1.2 Equilibrium and expectation values

In equilibrium, the weights {w,(¢)} converge with time towards time-independent values p,, called
equilibrium occupation probabilities. They are defined by

pr = lim w,(¢). (5.4)

t—o0

Consequently, dw,(t)/dt = 0 for t — co.

For a canonical ensemble

1
___ 1
Pr=ow v, (5:5)

where H, is the Hamilton function of the system being in state 7 and Q(N,V,T) is the partition
function defined by Eq. (3.6). Using this distribution of the p,, which is commonly referred to as
Boltzmann distribution, we can rewrite the ensemble average for a macroscopic quantity A of the

system as

(A) = % S A (5.6)

For instance, the internal energy U, i.e., the expectation value of the Hamilton function, can be
obtained as

U= <H> = m 27‘{7—67[37{". (57)

MC simulations allow us to steer a model system through a variety of states in such a way that
the probability that the system is in state 7 is equal to p,. This is achieved by choosing the rules
for changing from one state to another so that the equilibrium solution to the master equation is
precisely the Boltzmann distribution given by Eq. (5.5).

The idea of MC simulations is that only relatively few, representative states but not all possible
states have to be sampled to gather good estimates of physical quantities of the system. Due to
the limited number of states in this simulating procedure, the results are of course subject to
statistical noise, which is one of the main disadvantages of this method. Taking derivatives of
functions affected by statistical fluctuations leads to significant errors, so that the calculation
of expectation values of, e.g., derivatives of Q(N,V,T) as discussed in Sec. 3.2 is problematic.
Therefore, it is highly recommendable to calculate as many quantities as possible directly via

expectation values.
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For instance, the pressure P can be obtained via

_ (W)
P = okpT — ot (5.8)

where the virial W is defined as

(5.9)

Further, the bulk modulus B, which measures the resistance of the system against uniform com-

pression, is given by (cf. Eq. 3.11)

B=k"1=-V <g—€) : (5.10)

In [82,83], it was shown that B can be calculated directly in simulations via

_ 2P + okT N 9
B= =5+ (0) - = (0(11)?). (5.11)
w

is the pressure function, while the pressure P is the canonical average of II (cf. Eq. 5.8)
P = (II). (5.13)
The pressure fluctuations are given by
§(I)? = (I1%) — (IT)*. (5.14)

Further, in the case of pairwise additive potentials the function © is given by

_ 1 2 20y
O =57 i g (5:15)
i<j 2]
5.1.3 Importance sampling

As already explained before, the aim of MC simulations is the calculation of the ensemble average
(A) of some observable quantity A given by Eq. (5.3). The ideal route to determine such an
expectation value is to average the weighted quantity of interest over all states 7 of the system.
In reality, the “true” average has to be replaced by the average over a finite sample, introducing

necessarily some statistical inaccuracies in the calculation.

While a naive approach would be to choose states at random with uniform probability and

then multiply the contributions A, to (A) by p,, the idea of importance sampling is to right away
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select a subset of states according to their probability p,. Then, the given system will spend most
of the simulation time in a representative number of states and the relative frequency with which
a configuration is chosen corresponds to the amount of time a real system would spend there,
limiting the evaluation of A to those states that make important contributions to it.

Supposing that the system has visited M such states {71,...,7asr} during the course of the
simulation, the estimator Ajy; of quantity A is then simply given by the arithmetic mean of the

values of A;, in states 7; (cf. Eq. 3.3):

1 M
A =47 Z;Aﬂ.. (5.16)
with
Jlim Ay = (4). (5.17)

Therefore, it is decisive to find an algorithm that selects states according to the probability dis-

tribution p,. This can be achieved by using a Markov chain [55,79,80].

5.1.4 Markov chains

A naive way to generate states according to the Boltzmann distribution (5.5) would be to choose
states at random and accept or reject them with a probability exp(—GH,). Since nearly all
configurations would be rejected due to their acceptance probabilities being exponentially small,
this is a very slow algorithm. Instead, a time-homogeneous Markov chain [84-86] is commonly
used, which consists of Markov transitions generating a new state v of the system from a given
system state 7 by a random walk. The probability of generating the state v from a given 7 is called
transition probability P(t — v). In the case of a time-homogeneous Markov chain, all transition

probabilities have to satisfy the following three criteria:
e They do not vary with time.

e They only depend on the properties of the states 7 and v and not on any other states the

system has visited in the past.

e They satisfy the sum rule

Y P(r—v) =1, (5.18)

since the system has to end up in some state v.

Note that the probability that the system will remain in its current state, i.e., P(7 — 7), does not
need to be zero.

MC simulations make repeated use of Markov transitions to generate a chain of states, i.e., a
Markov chain. Starting from an arbitrary state of the system, these transitions are chosen such

that when the Markov chain is sufficiently long it will come to equilibrium and will then produce
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a sequence of states which appear with the probabilities given by the Boltzmann distribution.
To achieve this, the Markov transitions have to fulfil two further conditions, i.e., ergodicity and

detailed balance.

5.1.5 Ergodicity

The requirement that the Markov chain has to be able to reach any state of the system from any
other state in a finite number of steps is called ergodicity. Let v be a state with some non-zero
probability in the Boltzmann distribution. If this state were inaccessible from another state 7
no matter how long the Markov chain is continued, then the probability of finding state v in the
simulation will be equal to zero, and not p,, as required. Consequently, the sampled states would
follow a different distribution function. The condition of ergodicity allows for some of the direct
transition probabilities to be equal to zero, as long as there is always at least one compound path

of non-zero transition probabilities between any arbitrary states 7 and v.

5.1.6 Detailed balance

The condition of detailed balance is the second condition imposed on the Markov transitions which
ensures that we sample the Boltzmann distribution once the systems has reached equilibrium.
Equilibrium implies that the rate at which the system makes transitions out of a given state 7

must be equal to the number of transitions into that state [cf. Egs. (5.1) and (5.4)]
ZPTP(T —v) = ZPVP(Z/ — 7). (5.19)
Using Eq. (5.18), this relation can be simplified to
pr =Y poP — 7). (5.20)

Commonly, an even stronger criterion, called detailed balance, is imposed on the transition prob-
abilities

pP(t—v)=p,Plv— 1), (5.21)

In other words, the system should switch from state 7 to v just as often as from v to 7. If the
chosen Markov chain fulfils Eq. (5.21), then the probability distribution of the states tends to the
Boltzmann distribution p, and Eq. (5.21) becomes
P(T — V) p_V _ 67[3(7'[,/77'{7)' (522)
Pv—r1) pr
This relation along with Eq. (5.18) are the constraints imposed on the transition probabilities

P(r — v). If they are satisfied, and the condition of ergodicity is met, then the equilibrium

distribution of states sampled by the Markov chain will be the Boltzmann distribution.
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5.1.7 Acceptance probabilities

As long as Egs. (5.18) and (5.21) are fulfilled, there are several possibilities to choose the transition
probabilities P(T — v). Since contriving an algorithm for the Markov chain to directly generate
the correct transition ratios would be quite intricate, the following trick is used: at first, consider
the probability that the system stays in its current state. If v = 7 in Eq. (5.21), the equation
simplifies to the tautology 1 = 1, i.e., detailed balance is always satisfied for every P(r — 7), no

matter what its actual value. Furthermore, P(r — v) and P(v — 7) can be adjusted arbitrarily

P(r—v)
P(v—T)

without violating detailed balance as long as the original ratio is preserved. As only this
ratio but not the absolute values are needed during the course of a simulation, the transition
probabilities do not even have to be normalised, allowing for violation of the sum rule (5.18).

Next, the transition probabilities are split into two factors
P(r —v)=s(t —»v)a(t = v), (5.23)

where s(7 — v) denotes the selection probability, i.e., the probability that the algorithm generates
a new state v given an initial state 7, and a(7 — v) is the acceptance probability, which indicates
the probability with which the change from 7 to v will be accepted as a new state. In case of
rejection, the system stays in state 7.

Using Eq. (5.23), relation (5.21) now becomes

AT yar (5.24)

Since Eq. (5.24) only fixes the ratio %, it allows to simply set the larger of the two
acceptance probabilities to 1 while the other one takes the required value in order to satisfy the
condition of detailed balance. This guarantees that when switching between states 7 and v, moves

will always be accepted for at least one direction, resulting in a so-called asymmetric rule’.

5.1.8 Metropolis Monte Carlo

In 1953, Metropolis et al. proposed an algorithm [87] fulfilling all the requirements discussed in
the preceeding subsections. While the selection probabilities s(7 — v) for all those states v that
can be reached from state T are chosen to be equal, the selection probabilities for all other states
are set to zero.

This is done in the following way. At first, the N particles of the system are placed within
a box of volume V. This starting configuration can be arbitrary or some regular arrangement.

Repeatedly, a particle ¢ is chosen at random and moved according to

ISymmetric rules, where a(t — v) = a(v — 7) and a(t — v) # 1, are often used in the simulation of spin
systems.
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A is the maximum allowed displacement. It is arbitrary, has a fixed value and is limited by the
constraint that A < L/2, where L is the length of the (cubic) simulation box. It is chosen to
produce an acceptance ratio of 30 to 50 % [55]. Further, the £, are some vectors of uniformly
distributed random numbers in the interval [—1, 1]. After such a move, the particle is with equal

probability expected to be anywhere in a cube of side 2A centred around its original position.

As s(t —v) = s(v — 1), Egs. (5.22) and (5.24) simplify to

Plr) sl vjelr ) _sr =)o, (5.26)
Therefore, to choose the acceptance ratios a(t — v), we need to calculate the change in energy
AH = H, — H, of the system due to the displacement of the particle. If the move leads to a
decrease in the energy, i.e., AH < 0, the trial move is accepted and the particle left at its new
position. On the other hand, if AH > 0, the trial move is only accepted with a probability of
exp(—BAH), which is achieved by generating another uniformly distributed random number ¢
between 0 and 1. Then, if £ > exp(—BAH) the particle remains at its old position, while it is
moved to the new coordinates if £ < exp(—SAH) (see Fig. 5.1). No matter whether the new
configuration has been accepted or not (i.e., the system is still in the old configuration), it is
considered to be in a new configuration for the purpose of taking averages according to Eq. (5.16).
This procedure is repeated with another randomly chosen particle, and so forth, thereby generating

a random walk through phase space.

To summarise, the algorithm chooses the acceptance ratios to be
a(T — v) = min 1,€_B(H”_HT):| . (5.27)

Since Eq. (5.27) satisfies the condition of detailed balance (5.24), the Metropolis algorithm gen-
erates states according to the Boltzmann distribution. Due to its efficiency, it has become the

algorithm of choice in the majority of MC studies of simple statistical models.

5.2 Monte Carlo simulations in the isobaric-isothermal en-

semble

Simulations in the isobaric-isothermal (N PT') ensemble [88,89] are often more convenient than in
the NVT ensemble since they allow to mimic exactly the conditions given in the laboratory. The

basic concepts of this ensemble were already described in Sec. 3.3.

In NPT simulations, the volume V adjusts in such a way as to keep the pressure fixed. Thus,
apart from the standard trial moves of the particles, described in Sec. 5.1.8, we additionally have

to carry out trial moves in V' that have to obey detailed balance.
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Figure 5.1: Acceptance probabilities in the Metropolis MC simulation. Moves with AH < 0 are always
accepted, while for AH > 0, moves are accepted with a probability of exp(—BAH).

Let us assume a trial move in volume, i.e., a change of volume
Ve =V, =V, + AV, (5.28)

where AV is a uniformly distributed random number in the interval [—AVi ax, +AVinax|. Here,
Viax depends on the state point under consideration and is chosen to produce an acceptance ratio
of 30 to 50 percent [55,89]. Note that such a move also re-scales all particle positions. Then, the

Metropolis rule for acceptance of this attempted volume change is given by

a(t — v) = min |1, e Py —H)+PVe=Ve) =Nk Tlog(Ve /Vr) | (5.29)

A more convenient sampling might be achieved by conducting trial moves in the logarithm of

the volume instead of the volume itself [90]. Then, the acceptance rule changes slightly to

a(t — v) = min |1, e PHy—H)+PVe=Ve)=(N+DkaTlog(Ve /Vr) | (5.30)

For most potentials, volume moves are computationally very expensive to analyse [79]. Since
all particle positions have to be rescaled after such a move, all interaction energies have to be
recomputed, rendering one volume move as expensive as N positional particle moves. Therefore,
it is common practice to alternate randomly between the two types of moves, such that volume
moves are attempted with a probability of 1/N, while standard particle moves are carried out

with a probability of 1 — 1/N.
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5.3 Tricks of the trade

5.3.1 Boundary conditions, minimum image convention and tail correc-

tions

While MC simulations aim at providing information about the thermodynamic and structural
properties of a macroscopic sample of the system of interest, only rather small systems can be
handled in reality by present-day computers. Thus, most simulations only probe the behaviour
of systems that contain several hundreds to few thousands of particles, which is by many orders
of magnitude smaller than realistic systems. For such small systems the choice of boundary
conditions does have a significant effect on the properties of the system. For instance, in a three-
dimensional N-particle system, the fraction of particles located at the surface is proportional to
N—1/3. Especially in simulations of small systems, this fact makes it decisive to choose boundary

conditions in a way that the surface effects are minimised.

In order to correctly simulate bulk phases, we require boundary conditions which mimic the
presence of an infinite bulk surrounding the simulation box. One strategy is to impose periodic
boundary conditions. Here, the simulations box is treated as the primitive cell of an infinite
periodic lattice of identical cells. There are no walls at the boundary of the central box and
therefore, no surface particles. As we move a particle in the original box, all its images in the cells
of this infinite lattice will move in a coherent way. Therefore, when a particle leaves the box, one
of its images is going to enter at the opposite side of the box. As a consequence of the infinite
array of surrounding cells, particle i in the central box interacts not only with all other particles
in the same cell, but also with all the other particles, including its own periodic image, in all
other cells (cf. Fig. 5.2). When calculating the potential energy, we would thus need to sum up an
infinite amount of terms. However, MC simulations often only deal with short-range interactions,
where the pair potential decays faster than 3 for » — oco. Therefore, the potential energy of a
given particle 7 is dominated by interactions with neighbouring particles that are closer than some
cutoff distance r.. In particular, if r. < L/2 only interactions of a given particle with the nearest
periodic image of (at most) all other particles j have to be considered. This so-called minimum

image convention is schematised in Fig. 5.3.

If the intermolecular potential is not rigorously zero for r > 7., truncation of ¢(r) at r. will
result in a systematic bias in the calculation of thermodynamic properties. This bias can be
corrected to some extend by adding so-called tail corrections. For instance, for the expression for

the potential energy, we find

oo

&~ Zqﬁc(rij) + % /dr dmr?p(r), (5.31)

i<j Te
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Figure 5.2: Schematic representation of periodic boundary conditions.
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The system of interest (grey) is

surrounded by an infinite amount of identical copies of itself.

where ¢.(r) denotes the truncated potential energy function

o(r) r<r.
oc(r) = , (5.32)
0 >
with the spherical cutoff r.. The second term in Eq. 5.31 follows from the assumption that
g(r)=1 forr>re, (5.33)

i.e., for r > 7., the tail correction replaces the discrete particle system by an infinite continuum.

In a similar way, a correction term is added to the expression for the virial

oo
—Q/ drdmor?r (T)
T=Tij 2 ’I"

9e(

i<J

(5.34)

5.3.2 Cell lists

To speed up simulations of systems with a large number of particles, Quentrec and Brot [91]
developed the so-called cell list method. Assuming a cubic simulation cell of length L, the box is
divided into M x M x M sub-cells with size r,, = L/M > r.. Further, it is assumed that each
particle in a given cell only interacts with particles in the same or in the surrounding cells. A
two dimensional visualisation of this idea is shown in Fig. 5.4. Using this method, we only need
to consider 27N N, pairs of particles in the calculation of @ instead of 2N (N — 1) (cf. Sec. 5.1).

Here, N,,, = N/M?3 is the average number of particles per cell.
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Figure 5.3: Schematic representation of the minimum image convention. The dashed box around one of
the particles contains the same number and relative configuration of particles as the central one. The
dashed circle represents a potential cutoff of L/2, i.e., only those particles lying within the circle interact
directly with the particle in the centre.

To realise this method, linked lists can be used [79]. At the beginning of the simulation, all
particles have to be assigned to their respective cells, which is a rapid process. In an array called
“head-of-chain”, the identification number of one particle of each cell is stored. This number is
then used to address the element of a linked list array which contains the identification number of
the next particle in the cell. In turn, the array element for this particle is the index of the next
one, and so forth. Using this method, one can address all the particles in a cell until the element
‘zero’ is reached, which signals the end of the list. Then, one has to move on to the head of chain
of the next cell. After each accepted MC move, there is the possibility that the moved particle
has left its cell. Instead of the time-consuming creation of a new list after every accepted move,

the existing linked list can instead be updated at the cost of some extra book-keeping.

5.4 Lattice Monte Carlo simulations

In simulations of systems that freeze into singly occupied crystals ~500 particles often provide
sufficiently reliable results. However, the situation is completely different in systems where parti-
cles agglomerate to clusters at the lattice sites of perfect crystals. This behaviour is observed for
the PSM and also expected for the GEM-n introduced in 2.5. In this case, to guarantee a suf-
ficiently large number of clusters, we need considerably more particles in our simulation volume,
rendering the use of conventional MC techniques computationally rather expensive. In particular
it is the determination of the distance between particles and the evaluation of the potential energy
of a given particle configuration which is the most time consuming part. Therefore, a significant

speed-up of the MC simulations is needed to make them feasible for systems that show clustering
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Figure 5.4: Schematic representation of the cell list method in two dimensions: the simulation box is
divided into M x M cells of length r.,. A particle in cell i interacts only with particles of its cell (cross
hatched) or of the neighbouring cells (hatched).

transitions.

5.4.1 Canonical Lattice Monte Carlo simulations

Motivated by previous work [49,92, 93], we use Lattice Monte Carlo (LMC) simulations, a tech-
nique originally proposed by Panagiotopoulos [94]. The central idea of LMC is to transform the
continuous system into a lattice model by restricting the possible particle positions within the
simulation box to a finite number of discrete coordinates, as illustrated in Fig. 5.5.

Consider a particle with a characteristic diameter . We construct a series of lattice models,
where we restrict allowed particle positions to the sites of a simple cubic grid of some characteristic
spacing. The lattice discretisation parameter ( specifies the number of grid sites per particle
diameter ¢ and measures how closely the lattice model mimics the continuum behaviour. It can
easily be seen from the upper panels of Fig. 5.5 that choosing a small value of { will have a strong
effect on the structural as well as the thermodynamic properties of the system. However, artefacts
due to the lattice discretisation are bound to decrease as ( is increased.

For our implementation of the LMC method, we use a cubic box of length L (in units of o).
The box is discretised via a grid of 2° (i.e., b bits) possible positions in each dimension. Thus, the

discretisation parameter takes the form
2b

(=7 (5.35)

It should be noted that the product L x ¢ has to be an integer (even though L and ¢ can take any
real value individually) so that we can use periodic boundary conditions for the LMC simulations.
Due to the discretisation there is now only a finite number of possible distances between

two particles. Assuming that the interaction potential between any two sites is translationally
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Figure 5.5: Schematic representation of the refinement process of the lattice model with increasing lattice
discretisation parameter ( =1, 2, 4 and 8 as described in the text. For clarity, a two dimensional system
is shown, but the generalisation to three dimensions is straightforward. Note that the number of grid
points per particle (grey sphere) grows as ( increases.

invariant, we can write the potential energy as

B(rN) =" o(ri), (5.36)

i<J

where r;; is the modulus of the vector connecting sites ¢ and j

rij = \/(mj —@i)® + (v —vi)? + (25 — 2)* (5.37)

The particle positions z;, y; and z;, etc., are integers between 0 and 2° — 1. Since there is only
a reasonably small, finite number of distances 7,5, it is obvious from Eq. (5.36) that we need to
calculate interactions ¢(r;;) for all these possible distances only once, at the beginning of the

simulation, storing them as function of r2.

Depending on the functional form of the potential studied, the LMC method allows for a speed-
up by a factor of ~20 compared to the conventional MC scheme [49,92,93]. This considerable
reduction in computational time is due to the elimination of the time consuming evaluations of
the potential for every pair of interacting particles. If—as in our case—we use a power of 2 as the
number of grid sites per dimension, a further speed-up can be achieved since periodic boundary
conditions reduce to a bit operation. As soon as a particle leaves the box, its coordinates will
need more than b bits to be represented as a binary number. Truncating this to the lowest b bits,
periodic boundary conditions are automatically fulfilled (see Fig. 5.6). Since computers use the

binary representation of numbers, bit operations are extremely fast.
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Figure 5.6: Schematic representation of periodic boundary conditions within the LMC simulations using a
discretisation of 2 bits per dimension. Before the move (left panel), the particle has the x-coordinate x=11
in the binary representation. During the move (central panel), the particle leaves the simulation box. To
store the new coordinates (x=101) on the computer, 3 bits are needed. Truncating the coordinates to 2
bits leads to the correct new coordinates within the box (right panel).

5.4.2 The radial distribution function in NVT-LMC

In liquid state theory [54], the RDF is defined by Eq. (4.1). In conventional MC simulations, g(r)
is obtained from a histogram of all observed particle distances, which, at the end of the simulation,
has to be scaled according to the pre-factors in Eq. (4.1) and accounting for the volumes of the
spherical shells in which we measured the histogram. The bin size Ar of this histogram (i.e.,
the thickness of the spherical shells) has to be chosen small enough to obtain g(r) with sufficient
resolution, but large enough to minimise the statistical error per bin. By measuring a histogram,
the RDF is averaged per bin which leads to a significant statistical error at short distances since
the small volumes of the spherical shells over which we average allow only for few events in this

regime.

In LMC simulations, this problem is even more pronounced due to the fact that short distances
are only represented by a few grid points and that the number of available grid points representing
a certain distance interval is not exactly proportional to the volume of a corresponding spherical
shell. Fortunately, one can measure the RDF in a different, more efficient and accurate way by
not calculating a histogram but recording, for every possible interparticle separation on the grid,
how often that distance was observed in the simulation and normalising by the number of times

this separation can occur [92].

The advantage of this approach is that the RDF measured in LMC contains valuable qualitative
information on the state of the system compared to the RDFs measured in conventional MC. In
the fluid phase, particles can—in principle—occupy any distance relative to each other. During the
course of the simulation, most possible distances on the grid will be realised, giving the impression
that the RDF is a continuous curve. If, on the other hand, the system is in the solid phase and
the amplitude of the particles’ vibrations around their (physical) lattice sites is comparable to
the spacing of the computational grid, only a small set of specific interparticle distances will be
observed. In this case, the RDF will show pronounced peaks at the corresponding distances, so
that it is easy to tell when crystallisation has occurred (see Fig. 5.7). By averaging, the RDF can
be smoothed and reduced to the form usually obtained by conventional MC [92].
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Figure 5.7: Simulation results of the RDF of a typical cluster solid as obtained by conventional MC' (grey)
and LMC (black). While the clustering phenomenon is reflected in the peak at r = 0, the crystal structure
of the system can be seen from the pronounced peaks in the LMC data at certain distances.

5.4.3 Discretisation errors

By discretising the simulation cell as outlined in Sec. 5.4.1, we introduce two new kinds of errors
to the determination of structural and thermodynamic properties of the system [92,93]. They are
additional to the statistical error which is inherent to all MC simulations. The first error is a
structural defect. It will be non-negligible in case the underlying grid is not sufficiently fine, as the
use of discretised coordinates introduces anisotropies. However, the Shannon-Nyquist sampling
theorem [95] tells us that discrete samples are a complete representation of the original property
if we choose the lattice discretisation parameter ¢ = 2°/L sufficiently large so that all relevant
wave-numbers of the structure factor of the system (which is proportional to the Fourier transform
of the RDF) are captured. If this condition is fulfilled, the sampling of the structure of the system

(i.e., the measurement of the RDF) is fine enough to contain all information [92].

The second error concerns the calculation of averages. Due to the underlying grid particle
positions are no longer sampled from the continuous domain [0, L) x [0, L) x [0, L) but rather
from a set of discrete values {x;,y;,zx}, with 4,j,k = 0,...,2° — 1. Let § = 1/¢ be the mesh-
size of the grid. Then, all possible positions in the volume element [z; — §/2,2; + 0/2) X [y; —
§/2,y; +9/2) X [z — /2, 2z, + 0/2) are mapped to the single point {z;,y;, zx}. Taking averages
of a property A, only the function values at these points are used. Therefore, in LMC simulations

integrals are reduced to Riemann sums over all grid sites (cf. Fig. 5.8). Thus, we can conclude
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that this discretisation error scales the same way as Riemann sums scale. It has to be stressed
that even when performing an LMC simulation of infinite length, the final result would still be
affected by this systematic error since the discretisation of the grid remains fixed throughout the

simulation [49,92].

Figure 5.8: One-dimensional representation of the integration of some function f in the LMC scheme.
Since only discrete positions (dashed lines) are allowed in the interval [a,b), the MC summation converges
towards the Riemann sum rather than the true integral.

5.4.4 Comparison conventional MC - LMC

First, we want to study the influence of the lattice discretisation parameter ¢, which is determined
by the number of bits used per Cartesian dimension, on the structural properties in a qualitative
way. Fig. 5.9 shows three simulation snapshots of a typical cluster solid (cf. Sec. 7.3). The upper
left panel shows the system at a resolution of b = 5 bits (corresponding to ¢ ~ 4). In each
direction, there are only 32 positions available, a limitation that strongly influences the structure
of the system. Another snapshot of the same system is shown for a grid at b = 6 (corresponding
to ¢ ~ 8, upper right panel). Now, the structure is already reproduced in a more appropriate way,
though the effects of the grid are still visible. At b = 8 (corresponding to ¢ ~ 32, lower panel),
the discretisation is sufficiently fine to obtain an acceptable resolution of the positions and reliable
results for the structure.

In Fig. 5.10 we investigate the effects of LMC on the structure in a more quantitative way by
calculating the RDF for the system presented in the snapshots in Fig. 5.9. Qualitative agreement
with the data from conventional MC simulations is already achieved for a discretisation of 6 bits
per direction, while at 8 bits, all the characteristic features of the RDF are fully captured. Since
the data presented are for a GEM-4 system (cf. Sec. 2.5) frozen into an fcc crystal, the raw RDF
measured in the LMC simulation exhibits sharp peaks at certain distances (cf. Fig. 5.7), while the
data presented in Fig. 5.10 have already been smoothed. As can be seen in Fig. 5.11, in the fluid
state the data for the RDF are much closer to conventional simulation data.

We conclude the discussion of structural properties by showing the RDF of the centres of mass
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Figure 5.9: Snapshots from LMC simulations of a typical cluster solid (GEM-4, po® =9, ksT /e = 1, fcc)
for discretisations of b = 5 (upper left), 6 (upper right), and 8 (lower panel). Depth cueing is used to
indicate the distribution of the particles in the direction perpendicular to the plane of the paper.

of the clusters (instead of the individual particles) in Fig. 5.12. It can be seen that already at very
low values of b, we obtain qualitatively correct results. The curves obtained with b =7, 8, and 9
coincide and reproduce the conventional-MC data perfectly.

Even though the results for the structural properties might suffer from small (fluid) to con-
siderable (cluster solid) fluctuations, the situation is different for the thermodynamic properties,
such as the pressure or the internal energy. They are calculated as configurational averages and
hence are less affected by deficiencies in the details of the structural properties. From our results
for different levels of discretisation and by comparing them to the results of the conventional MC
approach, we conclude that 8 bits are sufficient to guarantee the required numerical accuracy in
the structural and the thermodynamic properties. We want to stress that higher levels of discreti-
sation go along with a considerably larger memory requirements, since the size of the array that
stores all the possible interactions scales as 220~ (cf. Sec. 5.4.1). Moreover, for these levels of
discretisation, considerably increased array access times have to be taken into account once the
lookup table exceeds the cache size.

Especially in the study of systems that show clustering behaviour, the LMC technique [aug-
mented by the cell list method (cf. Sec. 5.3.2)] result in an average speed-up of ~15, which brings

extensive quantitative MC studies of these systems within reach.
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Figure 5.10: The RDF for a typical cluster solid (GEM-4, go® = 9, kgT /e = 1, fcc) as obtained by LMC
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Figure 5.11: The RDF of a supercooled liquid (GEM-4, go® = 9, kpT/e = 1) as obtained by LMC
simulations at b =6 (left) and b = 8 (right) in comparison with conventional MC simulation results.
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Figure 5.12: The RDF of the centres of mass of a typical cluster solid (GEM-4, 00% =9, Be =1, fec) as
obtained by LMC simulations at different levels of discretisation and compared to results of conventional
MC simulations.

5.4.5 Isobaric-isothermal Lattice Monte Carlo simulations

Of course, the LMC technique is not limited to the canonical ensemble and can be generalised to

the isobaric isothermal ensemble (cf. Sec. 3.3 and 5.2).

One possible implementation of LMC in the NPT ensemble could be based on discretised
volume changes keeping the number of spatial grid points constant. Starting at volume V', the
interaction array has to be computed and stored. Whenever the volume is modified during the
simulation, the particles retain their position on the grid, but since the absolute grid spacing
varies as V/3 all interparticle distances are rescaled. Thus, a new interaction array has to be
determined, which will be stored for the case that the system visits this volume again. Since
the volume normally fluctuates only slightly around its mean equilibrium value, only a small
set of interaction arrays will be needed, keeping the memory requirement of the simulation at a

reasonable level.

Another, computationally slightly more expensive implementation was suggested in [92]. While
particle positions are discretised, volume moves are not. As before, each time we perform a volume
change, ¢ changes since we keep b fixed. At this point we have to recompute all interaction energies
on the grid and store them in a second, provisional array. The outcome of the acceptance test
of a volume move decides which interaction array will be kept. This approach only doubles the

memory requirements to store all possible particle interactions. In terms of demand in CPU time,
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this approach has proven reasonable. Note that the technique to measure the RDF discussed in

Sec. 5.4.2 cannot be used for N PT-LMC since ( is not fixed.

5.5 Free energies and phase equilibria in MC simulations

As already explained in Chap. 3, knowledge of the Helmholtz or Gibbs free energy comprises the
knowledge of all thermodynamic properties of a system. In particular, if we know the free energy
for a system, we can calculate its phase diagram. Unfortunately, it is not possible to measure free
energies directly within simulations, since they are not averages of functions of the phase space
coordinates. Rather, they are directly connected to the partition function @ of the system, and
to determine this function we would need to count all states of the system [79].

Still, special techniques have been developed to make the free energies accessible also to MC

simulations. In the following, we will present a few of them.

5.5.1 Widom or particle insertion method

I(n the canonical ensemble, the chemical potential p is defined as [cf. Eq. (3.10)]

u<g§)vm' (5.38)

With
F = —kgTlogQ(N,V,T) (5.39)

and p~ F(N+1,V,T)— F(N,V,T) for large values of N, the chemical potential can be rewritten
as

p=—ksTlog (Q(N +1,V,T)/Q(N,V,T)). (5.40)

Inserting Eq. (3.6), we find that

e

p = —kpTlog <m> - kBTlog{ V [ dr® exp [~ (rV))]

Here, the first term is the chemical potential of the ideal gas, x4, which can be calculated analyt-

ically. The second term is the excess part, 4, and can be rewritten as
p™ = —kpT log(exp(—BAD)) N, (5.42)

which now expresses the excess chemical potential as an ensemble average over an N-particle
system that can easily be sampled. During a conventional NVT simulation, we periodically insert
an additional particle at a uniformly distributed, random position within the simulations box

and measure the difference in potential energy A® caused by this process. Then, we compute
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exp(—pAP) and average this quantity over all insertion positions and all configurations of the
original N particles generated throughout the course of the simulation.

For the NPT ensemble, p is defined by Eq. (3.27), which allows for an equivalent relation to
be derived. Now, u~ G(N +1,P,T) — G(N, P,T) for large N and therefore

p = kpTlog (PA*/ KgT) — kgT log (V exp(—BAD)) y pr » (5.43)

P
(N + 1)kgT

where the average is taken over the uniformly distributed random positions of a ghost particle
and over all configurations of the original N particles and the volume. In contrast to Eq. (5.41),
the first term corresponding to the ideal gas term is now defined at constant pressure rather than
constant density.

Using the relation that at constant temperature
F=uN — PV, (5.44)
we can then determine the free energy from simulations. Similarly, G' can be determined via
G = uN. (5.45)

Note that for systems that show cluster behaviour, special care has to be takes when using the
last two formulae (cf. Sec. 7.2).

For systems where the pair potential ¢ diverges strongly at the origin the particle insertion
method works well at moderate densities. In the case of bounded potentials the method also works
for the solid phases since—in contrast to harshly repulsive potentials—overlaps of particles (which

might occur upon the insertion) only cost a finite amount of energy.

5.5.2 Overlapping distribution method in the NVT ensemble

Of course, analogously to Egs. (5.40) and (5.42), it is possible to express p via

p = —kpTlog(Qn+1/QN)
= 1+ kpT log(exp(+BA®)) v 41, (5.46)

where A® now corresponds to the change in potential energy that stems from removal of one
particle from the (N + 1)-particle system. Straightforward sampling of this equation, however,
does not work. Significant contributions to the ensemble average in Eq. (5.46) correspond to
configurations with very low Boltzmann weight, which is a measure of the probability of sampling
this state during the course of the simulation. In other words, the important contributions to this
average stem from configurations that are hardly ever visited [79].

Still, it is possible to measure the chemical potential by taking both particle insertions and
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removals into account, a technique called overlapping distribution method (ODM) [96-98]. Con-
sider two systems (labelled 0 and 1) at equal N, V and T and let all particles have the same mass.
However, these systems interact via different pair potentials ¢ and ¢' and are characterised by
the partition functions Q° and Q'. The difference in free energy between these two systems can

be written in a similar way to Eq. (5.40)

AF = —kpTlog(Q'/Q")
dr exp [-38 (rN
—  _ksTlog <§drN exI;) Emogwiw . (5.47)

Carrying out a standard NVT MC simulation for system 1, we can measure the potential energy
difference A® with respect to system 0 by also evaluating @° for the sampled configurations r?.

Then, the probability density for this energy difference, p'(A®), is given by

P (AD) = zil /drN exp (—(0') 6 (&' — 9° — AD), (5.48)
N

where 2} is the configurational integral given by Eq. (3.13) and § is the Dirac d-function. This

equation can then be simplified to

1

PH(AP) = - dr exp [-B(2° + AD)] § (9" — ¢° — AD)
N
0
- z—g exp(—BAD) p° (AD), (5.49)

where p’(A®) is the probability density to measure the same energy differences A® when simu-

lating system 0, i.e.,
1
P’ (AP) = — /drN exp (—B2°) 6 (&' — ° — AP), (5.50)
N
From Eqgs. (5.47) and (5.49), we find that

logp' (A®) = B(AF — Ad) + log p°(AD) (5.51)

It is convenient to define two functions? f° and f! as

a0 = togp(an) - 222
fYAP) = logp'(AD) + pae (5.52)
We can then write
BAF = f1(A®) — fO(AD). (5.53)

2In the literature, these functions are sometimes also called g and f and the ODM is then referred to as f-g-
sampling.
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Note that fO and f! have to be measured in two separate simulations. This method can be
used to calculate the chemical potential. Here, system 1 commonly consists of N + 1 interacting
particles while system 0 contains N interacting particles plus one ideal gas particle. For system 1,
A can be measured as the energy change due to a transformation of a random particle into an
ideal gas particle. Similarly, in system 0, A® can be obtained by turning the ideal gas particle into
an interacting one. In both cases, we measure the histograms of the energy differences, which then
can be used to calculate the functions f° and f!'. Once we know the excess part of the chemical

potential, which is given by
AF = B = f1(Ad) - fO(A), (5.54)

we can determine the free energy of the system via Eq. (5.44).

From Eq. (5.54) it is apparent that f° and f! have a constant offset equal to the excess chemical
potential. To get good statistics, it is important that these two functions overlap on a significant
range of the abscissa (cf. Fig. 7.47). Thereby, the overlapping distribution method can also serve
as test of reliability of the Widom insertion method, hinting at possible sampling problems. This
can be visualised in the following example. Consider a system that interacts via some hard-core
potential. At high densities, it will be virtually impossible to insert test particles. Such trial
insertions will always generate an overlap with the existing particles in the system, leading to
high energy differences and thus to negligible Boltzmann factors. Only rarely will trial insertions
find holes in the system large enough to accommodate a whole particle, which is necessary to
make a relevant contribution to Eq. (5.42). In other words, the statistical accuracy of the particle
insertion method will be poor in such cases. This will then also be reflected in the results of the

ODM, since the functions f° and f! will hardly overlap.

5.5.3 Overlapping distribution method in the NPT ensemble

While the formalism of the ODM for the NPT ensemble [99,100] can be developed along the same
lines as for the canonical ensemble, it is slightly more intricate due to the fluctuations in volume.
Again, we have to perform two simulations: one simulation using a system of (N + 1) particles
interacting via potential @ and a second one containing N interacting particles and one ideal gas
particle.

For the system of (IV + 1) particles, the probability distribution of energy difference A® with

respect to the second system is given by

pyy1(AD) = 1 /dV e PPV /drN+1 e PN (D gy — Dy — AD), (5.55)

ZN+1,P,T

where the configurational integral of an NPT system is given by

NPT = / dV e PPV / drNe PPN, (5.56)
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The probability distribution, px (A®), for the system of N interacting particles and one ideal gas

particle is given by

AG) — [AV e PPV [ drNFLe=BoNG (P yy — Dy — AD)
Pr(A®) = J AV e=BPV [ drN+1e—BPN '

As we will show in more detail in Appendix B, the following relation can be derived

z
pN+1(AP) = ﬁW)NPT@_BA%N(A@:
_ oo \VINPT  _pre g
T owane | (A

Taking the logarithm of the last equation, we arrive at

logpn+1(AD) = B+ log % — BA® + log pn (AP),
which can be rewritten as
B = 10w (OPA%) + 9AD + log . (A0)] - o [pv(am) T INEAT |
= B + BAD +log [pn11(AP)] — log [pN(A@%}

The excess chemical potential is then given by

B = BAG + log [pn+1 (AB)] — log [pmM)M}

(N+1)

We define two functions, f° and f! by

_ (V)nprBP] _ pa0
P8 = tog oy (an) EREIEE] - 52
F1ae) = loglrae) + 222

Then, the excess part of the chemical potential can again be determined via
Bu™ = fH(AD) — fO(AD).

5.5.4 Non-Boltzmann sampling

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)

(5.62)

(5.63)

Consider the following task: within simulations, we want to determine the effective potential

between two interacting macromolecules as function of the separation R of their centres of mass.

As they get closer to each other, the repulsion between these molecules increases, preventing

further approach. Thus, in equilibrium the macromolecules will spend most of the simulation time

at large separations, while short distances will be observed only rarely, leading to rather poor




5.5. FREE ENERGIES AND PHASE EQUILIBRIA IN MC SIMULATIONS 55

statistics. However, some of the most valuable information can be obtained from the rare event of
the macromolecules being close to each other. It is therefore necessary to focus attention on those
events in order to obtain meaningful statistics without wasting time on irrelevant, though easily

accessible configurations.

To overcome such bottlenecks, we can use non-Boltzmann sampling (also called umbrella sam-
pling) [79,101]. Its idea is described in the following. In addition to the interactions acting between
the macromolecules, we impose a so-called window or umbrella potential W*(R) on the centres of
mass. This potential is defined as follows

_ 0 R,,<R<R:
W' R) = e me (5.64)

oo else

It forces the centres of mass to remain between the minimum and maximum distances, Ry;, and
Rpax, respectively. For this range of separations, a standard Metropolis MC simulation is carried
out. If a trial move leads the system outside the prescribed distance range, the move is rejected and
the old configuration is counted as a new one. By making a series of simulations using a sequence
of umbrella potentials W*(R), we systematically vary the separations between the macromolecules.
Now, also short distances will be probed often enough since the trajectory will be able to sample
these regions efficiently. Since within each window states are sampled according to the Boltzmann

distribution, this technique allows the system to move reversibly through all relevant states.

Within each of these windows i, a separate histogram of the probability of finding the molecules’
centre of mass at a certain distance, P*(R), is recorded. At the end of the simulations, the effective
potential @ (R) between the molecules is obtained by merging the effective potentials obtained
within each window, @4 (R)

BPLg(R) = —log [P'(R)] + i, (5.65)

where ¢; is a normalisation constant. Since the ¢; are initially unknown, the concatenation of
@' +(R) will display discontinuities at the windows’ edges. To obtain a continuous ®eg(R) with
Pei(R — o0) = 0, the ¢; are chosen such that the data are aligned to each other at the edges
of the windows and then @.5(R = R,,) is subtracted for all R, where R,, is equal to Rpyax of
the outermost window. A schematic representation of this simulation procedure can be found in

Fig. 5.13.

Using the non-Boltzmann sampling technique, care has to be taken on various levels. First,
the variation of the effective interaction within each window should not exceed 1-2 kg7 to reliably
sample the entire window. Further, statistics are usually poor at the edge of the windows [102],
therefore, it is advisable to use overlapping windows and to smooth the data of each window using
Savitzky-Golay filters [103] before constructing the continuous @eg(r). Third, we have to make
sure that R,, is chosen in a way that the effective interaction at this distance is really zero, which

is usually the case if [0Peg(R)/OR] ~ 0 for R ~ R,,.
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Figure 5.13: Schematic representation of umbrella sampling: In every window, we measure in a standard
MC simulation the probability of the macromolecules being at distance R (left panel). After taking the
logarithm (middle panel), the effective interaction @ (R) is obtained by aligning the data at the edges of
the windows and shifting it so that Pegt(Rm) = 0 (right panel).

5.5.5 Thermodynamic integration for cluster solids

Determination of the free energy in solids is usually more complicated than for fluids, since
Widom’s particle insertion method cannot be reliably used due to the complications of inserting
particles into crystals. For such situations, Frenkel and Ladd [104] developed a simple technique
of high accuracy. Assuming that the system of interest is governed by the interaction potential
&(rV), they showed that its free energy at a given state point can be related to the known free
energy of a reference system interacting via @,ct(r"). During the course of the simulations, the
system’s intermolecular interactions are slowly turned off while the interactions of the reference
system are turned on at the same time. The easiest way to achieve this is to consider the linear
potential energy function

Dy (r) = (1 = N)B(rN) + ADop (rY), (5.66)

where A\ is the coupling parameter. For A = 0, our system of interest is recovered, while for
A =1, we deal with the reference system. The free energy of our system can be calculated via the

coupling parameter formalism as

A=0

oD
F=F, —= ). .
ef+/d)\<a/\> (5.67)
A=1
Using Eq. (5.66), this last equation reduces to
A=0
F = Fef + d\ [Drer — D) (5.68)
A=1

This equation expresses the free energy difference as an ensemble average, which can be readily

measured in MC simulations. Using the linear interpolation (5.66) is especially convenient since
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we can then derive the Gibbs-Bogoliubov inequality [79]

(ZQTI;)N S ~8{((@ - Prr)?), - (0 - D)} } <0, (5.69)

i.e., (OF/OX) can never increase with A. This can be used to check the accuracy of the simulation
results.

In [104], the reference system was chosen to be an Einstein solid, where particles are connected
to their respective lattice sites via harmonic springs [79]. This is a reasonable choice for perfect
single occupancy crystals. However, in multiple occupancy crystals, several particles can be found
per lattice site and particles can hop between lattice sites. In this case, a more convenient reference
system is a system of ideal gas particles that move in potential wells centred around the lattice
sites (cf. Fig. 5.14). A typical shape of the curve 9F/J can be seen in Fig. 5.15 for a cluster solid
and a liquid system.

clusters
(particle density)

well
® ® ®

Figure 5.14: Schematic, one-dimensional representation of thermodynamic integration, confining particles
in potential wells of increasing height. Lattice sites are indicated by black circles.

If we set,

glf)ref (I‘) = Z ¢ref (rz) (570)

where

N,
0 rc U ’U()(RZ‘)
=1

Prer = , (5.71)

Umax else
with Upax being the maximal height of the potential barrier. Hereby, vy are small volumina
centred around the N, perfect lattice sites located at the lattice vectors R of the crystal under
study. The free energy calculation does not depend on the size or shape of these small regions vy,
as long as they allow to construct a reversible path between the two systems. It is evident that the
crystal structure will melt if these regions are too big, therefore the path would not be reversible
anymore. Conveniently, the linear extent of the regions is chosen to roughly fit the width of the

cluster density distribution, i.e., the distribution of particles around a lattice site (cf. Fig. 5.14).
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Figure 5.15: Typical progression of the curve OF/O) as function of A for a cluster solid (GEM-4, oo° = 8.5,
ksT/e = 1.1, fec; Umax = 10ksT, cubic vg of box-length 0.1c; solid line) and a liquid, where an unconfined
ideal gas was used as a reference system (GEM-4, oo = 1.3, kT /e = 0.2, dashed line).

Since the height of the barrier between the lattice sites is finite, Unax < 00, the partition

function of the reference system is given as

(Vo + Viarre#Umax) ™ (5.72)

1
Qref = W

where Vj = N.vg is the sum of all small volumina vy around the N, lattice sites and Viarr = V =V

is the volume excluded by the barrier. Then, the reference free energy is obtained via
F = —kpgTlog Qyet. (5.73)

The integral in Eq. (5.68) can be evaluated via Gauss-Lobatto quadrature [105]. For every quadra-
ture point A, a separate Monte Carlo simulation in the NV T-ensemble has to be performed with

particles interacting via @, given by Eq. (5.66), measuring (09 /0\).

Apart from the standard particle moves, two additional trial moves are introduced to avoid
sampling problems. At A = 0, the barrier is completely turned off and has therefore no influ-
ence on the evolution of the system. Still, the barrier enters the formalism in the evaluation of
Eq. (5.68). Since the system’s centre of mass motion is not restricted, the system might exhibit
a drift and particles can slowly move on top of the barrier. Therefore, (OPN/ON),_( = Pret — P

can change quite drastically during the course of the simulation, resulting in large uncertainties
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in (0PA/ON),_,- To avoid this problem and to enhance statistics, we introduce a random move
of the system’s centre of mass via an arbitrary shift. Such a move does not change the potential
energy of the system at A = 0, thus, these moves will always be accepted. Another problem is
encountered at the other end of the A-range, i.e., for A ~ 1. Now, the barrier might be so high
that particles cannot cross from one potential well to a neighbouring one via standard MC moves.
Therefore, we implement Widom-like moves, where a particle is moved to a completely random
position within the simulation box. At A = 1, these moves will be accepted with a probability

given by the ratio V,/V.

5.5.6 The Gibbs ensemble

Coexistence between two phases of a one-component system is possible if the chemical potentials
1, the temperature T" and the pressures P of the respective phases are the same. Therefore, one
might think that a constant uPT-ensemble would be the right means to study phase transitions.
However, since all of these three variables are intensive, no such ensemble exists [79)].

Panagiotopoulos [106-109] circumvented this problem and developed the so-called Gibbs en-
semble method, which allows to simulate coexisting phases, i.e., at equal g, P and 7. This
technique uses the trick to fix the two phases at constant difference in chemical potential, Ay = 0,
while their absolute values are still undetermined [79].

The idea is to consider two simulation boxes, labelled 0 and 1, at constant temperature T,
whose numbers of particles and volumes are allowed to fluctuate while the total particle number,
Niot = N° + N!, and the total volume, Vioy = VO 4+ V!, remain fixed. This is achieved by

implementing three different kinds of trial moves, which are illustrated in Fig. 5.16:

e Standard particle displacements: let v be the configuration reached from configuration 7 via
displacement of some random particle in box 0. Then, the acceptance rule for this move is
given by

a(t — v) = min (1, efﬁAé) , (5.74)

where ® = &(rN") —&(r)"), i.e., the standard acceptance rule (5.27) already derived for the

canonical ensemble.

e Volume changes: if, e.g., V.V — V.9 = VO 4+ AV then at the same time V! — V! = V! - AV,
thus keeping the total volume fixed. The acceptance rule is given by

0

()"

UORAN

T

)V

N
—~
T

a(t —v) =min ¢ 1, e Ao o] L (5.75)

K

These moves eventually lead to P° = PL.

¢ Random particle transfers between the boxes: assuming that a particle in box 1 gets trans-
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:
O

Figure 5.16: Sketch of the different moves leading to phase coexistence in the Gibbs ensemble: particle
displacements, volume moves and particle transfers.
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Figure 5.17: The Gibbs ensemble method fails when one of the studied phases is a single occupancy solid
of harshly repulsive particles, since particle transfers will hardly ever get accepted.

fered to box 0, the acceptance rule® reads

. NlVO — rNtot ) (rNtot
a(t — v) :mm{l,me Ble(rYtot)—d (2 >]}, (5.76)

These moves guarantee that p® = u'.

To ensure detailed balance, the type of move executed at each step of the simulation is chosen
at random with prescribed probabilities [79].

Monitoring the pressures and chemical potentials in the two boxes, the systems will slowly
move to equilibrium, which is reached once the pressures and chemical potentials are equal. Then,
each subsystem will be at its coexistence density, which can easily be measured and used to draw
the phase diagram. Please note that special care has to be taken when the simulation is carried
out close to a critical point, as the boxes might change identity [79].

The advantage of the Gibbs ensemble is that it needs only a single simulation to determine
the coexistence densities at a given T. In the free energy simulations presented before we need
to calculate the free energies for a range of densities (and at each density for several integration

points) for the two phases of interest before the coexistence densities can be determined via the

3Note that this acceptance rule is only correct if first a box is chosen at random and then one of the particles
is selected within this box. Just choosing a random particle from Niot and transferring it to the other box would
lead to a slightly different acceptance rule [79].
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£
;

Figure 5.18: In cluster solids, particle transfers are possible due to the finite energy penalty for placing
particles on top of each other.

common tangent construction. One disadvantage of the Gibbs ensemble technique, however, is that
it fails when one of the coexisting phases is a solid. As illustrated in Fig. 5.17, particle transfers
will be accepted only with very low probability, since vacancies in the crystal will be extremely
rare [79]. Thus, the chemical potentials are not going to equilibrate. However, in crystals of
particles interacting via bounded potential, i.e., especially in cluster solids, the situation is different
(cf. Fig. 5.18). Now, transfer moves have a finite probability to be accepted since particles are
allowed to sit on top of each other. Still, in this case extreme caution has to be exercised for other

reasons, which will be discussed in Sec.7.2.

5.6 Data analysis

5.6.1 Cluster analysis

To study the properties of a clustered phase in detail, we first need a definition of a cluster. In
Fig. 5.19, we show how a typical RDF of a clustered system varies with increasing density. One
indicator of the clustering phenomenon is the rise of the value of g(0). In a system where particles
interact via a continuous potential, it is of course not possible to define sharp limits of a ’cluster’
in the fluid phase. As we show in the inset of Fig. 5.19, the RDF does not completely vanish for
this particular state-point, so that the location of the first minimum only gives an indication of
the spatial extent of the clusters. However, as soon as the system freezes, the space between two
clusters becomes nearly depleted, thereby allowing for a definition of the extent of a cluster. The
cluster size, n., can then either be defined by integration of g(r) up to its first minimum at .,
ie.

’
Te

ne=1+ 47rg/d7’7"2g(1")7 (5.77)
0

or via a cluster analysis, where r. is used as a threshold value to group particles in clusters. In
simulations, this is done as follows: Every particle in the simulation gets a label indicating its

cluster identity. We start with particle 1 and calculate the distance to all other particles in the
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Figure 5.19: The RDF g¢(r) as a function of r/o of a clustering system (GEM-4, kgT/e = 0.5). With
increasing density, the first minimum of g(r) tends to zero at r/o ~ 0.75, thus allowing for the definition
of the spatial extend of a cluster.

system. Every particle within the threshold radius of r. is considered to be part of the cluster and
these particles themselves are again checked for other neighbouring particles within the threshold
distance. When no more new neighbours are found, we proceed to the next particle that has
not been labelled yet and repeat the procedure until every particle has been assigned a cluster
identity. Of course, this algorithm does not work in all situations. Occasionally, particles hop
between clusters and then might be located in between two clusters. Depending on the size of
T¢, this algorithm will then either merge these two clusters or will eventually even issue three
distinct cluster identities, where the intermediate particle is considered as a cluster of its own.
There are various ways to fix these problems by keeping track of cluster sizes and/or modifying
the threshold value during the cluster analysis. However, these additional manipulations render
the analysis more expensive in time, while simply neglecting such rare events has little to no effect

on the final result.

Once particles have been grouped to clusters, it is straightforward to determine their centres
of mass and to perform analyses on the cluster level. It is then possible to calculate the RDF of
the clusters, ge(r), and to evaluate the distribution of particles around their respective centre of
mass. In addition, the cluster size distribution as well as the mean cluster size can be determined.

Finally, we can analyse the crystal structure of the system, as will be discussed in the next section.
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5.6.2 Bond order parameters

To determine the full phase diagram of a system under consideration, it is indispensable to identify
the structure of the system within the simulation box, i.e., whether the system is in the fluid or
in some crystalline state. Depending on the density and the temperature, particles in (cluster)
solids have a certain freedom to fluctuate around their equilibrium positions, i.e., the perfect
lattice sites. Thus, we expect our crystals to be slightly distorted and we are therefore in need
of a quantitative measure of the degree of “crystallinity” in our system. Such an analysis has to
fulfil several requirements. First, it evidently has to be capable of unambiguously distinguishing
between the fluid and a crystalline phase. Second, it has to be insensitive to the orientation of
the crystal in space. Third, it has to be able to reliably identify the different crystal structures

expected to occur in the phase diagram. And last, it should not be computationally too expensive.

In the search of such an identification tool it is important to recall the specific differences
between a fluid and a crystal. These are the translational and orientational order that characterise
the solid and are absent in the fluid phase. In other words, the particles form an infinite periodic
array in three-dimensional space. At short range, every crystal can be characterised by the number
of neighbours in a certain distance from a reference particle and their positions relative to this
particle. Bond order parameters take advantage of these features [110-113], and are thereby indeed

quantitative measures of crystallinity, meeting all the aforementioned prerequisites.

To calculate these bond order parameters, we first have to define the neighbours j of a tagged
particle ¢, which are connected to this particle via bonds r;;. Then we search for an appropriate
choice of the distance g, which defines whether a particle is considered to be a neighbour or
not. To this end we recall that the first peak of the RDF at non-zero distance corresponds to the
location of the nearest neighbours. Thus, we choose g to be slightly bigger than this distance,
thereby assuring that also distorted crystals will still be correctly identified. In this thesis, we are
going to concentrate on cubic crystals. In this case, care has to be taken to guarantee that in case
of a bce structure also the second coordination shell, which is situated very close to the first one,

falls within the range of ry.

For every particle ¢ and its corresponding bond r;; with neighbour j, we can then calculate

the quantity
Qum (Fij) = Yim [0(F45), 0(Fi5)] (5.78)

where Y}, are spherical harmonics and ¢(£) and ¢(#) are the polar and the azimuthal angles of
the bond described by the unit vector ¥ with respect to an arbitrary reference coordinate system.

We can average above parameters by summing over all bonds of particle ¢ and obtain
1 &
Qun(i) = 7 > Qun(isg), (5.79)
j=1

where the sum has to be taken over all NV, neighbours within ry. It can be shown that in the case
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of cubic structures, the first nonzero values (apart from Qo) occur for [ = 4 [110]. As we will see,

it is convenient to also use the Qg (i) to distinguish different cubic structures in a reliable way.

Since above parameters also depend on the choice of the coordinate system, we construct

rotationally invariant versions of second order of the Q;, () via

4 Lo

Qi) =\ g7 2 (@) (5.80)

m=—I

and of third order via .
W) = l Wi(i) el (5.81)

[ > @lm(z’)P]
where
— l l I\ = — _

mp m2 M3
my,m2,Mm3
m1+ma+m3z=0

The term in brackets in the last equation is a Wigner 3j-symbol, which is related to the Clebsch-
Gordan coefficients via
o J2 U3 —1)fr=dzmma .
S i (J1majamaljs — ms) . (5.83)

mi; Mo M3 B Vv 2]3 +1

They are implemented in Mathematica as ThreeJSymbol [114].

The bond order parameters described above represent a measure of the local order around a
particle i. It is obvious that in a perfect Bravais crystal the contributions of all particles will be the
same and thus we obtain global values for these parameters, characteristic for the crystal structure
under consideration. In Tab. 5.1, we summarise these global bond order parameters for | = 4 and
I = 6 for the fluid and for ideal cubic structures. In our simulations, however, the crystals will not
be perfect but somewhat distorted. The neighbourhood of every particle will be slightly different,
resulting in a distribution of @); and Wl values. We show typical distributions of these for cluster
crystals in Fig. 5.20. Depending on the structure of our system, we expect these distributions
to either have peaks around the values of the corresponding perfect crystal structures or, in case
of the fluid, to be broadly distributed around zero. This reflects the important fact that also in
the liquid, local order exists. In contrast to crystal structures, the global order parameters (i.e.,
summing over all particles in the system) vanish since all local order parameters add up in an

incoherent way [111-113].

Though the probability densities of the bond order parameters might be rather broad, consider-
able differences between different structures are observed. Thus these distributions are fingerprints

that enable us to not only distinguish crystals from the fluid but also to identify different crystal
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geometry Q4 Qs Wi We

fee 0.191 0.575 -0.159 -0.013
bee 0.036 0.511 0.159 0.013
sc 0.764 0.354 0.159 0.013
fluid 0 0 0 0

Table 5.1: Global bond order parameters for the fluid and different cubic Bravais lattices [111].
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Figure 5.20: Typical bond order fingerprints of different cubic cluster crystals (black - bec; light grey -
fec) and the fluid (dark grey).

structures. This can be done in the following way.

L ¥ be a unit vector whose elements correspond to the concatenation of the histograms of all
bond order parameters measured during a simulation. Then, the vector ¥ obtained for a particular
system under study may be approximated by a linear combination of corresponding vectors for
equilibrated crystal structures and the pure fluid by minimising equilibrated crystal structures

and for the fluid by minimising
A? =

v — (Z fsosﬂ (5.84)

where s corresponds to the structures under consideration. Therefore, V5 are the vectors associated

with the histograms of the equilibrated structures and the coeflicients f, are indicators of the
crystal structure. The value A2 is a measure of the quality of the fit. Decomposing such a

fingerprint into a linear combination of the corresponding distributions of known structures allows
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for a quantitative determination of the structure of the system in the simulation box [112,113].




Chapter 6

Re-entrant melting

In Sec. 2.2, we introduced the phenomenon of re-entrant melting. A wide range of soft matter
systems was found to show this sort of phase behaviour and we are going to present a few examples
and theoretical studies of those in the following.

One of these systems are star polymers. Here, the macromolecules consist of a central core and
a well-defined number, f, of polymer chains attached to it. By increasing f, one can vary the inter-
penetrability of these molecules and cover the range from the polymeric regime, where f =1 or 2
to rather hard, colloidal particles for f > 1. It was shown in [3] that the effective interaction for
these macromolecules may be approximated by a soft potential that diverges only logarithmically
for short distances. In [23], the phase diagram for star polymer systems was determined and found
to show the characteristic behaviour of re-entrant melting, where f acts as a control parameter
equivalent to the inverse temperature in the GCM (cf. Sec. 2.2). Similar to the upper freezing
temperature in the GCM, there exists a lower bound in f below which no solid structures are
found and the system remains fluid at all densities.

Re-entrant melting was also found for microgels, i.e., mesoscopically sized, covalently linked
polymer networks carrying a net charge Z. Like star polymers, these networks can be shown
to interact via soft, Gaussian potentials that are charge- and density-dependent [12]. Here, the
charge Z acts as the control parameter in the phase diagram, which again displays this specific
phase behaviour [11].

As a last example we mention diblock copolymers, which are linear chain molecules consisting
of two sub-chains that are linked covalently to each other and which were shown to interact via
bounded effective interactions [115]. Here, re-entrant melting occurs upon lowering the tempera-
ture and upon constantly increasing the monomer fraction of one of the sub-chains [116].

These theoretical studies are complemented by experimental investigations. Re-entrant melting
behaviour was observed in a series of small angle X-ray scattering (SAXS) experiments performed
for copolymer micelles. Even a second freezing and re-entrant melting transition was found for a

micellar solution which is physically very close to star polymers [117-119].

67
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These examples establish re-entrant melting as a phase behaviour frequently encountered in

soft matter systems.

6.1 The Gaussian core model as effective interaction

In Sec. 2.2, we have introduced the GCM as one of the most prominent model potentials in the
class of bounded potentials that are known to show re-entrant melting behaviour. This model was
studied extensively within theoretical approaches and computer simulations [25,35-42], but still,
one important question remains: how realistic is such an interaction?

In 1950, Flory proposed a Gaussian-like potential as effective interaction between polymer
chains [120]. Some of the quantitative characteristics of this potential turned out to be wrong,
such as the prediction that upon increasing the degree of polymerisation the interaction becomes
steeper which is in disagreement with the later findings of [7]. The functional form of the po-
tential, however, was shown in a series of theoretical studies as well as in on- and off-lattice
simulations [6-8,121-128] to be correct for good solvents. Most recently, Louis et al. [8] calculated
the effective pair potential for systems consisting not only of two but considerably more polymer
chains, covering a broad range of concentrations ranging from dilute solutions up to five times the
overlap concentration. These authors confirmed the validity of the Gaussian shape of the inter-
action for this system and thus the pair potential picture for the whole concentration range, with
only slight modifications of the length- and energy-scales beyond the overlap concentration [2, 8].

More recently, another class of macromolecules, namely so-called athermal dendrimers, were
also shown to interact via Gaussian-shaped effective potentials [9,129]. We are going to discuss
these substances in more detail in Sec. 7.1.

Above examples give evidence that the GCM is indeed a realistic and important model for
the effective interactions between various polymeric macromolecules. Therefore, it is essential to
study its behaviour thoroughly.

As already mentioned before, both the fluid and the solid phases of the GCM were studied in
detail, leading to the phase diagram of the GCM [40, 42].

In the following, we use the GCM and the detailed knowledge about its thermodynamic prop-
erties to test the applicability of the SCOZA scheme (cf. Sec. 4.1.6) to bounded potentials. We
start with an MFA study of the GCM.

6.2 The MFA for the GCM

Within the framework of the MFA | the structural and thermodynamic properties of the GCM can
be expressed semi-analytically to a large extent [40,41,46]. Here, we add a few details that have
not been documented in the literature yet.

For the specific case of the GCM the MFA ansatz, Eq. (4.15) immediately leads to an analytic
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expression for the static structure factor, S(q),

1

S(a) =1 = oe(a) ! = 6.1
(@) =1 00 = et (6.1)

where oo = 73/2po 3. For the RDF, we find

a 1 , 1
=1-—— ar 2
o) =1- 25 [ daem o (62
In particular
Be .

Here, Li,(z) is the polylogarithm of order n which is discussed in detail in Appendix A.
The thermodynamic properties of the GCM can be calculated semi-analytically using one of
the three thermodynamic routes described in Sec. 4.1.1 or in [54]. The results for the dimensionless

equation of state, 3P/ o, obtained via the compressibility route ('C’)

C
)t
and the virial route ("V?)
P\ 1
(%) :1+504756N(Ot), (6.5)
where
1
N(a) = o [Liga(—a) — Liya(—a)] (6.6)

have already been reported in [40,41].
The energy route ('E’) has not been considered in the literature so far. To obtain (3P/0)" we

first calculate the excess (over ideal gas) internal energy per particle

BUGX
N

= Qﬂﬁg/dr o(r)g(r)r? = % - 5—2 [ + Lig o (—a)] (6.7)
0

from which we obtain the excess free energy per particle

— 25—; [+ Lis o (—a)] (6.8)

() e}

B
BFex . y Uex(ﬁl, Q)
N _/dﬁ N

0

and, finally, the equation of state

P\ " o [ BFex 1
(%) :1+Qa—g <6N )1+§Oé55N(O‘)- (6.9)
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Thus we find that the virial (6.5) and energy route (6.9) lead exactly to the same expression
for the dimensionless equation of state.

In our numerical investigations of similar bounded systems within the MFA, we have observed
an analogous, remarkable coincidence of the virial and the energy route [47]. In fact, it was recently
shown rigorously [130] that thermodynamic consistency between the energy and virial routes is
not just guaranteed for the GCM within the MFA but for a whole set of “soft” potentials fulfilling
the conditions

lim r3¢(r) = 0, lim r*¢(r) = 0. (6.10)

r—0 7—00

and for a wider range of closure approximations of the form

h(g; 0,8) = éQ(Z), with z = 0¢(q), (6.11)

where G(z) is an arbitrary function. The first condition in (6.10) defines how to interpret the term
“soft” in this context. It not only includes bounded potentials but also logarithmically diverging

3

potentials as well as potentials diverging weaker than r~°. The second condition, on the other

hand, requires the potential to be sufficiently short ranged.

6.3 The MFA-based SCOZA for the GCM

When applying the concept of the MFA-based SCOZA to systems with soft potentials, the GCM
represents the ideal candidate. Based on the analytic expressions given by the MFA for the energy
and the virial route of the GCM, it is possible to derive a partial differential equation (PDE) for the
state-dependent function K; introduced in the closure relation of the SCOZA which relates both
density and temperature derivatives. Two alternative ways to enforce thermodynamic consistency
can be formulated by using the virial and the compressibility route. On the one hand, this leads
to an ordinary (ODE) that can be solved for each isotherm independently. On the other hand, we
have proposed an integro-differential-equation (IDE) based formulation of the SCOZA, which has
to be solved fully numerically on a T-p grid (cf. Sec. 4.1.7).

The conventional formulation of the SCOZA presented here takes advantage of the availability
of the semi-analytic solution of the MFA for the GCM discussed in Sec. 6.2. Therefore, closed
expressions can be derived for the thermodynamic properties also within the MFA-based SCOZA.
To simplify the notation we introduce a function a;(o, 8) = 7%/200°B3cK;(0, ) = aK;(o, 3), which
is explicitly state-dependent, but for simplicity suppress the arguments of &; in the following. As
already introduced in Sec. 4.1.6, ¢ = EC or VC, where the subscripts EC and VC specify whether
the energy and the compressibility or the virial and the compressibility routes are used to enforce
thermodynamic self-consistency. For the formulae common to both cases, the generic subscript @
will be used.

According to the compressibility route the density derivative of the equation of state is given
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by
(fﬁ?ed)71 = (gk:BT/ﬁ%)il =1-—0¢0)=1-ay, (6.12)

where ng is the isothermal compressibility and the reduced isothermal compressibility /@SEd is the
zero wave-vector value of the structure factor S(q).

Using the virial route one finds the following expression for the dimensionless equation of state

r\Y o [ d 1 ~ ~
() =1- 300 [are [h250 ) = 14 Ga - 45 [Lisl@) - Ligal@n)] . (613
0

Finally, according to the energy route the dimensionless excess energy per particle is given by

pux 1 Be . . -
N = 5@ + Taz [ng/g(ai) — Oéi:l . (614)

The thermodynamic inconsistency can be removed either via the energy/compressibility or via the

virial /compressibility route. Both possibilities will be considered in the following subsections.

6.3.1 Energy and compressibility route

To enforce thermodynamic consistency between the energy and compressibility route we utilise the
version of the MFA-based SCOZA-formalism proposed in [70,131], which brought along a break-
through of this concept for systems with repulsive potentials. From a historical perspective, this
represents the conventional approach to the MFA-SCOZA. Tt is based on replacing the differential
equation for Kgc(o,3) by a differential equation for the excess energy density v = U®*/V. To
derive this equation, we consider the following thermodynamic relation (see, e.g., [132])

0 1 0%u
75 () = 25 (6:19)

red

Expressing at constant density “id as a function of u, the left hand side can be rewritten as

a3 )~ s Ll a9 629

so that finally Eq. (6.15) becomes

ou ) 1 192y
%{%L%MJ}Q%5 (6.17)

This relation contains derivatives with respect to both ¢ and § and is a PDE of the diffusion type.

-1
However, the diffusivity, D(p,3) = {%Q [K \j(u)}} , is state-dependent! and turns out to be

INote, that the ’correct’ diffusion equation for non-constant diffusivity D(o, 3) would read

ou 0 ou
5= o PP 5|
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negative. kyed(u) is now identified with the expression obtained by the compressibility route (6.12)
—1 R
[Krea(w)] =1 —akc, (6.18)
where Kgc(u) is determined by inverting the result of the energy route

o1 Be . . ~
ue?2 {§a + 35 [Lisya(anc) — dnc] } | (6.19)

From the numerical point of view, solving the diffusion-type MFA-based SCOZA-PDE (6.17) is a
delicate task, as we have to face the problem of a state-dependent diffusivity D(p,3). Since this
quantity is even negative (and one would obviously want to solve the parabolic equation starting
at fe = 0), not only the solution to the PDE but any numerical error incurred in obtaining it
may be expected to grow exponentially. For example, small errors made in the formulation of
the boundary conditions and the inversion of the highly non-linear relation (6.19) to determine
D(p, B) will eventually become dominant. Together, these difficulties make it practically impossible
to reliably solve this PDE. Reversing the direction in which the PDE is solved would represent a

solution to this problem. Unfortunately, the initial condition for fe = oo is not known.

6.3.2 Virial and compressibility route

As an alternative to the approach presented in the preceding subsection, we can calculate the

compressibility via the virial route, 3., which is achieved by differentiating Eq. (6.13) with respect

to o,
08P " ! Kvole.f) 1. - o
(8—9) - ”“‘203773/2ch<@,6)2{ Vcég ) [Lia(ave) - Liyaave)]
9
+ W [2Li3 o (Gve) — Lisa(dve) — Liyj2(Gvo)] } . (6.20)

Equating this result with the compressibility as obtained via the compressibility route (6.12) leads
to the following ODE for the unknown function Kvc(g, )

0Kvc(e B) _ Kve(e.f) {2m3Be0?0S Kvc(o, B) [Kve(e, 8) + 1] — [Lizs2(@ve) — Liy 2 (@ve)] }
do 0 [2Liz2(@vc) — Lis o (ave) — Lizj2(dve)] -

(6.21)
Analysing the ODE, we note that the right hand side (RHS) of Eq. (6.21) contains two singularities.
Obviously the denominator vanishes for o — 0, but expanding numerator and denominator around

o = 0, we find that
42

Kvc(o=0;8) = VTN

(6.22)
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Further, the denominator also vanishes at ayc = ave,0 = —7.7982, a singularity, which, however,
turns out to be removable and which can be treated by appropriate means (see below).

This MFA-based SCOZA-ODE (6.21) has the attractive feature that it can be solved for each
isotherm independently and represents thus a fast route to determine Kvc (o, 3). We have used an
implicit fourth-order Runge-Kutta algorithm [103] to solve this ODE numerically. In general, this
approach works very well except for those state points where the expression in the square brackets
of the denominator of the RHS of Eq. (6.21) vanishes. A closer analysis shows that this singularity
at Qyc = avyc,o is removable, since both numerator and denominator vanish simultaneously. In
fact, splitting the density range in two regions, depending on whether avyg is smaller or larger
than avc,o, and integrating the ODE “forward” [starting at ¢ = 0 with initial value (6.22)] in the
former and “backward” (from a sufficiently high density so that Kyc = —1) in the latter, we were
able to smoothly join the partial solutions at @vc = @yc,o and thus to obtain Kvc(p, 3) over the
entire density range. We point out that reliable solutions of this ODE can only be obtained if an
efficient and accurate evaluation of the polylogarithm is guaranteed (cf. Appendix A).

Alternatively, we have also solved this ODE with MATHEMATICA using a Livermore solver for
ordinary differential equations with automatic method switching (LSODA) [133]. The polyloga-
rithms encountered in the RHS of Eq. (6.21) are evaluated in MATHEMATICA with high accuracy (for
details see [133]). Although the differential-equation-solver package is not able to deal properly
with the removable singularity noted above and breaks down for ayc ~ avc o, outside this small

range, MATHEMATICA provides quasi-exact reference data for the function Kvc(o, 3).

6.4 IDE SCOZA approach for the GCM

The IDE-based formulation of the SCOZA, i.e., Eq. (4.25) along with Eq. (4.24), has been solved
iteratively using both the MFA-based and the HNC-based closure, i.e., Eq. (4.23) and Eq. (4.26),
respectively. We introduce a density grid (with spacing Ag) and assume a starting value K = —1.
We solve the OZE (4.9) with the appropriate closure relation using standard integral-equation
solver algorithms for a given state point (i.e., we fix p and ) and the neighbouring density values
(i.e., for p£Ap). Thus, the derivatives on the RHS of Eq. (4.24) can be calculated numerically. Due
to the presence of the derivative 9K /0o, Eq. (4.24) has to be solved iteratively and leads to K (g, 3)
for the entire density range considered. As a consequence of the iterative and purely numerical

character of the solution strategy, this approach is more time consuming than the solution of the

ODE (6.21).

6.5 Results of the different SCOZA approaches for the GCM

As a solution to the PDE could not be obtained, we concentrate our discussion on the results of

the ODE and the IDE, which represent equivalent approaches to enforcing consistency between
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the compressibility and virial routes. Thus, they are expected to lead to identical results. We
start by specifying the range in (o, 3)-space where the MFA and the MFA-based SCOZA provide
unphysical results, i.e., where g(r) also attains negative values (cf. Fig. 6.1). While this failure of
the MFA was briefly addressed in [41], we think that a more quantitative analysis is in order, since
similar problems might be encountered in applications of the MFA (and of related concepts) to
other systems with soft potentials. In fact, also for the MFA-based SCOZA unphysical results can
be obtained for certain system parameter combinations. For the MFA the limits of this range of
unphysical behaviour are easily determined via Eq. (6.3), and for the MFA-based SCOZA they are
found from the equivalent, generalised expression (i.e., replacing « by @yc). Results are shown
in Fig. 6.1, indicating that at low temperatures the MFA and the MFA-SCOZA both become
unphysical if the density becomes smaller than some threshold density o = o(5). It is interesting
to note that similar problems of unphysical solutions for the GCM and thus restricted applicability
have also been reported for other self-consistent schemes, such as the RY- or the zero-separation

concepts [40].

Detailed numerical investigations have shown that—as expected—the solution to the ODE
provides indeed the same results as the one from the IDE. Thus, we present the state-dependent
function Kvc(o,3) = K(o,3) as obtained from the solution of the MFA-based SCOZA-PDE
(6.21) [and the IDE approach to the MFA-based SCOZA closure (4.23), respectively] in Fig. 6.2
in a representative part of the parameter space. Bearing in mind that the MFA is recovered
for K(p,3) = —1, we observe that this function differs substantially from unity at low densities
(with a pronounced temperature dependence), thus indicating those regions where the MFA is
thermodynamically inconsistent. At high densities we confirm earlier results reported in [40,41],
which have stated that in this regime the MFA becomes exact and thus self-consistent. While
in [41] this conclusion was based on an analysis of the high-density behaviour of the function R(«)

as defined in Eq. (6.6), our argumentation follows directly from a visual inspection of the function

K(o,p).

Taking into consideration that the virial and the energy route coincide within the MFA, an
open question that remains is whether this also holds for the MFA-based SCOZA. In fact, when
we take Kvc(o,3) as obtained from the ODE (6.21) and insert it into Eq. (6.17), we find that this
relation is numerically fulfilled very accurately. This can be seen as an indication that Kvc(o, 5)
imposes thermodynamic consistency between all three thermodynamic routes. However, this fact

cannot be proven analytically.

For the HNC-based SCOZA, the corresponding function, Kunc(o,3) is shown in Fig. 6.3.
Taking the deviation of this function from —1 as a measure of the thermodynamic inconsistency
of the simple HNC-approach (similar to the case of the MFA), we observe that the HNC is to a
large degree self-consistent. It is only at small densities and low temperatures that Kpnc(o, 3)
slightly deviates from —1. This large degree of thermodynamic self-consistency of the HNC for

systems with bounded potentials was already observed for selected state points in [40,41], but was
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Figure 6.1: Region in the density-temperature space, where the MFA and the MFA-based SCOZA provide
unphysical results, i.e., where g(r) attains negative values.

never demonstrated on a quantitative level for a wider range of system parameters.

We conclude our discussion of the thermodynamic self-consistency of the MFA and HNC-based
SCOZA concepts by a direct comparison between local and global self-consistency, as defined in
Sec. 4.1.7. Let K,(o,3) denote the explicitly state-dependent function K (o, ), as introduced
to enforce thermodynamic self-consistency in the IDE formulation of the (MFA- or HNC-based)
SCOZA (cf. Sec. 4.1.7). Thus, the subscript g’ stands for global self-consistency. On the other
hand, if the last term in Eq. (4.24) is neglected thermodynamic self-consistency is only enforced
for a single, isolated state point, and in this case we denote the function by K;(o, ) (local self-
consistency). In Fig. 6.4 we show the relative difference between these functions for the MFA-
based SCOZA and we observe that it amounts to at most a few percent and is perceptible only
for small densities, even down to intermediate temperatures. Fig. 6.5 shows the same function
for the HNC-based SCOZA. Here, the differences become noticeable only at small densities and
low temperatures. Thus, over a large parameter range local consistency is in both cases already a

good substitute for global consistency.

We now turn to the structural properties of the GCM by comparing the RDFs for two different
thermodynamic states. In Fig. 6.6, we have chosen a state-point (3z = 1.1, go® = 0.04) in
the regime where MFA is already unphysical, while the MFA-based SCOZA is not (cf. Fig. 6.1).
We observe that, compared to the MC reference data, the MFA-based SCOZA provides a slight
improvement over the MFA. On the other hand, the results provided by the HNC and the HNC-
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Figure 6.2: Kvc(o,3) = K(o,3) as obtained from the solution of the SCOZA-PDE (6.21) [and the IDE
approach to the MFA-based SCOZA closure (4.23), respectively] over a representative range of o0® and fe.
Note that (e is the inverse reduced temperature, i.e., high values of B¢ correspond to low temperatures.

based SCOZA both reproduce the MC-data perfectly. Fig. 6.7 shows the RDF for the GCM at
a low temperature and low density (8e = 10 equiv. kT = 0.1, go® = 0.14). Here, we are in
the regime where both the MFA and the MFA-based SCOZA yield unphysical results. We see
that while the conventional HNC results already reproduce the MC data rather well, the HNC-
based SCOZA leads to a perfect agreement with the simulations. We conclude that although the
MFA-based SCOZA for the GCM does not bring along the same improvement for the structural
properties as documented for HCY-systems the concept of self-consistency by itself proves to be of
great value when used with a closure better adapted to bounded potentials, such as a HNC-based
closure.

We conclude this section by examining thermodynamic properties and present the results
for the dimensionless equation of state, 8P/p, for two different temperatures, i.e., kgT/e = 10
(cf. Fig. 6.8) and kpT'/e = 0.1 (cf. Fig. 6.9 and 6.10). For kT /e = 10, we find that the SCOZA
results coincide with high accuracy with the MC data. For kgT'/e = 0.1 we observe (Fig. 6.9) that
the MFA-based SCOZA provides data that are very close to those obtained by simulations, while
the HNC-based SCOZA data fit them perfectly. A more detailed comparison, including now also
other liquid state theories, such as the MFA | the PY, or the HNC approximations, is displayed on
an enlarged scale in Fig. 6.10. We observe that also the virial route of the PY and of the HNC (as
expected [40,41]) reproduce the MC data nicely. However, while the SCOZA is self-consistent, this

is not the case for the conventional closure relations HNC and PY. Their respective compressibility
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Figure 6.3: Kunc(o,3) as obtained from the solution of the IDE approach to the HNC-based SCOZA
closure (4.26) over a representative range of po® and Be. Note that to enhance visibility, the viewpoint is
different from the one in Fig. 6.2.

data sometimes differ substantially from their virial and/or energy results (not shown in Fig. 6.10).

Thus, we can conclude that the general concept of the SCOZA does achieve an improvement
over conventional liquid state theories for a thermodynamically consistent description of the prop-
erties of the GCM, in particular if used in combination with a modification of the HNC closure. It
is especially remarkable that also the structural properties are enhanced, even though the SCOZA
scheme only enforces self-consistency for the thermodynamic properties. Still, it has to be stressed
that in contrast to systems with harshly repulsive potentials the improvement of the MFA-based
SCOZA approach over the MFA data is less spectacular. While it coincides with the MFA results
in the limiting case of high densities where the MFA is already self-consistent, the MFA-based
SCOZA only represents a substantial improvement at small densities and low temperatures where
the thermodynamic inconsistency of the MFA is more pronounced. Replacing the conventional
SCOZA relation by an HNC-type closure that contains an analogous state-dependent function
Kunc(o, ), we are able to improve the HNC-data for the structural as well as for the thermody-
namic properties of the system. With this generalised approach we have not only demonstrated
the flexibility and power of the IDE approach but have also proposed what may turn out to become

a reliable liquid state theory for systems with bounded potentials.
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Figure 6.7: RDF g(r) for the GCM at kgT/e = 0.1 and go® = 0.14.
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Figure 6.9: BP/o as a function of po® at the GCM for ksT/e = 0.1. Note that the MFA-based SCOZA
provides unphysical results for the RDF [i.e., g(0) < 0] for go® < 1.27.
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Chapter 7

Clustering

While re-entrant melting has been found in theoretical and experimental studies of various soft
matter systems (cf. Sec. 6), clustering has not been observed in experiments or in simulations of
monomer-resolved models of macromolecules up to date’.

Thus, one key question that arises is whether it is possible to tailor substances that show
clustering. In Sec. 2.5 we showed that the GCM represents the limit of re-entrant melting within
the GEM-n family, while other members that are slightly steeper are expected to show clustering.
With the aim of designing such interactions, we focus on a special class of macromolecules, so-called
dendrimers, and investigate in Sec. 7.1 how modifications to the architecture of these substances
can affect their interaction potentials and thus their phase behaviour.

In Sec. 7.2, we concentrate on the thermodynamics of clustering systems. Furthermore, in an
effort to draw a comprehensive picture of such systems, we thoroughly investigate the properties

of a representative model system that is expected to show clustering behaviour in Sec. 7.3.

7.1 Real systems - dendrimers

Dendrimers are synthetic macromolecules characterised by a high degree of monodispersity in both
size and shape and a well-defined, highly branched internal structure. Hence their name, which
stems from the Greek “70 0vdpor”, meaning “tree”. A schematic representation of a dendrimer
is shown in Fig. 7.1.

Ever since their first synthesis in 1978 by Vogtle and co-workers [135], dendrimers have rapidly
become highly appreciated colloidal systems. One of the reasons for this growing interest in den-
drimers was the conjecture that they show a so-called dense-shell conformation, where end-groups
reside at the periphery of the macromolecule, leaving the inner part of the macromolecule hollow.

This idea was supported by de Gennes et al. [136], who predicted this particular conformation

LA possible verification of repulsion-induced clustering has been observed in two-dimensional electron systems
in magnetic fields, with partially filled Landau levels. These give rise to soft effective potentials between the
electrons [134], which lead to the formation of cluster or bubble solids.

83
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Figure 7.1: Schematic representation of a 5" generation dendrimer in dense-shell configuration.

based on theoretical considerations. Meanwhile, however, it was shown that this study was erro-
neous. Numerous theoretical and simulation studies confirmed that dendrimers with flexible bonds
will exhibit a high degree of back-folding of their end-groups, which mix with the lower-generation
monomers in the inner part of the molecule, thereby giving rise to the very compact, so-called
dense-core structure [10,137,138]. These findings are further supported by a series of small angle

neutron scattering (SANS) and SAXS experiments [139-141].

Progress in theory and simulations opened up the possibility to actually design dendrimers
(and other macromolecules). The ability to directly map chemical structures onto simulation
data [10] serves as a guide for synthesis in the lab. In these recent investigations, it was shown
that dendrimers do not only exist in the dense-core, but also in the dense-shell conformation. Such
an open structure can for instance be realised via the usage of stiff bonds [142], as also confirmed in
experiments [143]. In addition, it was shown that changing the pH and/or the salt concentration
of the solvent can bring about conformational changes from the dense-core to the dense-shell
structure and vice versa [144], a fact which has also been corroborated in experiments [145, 146].
This new insight brought the synthesis of so-called dendritic boxes within reach, which can be

used as carrier substances for smaller molecules, boosting once more interest in dendrimers.

Nowadays, dendrimers offer a wide range of technologically and medically relevant applications
[147]. Their unique and perfect molecular composition and their high biocompatibility paired with
low toxicity make them perfect candidates for use in humans. Typically, dendrimers are used for
gene transduction and drug delivery, as bio-sensors or magnetic resonance imaging contrast agents

or even for the prevention of infection with HIV or other sexually transmitted diseases [147-154].

Since the synthesis of dendrimers is rather time consuming and expensive, their commercial
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availability is up to now limited to only a few substances [155]. Traditionally, dendrimers are
grown in a repetitive process based on the activation of the end groups. This is either achieved
in a divergent approach, i.e., growing from the central core unit outward, or in a convergent
way [156], i.e., from the periphery inward. Especially for high generation dendrimers, this is a
cumbersome technique because the chemistry needs to be quantitative since inefficient reactions
lead to byproducts and imperfections, giving rise to tedious purification procedures. Recently,
however, progress in the synthesis of dendrimers was achieved as it was shown that they can also
be grown under accelerated conditions combining so-called Click chemistry [157] with traditional

esterification and etherification reactions, where no purification steps are needed [155].

Let us now consider the special architecture of a single dendrimer [10]. Its centre, which
represents the particles of generation 0, is a unit of functionality f, where most commonly f = 3.
From there, f polymer chains consisting of P bonds branch out, where P is the so-called spacer
length. At the end of each of these chains, we find another functional unit for the dendrimer to
branch out and to build the next generation of monomers. The last-generation monomers are called
end-groups. In summary, dendrimers are characterised by three numbers, i.e., the functionality f,
the spacer length P and the total number of generations, denoted by G. Then, the total number

of monomers forming the macromolecule can be determined via

(f =1 -1

N=1+fP 73

(7.1)
The overall size of a dendrimer can be characterised by its radius of gyration, R,. Let r; be the
instantaneous positions of the monomers i = 1, ..., N, and let R be the coordinates of the centre

of mass of the dendrimer, then

1
@N<me§. (7.2)
i=1

This quantity can readily be measured in SANS experiments, therefore allowing for direct com-

parison between theory, simulations and experiments.

Insight into the conformation of the dendrimer, on the other hand, can be gained by studying
the monomer density o(r), where r is the vector connecting the centre of mass of the dendrimer

to the reference point. It is given by

o(r) = <Z 5(r — ri)> , (7.3)

where r;, ¢ = 1,..., N, are the coordinates of the monomers of the dendrimer and the (...)
denotes an average over different configurations. o(r)dr can be interpreted as being proportional
to the probability of finding a monomer in the infinitesimal volume dr around r. Further, it
is also possible to calculate generation resolved density profiles, where especially the end-group

distribution contains valuable information on the conformation of the dendrimer, since it allows
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to easily see whether the end-groups fold back or remain at the periphery of the molecule.

The form factor of the dendrimer allows for direct comparison between theoretical and exper-

imental studies, since it can be directly measured in scattering experiments. It is defined as

N

N
F(q) =1+ % <Z > e[—iq(r—rw>1> . (7.4)

i=1 j#i

Introducing -
(ﬂmam+%<§:zp@mﬂ>, (7.5)
i=1 jAi

with r;; being the distance vector between monomers 7 and j, we obtain
H@:/M@@f”. (7.6)

7.1.1 Effective interactions

Due to their large number of constituent monomers, dendrimers (and macromolecules in general)
are highly complex entities. To be able to gain insight into the equilibrium properties of such
systems, one therefore has to resort to coarse-graining procedures [2,9,129] which help to reduce

the degree of complexity and which we present in the following.

Dendrimers are usually dissolved in solvents of particles that are roughly three orders of magni-
tude smaller than these macromolecules themselves. We can coarse-grain the problem by treating
the solvent as continuum. It is then considered as an effective medium and the solubility of the
dendrimers can still be accounted for by a small set of parameters that affect the excluded volume
or the form of the monomer-monomer interactions. However, we still have to take into account
all microscopic degrees of freedom of the dendrimers themselves, which represents a level of detail
we are not interested in. Therefore, it is convenient to choose a set of effective coordinates repre-
senting the macromolecule as a whole and average over the degrees of freedom of the constituent
monomers. Thereafter, the dendrimers can be regarded as point particles interacting by means
of an effective interaction (also called potential of mean force), which includes all effects of the

monomers while preserving the thermodynamics of the system.

Let us consider two dendrimers, labelled 7 = 1,2, each consisting of N monomers, labelled
i=1,..., N, positioned at r;, and with momenta p;,. The Hamilton function H of the system can

be split according to
H(ry',r3,p,p2) = Hu(rY, py ) + Hiz(r?, pY vy, by ) + Haa(ry', py) (7.7)

into the interactions between monomers of the same dendrimer, i.e., H11 and Hao, and a cross-term

describing the interactions between monomers of different dendrimers, i.e., Hi2. The (canonical)
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partition function of the system is given by

1
Q= 5w / / dpNdpYdrYNdry e P, (7.8)

Let us now introduce the centre-of-mass densities

dM(R,) =6 <RT - % Zl m) : (7.9)

where R.; is the centre of mass of dendrimer 7. Keeping the R, fixed at R; and R, the effective
interaction, @q(R1, Ra), can be defined as [9]

0? . R _
BPes(R1,R2) = —log {—QghﬁN // dp{vdpé\’drf’dré\’ Q1CM(R1) QSM(RZ) e BH} ) (7.10)
1

where € is the volume of the system, while @)1 is the partition function of a single dendrimer and
is given by
1 _
Q1= 73N // dp¥dry e=FHu, (7.11)

Combining Egs. (7.8) and (7.10), we arrive at

2
Q= % // AR ARy e~ FPesi(R1 Ra) (7.12)

As the effective potential only depends on the separation R = |R; — Rs| between two dendrimers,
we can write @egr(R1,Re) = Perr(R).

Since the effective potential has the form of a Landau free energy, it cannot be computed
directly in simulations (cf. Sec. 5.5). Therefore, special techniques are required (cf. Sec. 5.5), such

as relating @eq (R) to the correlation function G(R) between the centres of mass via
G(R) ox e APeit(R), (7.13)

This then allows for an efficient determination of @.g(R) within simulations.

7.1.2 Athermal dendrimers

In the literature, several studies on so-called athermal dendrimers can be found. Here, bead-spring
models were considered [9], where the monomer excluded volume was either modelled as a hard
sphere or a Lennard Jones interaction, while the spacers were described via threads or a finite
nonlinear extensible elastic model (see below). Computer simulations showed that the effective
interactions of these macromolecules do not depend on the details of the model used and can
be described by Gaussians with very high accuracy. The strength of the effective repulsion was
found to be dependent on the spacer length, where shorter spacers bring about more repulsive

potentials due to increased crowding in the centre of the macromolecule. This fact allows to
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tune the interactions to a certain extent. Due to the Gaussian shape of the effective interaction,
we expect these dendrimers to show re-entrant melting (cf. Sec. 6). Closely linked with these
findings is the dense-core structure of these dendrimers, arising from back-folding of the terminal
groups [9,10,138].

Since the calculation of the effective potential outlined in Sec. 7.1.1 is a pair potential ap-
proximation, the question of its validity arises. Which role do many-body forces play as soon as
more than two dendrimers interact? In [158], Gotze and Likos compared results from simulations
of point particles interacting via the coarse-grained, Gaussian effective interaction with data ob-
tained from monomer resolved simulations of several hundred athermal dendrimers. They found
that similar to the case of polymer chains, the effective interaction describes the behaviour of
dendrimers very well in the dilute regime. Beyond the overlap density the dendrimers slightly
reduce their radius of gyration as a reaction to the diminished amount of space available to them,
which has to be taken into account when setting the length-scale of the coarse-grained potential.
This shows that the assumption of a pair potential as an effective interaction is successful even in

highly concentrated dendrimer solutions [158].

Last, results for the structure factor obtained from simulations with the effective interaction
are also in good agreement with SANS data [129], thus once more confirming the validity of the

Gaussian shape of the effective interaction for this kind of dendrimers.

7.1.3 Amphiphilic Dendrimers

As we discussed in Sec. 2.2, clustering is predicted for purely repulsive, bounded potentials with
oscillatory Fourier transforms. The intuitively expected formation of stable clusters in the presence
of short-range attractions and long-range repulsions, as predicted by theory and simulations [159],
has found experimental verification [160]. However, systems displaying solely repulsion-induced
aggregation have not been discovered to-date. In this work, we show that dendrimers are suitable
colloids for the experimental realisation of this phenomenon if their architecture is modified in

suitable ways.

Our studies are motivated by the Flory theory for the effective interactions between athermal
dendrimers [129], which is based on the fact that the monomer density profile of a single dendrimer,
o(r), is a Gaussian. Considering two such dendrimers separated by distance R and assuming that
their profiles are not distorted by their mutual presence, the effective interaction between the two

dendrimers takes the form

Pg(R) = // dridre o(r1) o(r2 — R) ¢(|r; — ral), (7.14)

where ¢(|r1 — ra|) is the monomer-monomer interaction. By introducing a Flory-type interaction

potential, S¢(|r1 — ra]) = vod(Jr1 — ra|), with a monomer-monomer excluded volume parameter
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vg > 0, the integral in Eq. (7.14) reduces to a simple convolution

BPet(R) = vy / dry o(r1) o(r1 — R). (7.15)

Assuming radial symmetry, the Fourier transform of @.g(R) has the form

B (q) = v00°(q). (7.16)

From this equation it can be seen that due to the presence of the square on the right-hand
side Q:)eﬁ:(q) is strictly positive, so there is no possibility of realising a Q*-interaction within this
framework.

In the following we want to generalise the Flory model to amphiphilic dendrimers, which consist
of a solvophobic core that we label ’C’ and a solvophilic shell, labelled ’S’. This means that we
now have to introduce three different Flory potentials, characterised by the respective excluded
volume parameters, vcc, vcs, and vss. Proceeding along similar lines as above leads to the Fourier

transform of the effective interaction between our amphiphilic dendrimers

BPeit (q) = vecog(q) + 2vcsoc(9)ds(q) + vssdd(q), (7.17)

where the 0.(q) are the Fourier transforms of the individual density profiles o.(r), 7 = C,S.
Due to their solvophobicity, the core regions try to arrange themselves close to each other in
order to minimise their surface facing the solvent, thus, vcc < 0. The other parameters are
purely repulsive, i.e., vog and vgg > 0. Therefore, Peg(q) is not necessarily positive, offering the
possibility to parameterise QT -interactions within our generalised Flory theory.

To justify our approach we recall that the Gaussian effective interaction is at the threshold
to clustering (cf. Sec. 2.5). Thus, we require the following changes in Peg(r) to achieve clus-
tering behaviour: a flatter core region, such as those of, e.g., GEM-n potentials with n > 2,
which—compared to a Gaussian—also display a steeper decay of the repulsion for larger separa-
tions. Alternatively, a positive effective interaction with a local minimum at r = 0 also leads to
oscillations in ®eg(q), as we have @ (r = 0) > 0 in that case?.

To realise this goal, we aim for a more open structure and stronger segregation between outer
and inner particles. As we are going to show, this can be realised by assembling the aforementioned
amphiphilic dendrimers. In Fig. 7.2, we qualitatively illustrate how our modifications lead in the
correct direction. As the macromolecules start overlapping, the solvophilic, mutually repulsive
shells cause a steeply increasing potential wall. This effect is reinforced upon further decreasing
the distance since core and shell repel each other due to their different nature. Eventually, the
attractive core regions overlap and slow down further growth of the repulsion, leading to a rather

flat region or even a local minimum in Peg(r) at small distances.

2These functional forms can be realised for instance by members of the double Gaussian core model (cf. Sec. 2.4).
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7(s)

Figure 7.2: Different interactions between the solvophobic core (light grey) and the solvophilic shell (darker
grey) region of our amphiphilic dendrimers lead to an effective interaction (dashed line) that is steeper
than a Gaussian (solid line) at intermediate, and flatter at small distances. € and o are characteristic
energy and length scales.

With this in mind we study the effective interactions between dendrimers in MC simulations.
For this purpose, we decide to model second generation amphiphilic dendrimers (i.e., G = 2)
consisting of two central units in silico. Further, we choose the spacer length to be P = 1 and the

functionality as f = 3. Therefore, the number of particles in the macromolecule is given by
N =26+2 _ 9, (7.18)
We choose the end-groups to form the shell, while all inner monomers represent the core.

The bonds between monomers are modelled by the finitely extensible nonlinear elastic (FENE)

potential [10,144]

0
T_l‘ru

2
BOEENE(r) = K, R? log [1 - ( ) ] ., Tv=CC,CS, (7.19)

TV

which is similar to a harmonic spring potential but restricts the bond-length to be in the interval

[(max ymin] [ is the spring constant and R,, = [m3 —[0 = with [0 = (Imax 4 [min) /2 heing the

v YTV TV

equilibrium bond length. All other interactions between monomers separated by a distance r are
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Morse ¢ adoc d/dcc
cC 0714 6.4 (D1 - Dy, D6, D7) 1
4.8 (Ds)
cS  0.014 19.2 1.5 (D3 - De)
1.25 (D1, Ds, D7)
SS 0.014 19.2 2 (D3 - Dg)
1.5 (D1, Da, D7)
FENE K/d% lo/dcc R/dcc
cc 40 (D1, D2, Dy- D7) 1875 0.375
80 (Ds)
CSs 20 3.75 (D1 - Dg) 0.75 (D1 - Dg)
2.8125 (D7) 0.5625 (D7)
77 40 (D1, Dy, Dy - Dy)  2.8125 (Dy, D3 - D3) 05625 (Dy, D3 - Dj)
80 (D3) 1.875 (D3, Dg, D7) 0.375 (Da, Dg, D7)

Table 7.1: Potential parameters [cf. Eqgs. (7.19) and (7.20)] of the dendrimers considered in this work.
Parameter sets are labelled D1 to D7. ZZ refers to the two central monomers.

modelled by the Morse potential [10,144]
2
BENe(r) = e, { [emorvtrmdm) —1]" - 1} , v =CC,CS,SS, (7.20)

which is characterised by a repulsive core at short and an attractive tail at long distances whose
depth and range are parameterised by ¢,, and a;,, respectively. The d,, are the monomer
diameters. We modelled seven different dendrimers, labelled D; to D7, studying the influence
of changes in, e.g., spacer-lengths or monomer size. The respective potential parameters are
summarised in Tab. 7.1 and are within the limits of what can be realised experimentally [144]. A

sketch of our dendrimer model can be seen in Fig. 7.3.

Employing Metropolis MC simulations of a single dendrimer, we can now measure the density
profiles oc(r) and gg(r) which are depicted in Figs. 7.5, 7.9, 7.13, 7.17, 7.21, 7.25 and 7.29, for the
dendrimers D7 to D7. We observe that in all cases that both profiles can be approximated with

high accuracy by a Gaussian shape.

Comparing the density profiles of amphiphilic and athermal dendrimers in Fig. 7.4, we find
that due to the amphiphilic nature of our dendrimers and in striking contrast to the results of
athermal dendrimers, the core and shell particles are indeed more segregated. The distributions of
the core monomers have their maximum close to the origin, while the profiles of the shell particles
are centred around r ~ 0.85Rg to Ry (cf. Tab. 7.2). Thus, amphiphilicity prevents the end-groups
from folding back to the centre, leading now to a rather open, dense-shell configuration. Snapshots
of the various amphiphilic dendrimers, which are presented in Figs. 7.7, 7.11, 7.15, 7.19, 7.23, 7.27
and 7.31, illustrate the spherical shape of the molecules and thus justify the assumption of radially

symmetric density profiles.
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Figure 7.3: A sketch of the dendrimer model used in this work. We show a fourth generation dendrimer.
The end-groups form the shell, while the inner monomers represent the core. Bonds are modelled via a
FENE potential, while all other interactions are described by a Morse potential. In the background, we
show the chemical structure of a real dendrimer (courtesy M. Ballauff [10]).

Encouraged by these results, we model the monomer densities g, (r) within our generalised

Flory theory as Gaussian functions
0 (r) = S, e (7.21)

7 = C, S. The values for S;, 7, and r, are obtained by fits to the simulation data and are given
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dendrimer S;R} ~;R; 7,/Ry | dendrimer S.R} ;R 7r;/Rg
Di: oc 6.719 4.057 0.074 Ds: oc 7.554 4.123  0.051

0s 0.681 2.917 0.873 0s 0.685 3.554  0.930
Ds: o 9.760 5.025 0.049 Dg: oc 10.323 5.500  0.061
0s 0.666 3.751  0.958 0s 0.667 4.190  0.996
Ds: oc 6.857 4.411 0.093 D+t oc 6.219 4.810 0.122
0s 0.683 3.450 0.924 0s 0.693 2.942  0.865

Da: o 6.985 4.220 0.077
0s 0.685 3.486 0.923

Table 7.2: Fitting parameters for the density profiles of the core and the shell regions of the seven den-
drimers considered, assuming a Gaussian profile, o-(r) = Sr exp [—v-(r — r7)2], 7 = C,S. The respective
radii of gyration, Rg, of the dendrimers are given in Tab. 7.3.

D1 D2 D3 D4 D5 D6 D7
Rg/dec 3.54 336 3.61 362 359 343 2091

Table 7.3: Radii of gyration Rg for the amphiphilic dendrimers D1 to Dr.

in Tab. 7.2. The Fourier transforms of these densities are approximately given by [161]

2
2

R . e 7 [cos(qrs) 7 sin(qr,)]
(@) = 5.(0 I , 7.22
with
TTe—’YTTE VT (1 + 2%"’“72—) [1 + erf(y 77—7"72—)}
d-(0) = 278, + (7.23)

Vr 23/

The excluded volume parameters v,, with v = CC, CS, or SS in Eq. (7.17) are given by the

second virial coefficients [162]
Uy = /dr [1 — e P (7.24)

where ¢, (r) are the non-bonded monomer-monomer interactions. We find that vec /dg = —1.90
(D1 - Dy, D¢, D7) or —4.33 (D5). Further, vss/dg, = 11.31 (Dq, D) or 28.40 (D5 - D7). Finally,
vos/ddq = 6.25 (D1, Do) or 11.31 (D3 - D7). Thus, we have all the ingredients to calculate g (q)
and hence Peq(r) within the scope of the Flory theory [cf. Eq. (7.17)].

To put this extension of the Flory theory to the test, we perform umbrella sampling simulations
as explained in Sec. 5.5.4. The maximum separation of the dendrimers is chosen to be R, = 5R,.
For each of the 15 slightly overlapping umbrella windows, simulations of 2 x 108 MC sweeps are
performed and P(r) is determined to within an additive constant due to normalisation. Then,
BPes (1) is evaluated via Eq. (5.65). The results for the seven dendrimers specified in Tab. 7.1 are
shown in Figs. 7.7, 7.11, 7.15, 7.19, 7.23, 7.27 and 7.31.
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Figure 7.4: Monomer density profiles of the core (circles) and the shell region (squares) for a typical
amphiphilic dendrimer (D4) in comparison with an athermal dendrimer for G = 2 (inset). Distances are
scaled to the respective radii of gyration.

dendrimer a/kgT b/R; c¢/kgT d/Rg

Dy 7.544 1.149 6.291 1.004
Dy 27.77 1.098 26.693 1.049
Dy 22773 1.158 20.468 1.066
Dg 36.702 1.159 33.741 1.096

Table 7.4: Fit parameters for the effective interactions of dendrimer Di, D2, Ds and D¢ assuming a
DGCM type of interaction with &(r) = aexp [—(r/b)?] — cexp [—(r/d)?].

The effective interactions indeed show a steep increase as the macromolecules approach each
other and eventually become rather flat or even exhibit a locally attractive dip for smaller distances.
To classify these interactions within known families of functional forms, we fit them to members of
the GEM-n and DGCM potentials and present the fitting parameters in Tabs. 7.4 and 7.5. Since
for all fits @”;(r = 0) > 0, the clustering character of these potentials is confirmed. This is further
corroborated by the fact that the Fourier transforms exhibit negative components, as can easily
be seen in Figs. 7.8, 7.12, 7.16, 7.20, 7.24, 7.28 and 7.32.

Finally, we compare our MC data to the results of the modified Flory theory. Differences
between the two data sets can be attributed to the simplifying assumptions of Flory theory that
the monomer densities of the isolated dendrimers do not change upon close interaction with other

dendrimers and that the monomer-monomer interaction can be expressed by a Dirac delta function
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dendrimer a/kgT b/R; n

Ds 3.069  1.665 3.09
D, 3.045 1.658 3.11
Dy 2.725 1.641 3.16

Table 7.5: Fit parameters for the effective interactions of dendrimer D3, D4 and D7 assuming a GEM-n
type of interaction with ®(r) = aexp[—(r/b)"].

weighted by the second virial coefficient of the full inter-monomer potential [162]. In view of
these simplifying assumptions, the good qualitative agreement between simulations and theory is
astonishing. Since the negative Fourier components, shown in Figs. 7.8, 7.12, 7.16, 7.20, 7.24, 7.28
and 7.32, are less pronounced within Flory theory than in the MC data, the former provides a
comfortable lower threshold indicating the onset of the clustering phenomenon.

To motivate possible experimental realisations let us summarise our guidelines for assembling
clustering dendrimers. In a first step, suitable solvophobic core and solvophilic shell groups have
to be chosen, based on the expertise of experimentalists. For these, simulations on an isolated den-
drimer are performed, leading to the core- and shell-density profiles. While Flory theory provides
a reliable qualitative indicator whether the threshold to clustering has already been reached, full
evidence can then be gathered by measuring the effective interactions in the more time-consuming
simulations of two interacting dendrimers. From our observations for all dendrimers investigated,
the following remarks on the trends of the effective interaction upon changing the dendrimers’

architecture should prove useful:

e Bigger end-groups and/or shorter spacer lengths of the end-groups lead to a stronger repul-

sion in Pe(r) at short distances.

e If the spacer length of the end-groups is increased and/or the distance between the two
central particles and/or the end-group particle size is reduced, Peg(r) becomes flatter or

even develops a dip at small distances.

e Alternatively, if the range of the attraction is reduced and/or the size of the end-groups is

reduced, Pqg(r) also becomes flatter or even develops a dip at small distances.

The fact that only a small number of generations is sufficient to lead to clustering is encour-
aging for experimentalists because it hints at a rather straightforward synthesis process [155].
Since Pesr(r = 0) ~ kT, clustering can easily be realised under ambient conditions in thermally

activated processes.
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Figure 7.5: The density profiles of dendrimer D; for the core (circles) and the shell (squares) region
according to MC simulations (symbols) and fitted to Gaussian functions (lines). The inset shows a close-
up of the shell density profile.
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Figure 7.6: The form factor of dendrimer D,. The inset shows a close-up on the oscillations observed in
a double logarithmic plot.
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Figure 7.7: Dimensionless effective interaction (®eq(r) between two D1 dendrimers obtained by MC
simulations [symbols, DGCM fit - solid line] and by the modified Flory theory (dashed line). The inset
shows a simulation snapshot of a D1 dendrimer. Particle diameters are drawn to scale.

Figure 7.8: The Fourier transform of the effective interaction between two D. dendrimers obtained by
MC simulations [symbols, DGCM fit - solid line] and by the modified Flory theory (dashed line).
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Figure 7.9: Same as Fig. 7.5 but for Ds.
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Figure 7.10: Same as Fig. 7.6 but for Ds.
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Figure 7.12: Same as Fig. 7.8 but for D2, using a DGCM fit.
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Figure 7.13: Same as Fig. 7.5 but for Ds.
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Figure 7.14: Same as Fig. 7.6 but for Ds.
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Figure 7.15: Same as Fig. 7.7 but for D3, using a GEM-n fit.

Figure 7.16: Same as Fig. 7.8 but for D3, using a GEM-n fit.
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Figure 7.17: Same as Fig. 7.5 but for Dy.
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Figure 7.18: Same as Fig. 7.6 but for Dy.
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Figure 7.20: Same as Fig. 7.8 but for D4, using a GEM-n fit.
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Figure 7.21: Same as Fig. 7.5 but for Ds.
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Figure 7.22: Same as Fig. 7.6 but for Ds.
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Figure 7.24: Same as Fig. 7.8 but for Ds, using a DGCM fit..
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Figure 7.25: Same as Fig. 7.5 but for Ds.
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Figure 7.26: Same as Fig. 7.6 but for Ds.
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Figure 7.28: Same as Fig. 7.8 but for Ds, using a DGCM fit..
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Figure 7.29: Same as Fig. 7.5 but for Ds7.
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Figure 7.30: Same as Fig. 7.6 but for D7.
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Figure 7.32: Same as Fig. 7.8 but for D7, using a GEM-n fit.
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7.2 On the thermodynamics of cluster crystals

In equilibrium single-occupancy crystals the number of particles N is nearly equal, but usually
smaller than the number of perfect lattice sites N, in the system [79]. The principal contribution
to the inequality is the finite-temperature concentration of vacancies and interstitials. This means
that the ratio between N and N, is not fixed by geometry alone. Swope and Andersen [163]
developed a formalism to take this effect into account when determining the thermodynamic
properties of a crystal through computer simulations. However, in simple crystals the equilibrium
concentration of point defects is usually so low that their effect on the phase behaviour is negligible.
For instance, at melting, the chemical potential of a hard-sphere crystal with vacancies roughly
differs by as little as 1073kgT from that of a defect-free crystal for which N = N, [164]. This is
one of the reasons why the aforementioned formalism of Swope and Andersen has received little
attention so far [165,166]. However, for systems showing clustering behaviour, the usually subtle
question of lattice-site occupancy takes on increasing importance for simulations since the particle

number and the lattice-site count become completely decoupled at high densities g, with N > N..

In a bulk cluster crystal, the number of lattice sites changes until the free energy is minimised,
which can be achieved by making adjustments at surfaces, interfaces, and boundaries. However,
in a simulation box, where particle number N, volume V, and temperature T are fixed, the
system is constrained by the initial choice of lattice geometry. In almost all simulations involving
crystals, the average number of particles per primitive cell, n. = N/N,, is fixed at the outset of the
simulation. The fixed volume and the use of periodic boundary conditions make the free-energy
cost of creating a new lattice site too high to be observed on a simulation timescale, unless the
system is very far from equilibrium [163]. The constrained free energy is determined not only by
the conjugate variables entropy S/ temperature T', pressure P/ volume V', and chemical potential
u/ particle number N, but also by the lattice site chemical potential p./ number of lattice sites
N., where p. is the work necessary to introduce a new lattice site in the system. This last quantity
does not introduce a new degree of freedom, but solely constrains the other variables. Accordingly,

we can write an infinitesimal change in the constrained Helmholtz free energy, F'(ju.), as
AF (1) = —S(e)dT — P(u)dV + pu(pee)AN + pdN,. (7.25)
Then, the constrained pressure P(pu.) is given by

P =~ (57) _— (7.26)

the constrained chemical potential u(u.) by

p(pe) = (g—f,) S (7.27)
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while the lattice site chemical potential p. is defined as

oF )
pe = — . (7.28)
(aNC vV, T,N

Since no new thermodynamic quantity has been introduced, equilibrium properties are recov-
ered when p. = p.[N,V,T, NN, V,T)] = 0, where N&9 is the equilibrium number of lattice
sites. This condition can be tested using

F(MC) + P(NC)V — :U’(:uc)N

.= . 7.29
1 N, (7.29)

Therefore, the equilibrium pressure P is related to the constrained pressure P(u.) via

P(N,V,T) = P(p. = 0) = P[N,V,T, NN, V, T)] (7.30)

and in a similar way, the equilibrium chemical potential ;1 is connected to the constrained one via

M(Nv‘/vT) :IU’(IU‘C:O) :,LL[N7‘/7T,Nceq(N,‘/7T)], (731)

which provides the relation between the properties of the (small) constrained and the unconstrained

(bulk) system.

In single occupancy crystals, the condition for phase coexistence in a one-component system is
that values for the temperature, the pressure and the chemical potential of the respective systems
have to be equal. In the following, let the labels 1 and 2 denote the systems involved. Plotting
the specific free energy, F/N of these two systems as functions of the specific volume, V/N, we
can determine the coexistence densities via the common tangent construction, where we consider
tangents to the respective free energy curves, F//N vs. V/N. The requirement P; = P, states
that the tangents have equal slopes, since P = — (0F/0V). The condition g1 = pa, on the other
hand, results in a common intercept, since u = F/N + PV/N (cf. Fig. 7.33). The coexistence
volumina are then given by the location of the points where the free energy curves touch the

common tangent.

However, the situation is different when simulating cluster crystals. By fixing N, (while varying
V'), we only determine the free energy curve of the constrained free energy, which will be different
for different values of N.. The equilibrium free energy may then be imagined as a sort of “envelope”
to these curves, i.e., as those points where p. = 0 (cf. Fig. 7.34).

If we consider these constrained free energy curves, F/N vs. V/N at fixed N., we find that

Hec,1
Ne,1

Hec,2
Ne,2

the intercepts are given by p; + and ps + . Requiring the chemical potentials of the two

phases to be equal, the difference in the intercepts is

AJ = Eel  Fe2 (7.32)
Ne,1 Ne,2
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Figure 7.33: The common tangent construction in single occupancy crystals: the coexistence requirements
of equal pressure and equal chemical potential result in a common tangent (dot-dashed line) to the free
energy curves of the different phases (solid grey and black lines).
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Figure 7.34: The equilibrium free energy curve of a cluster crystal can be found as those points of the
constrained free energy curves (N. = const.) where p. = 0.

Hence, the common tangent construction is only correct when u. = 0, i.e., only when it is applied
to the equilibrium (i.e., unconstrained) free energy curves (see Fig. 7.35).

Due to the success of Widom’s particle insertion method (cf. Sec. 5.5.1) for clustering systems,
one could think of performing a kind of Gibbs-ensemble simulation where two systems exchange
both particles and volume [106-109]. However, this is not thermodynamically appropriate when
determining the fluid-solid or solid-solid phase coexistence in systems showing clustering behaviour.
Setting up the two coupled simulation boxes (cf. Sec. 5.5.6) still leaves the freedom to lock into
states where u. # 0. Then, even though the phase coexistence conditions P; = P and p1 = po
are fulfilled, the intercepts are not the same anymore (see Fig. 7.36). One would need to be very
lucky to prepare the Gibbs simulation such that p. = 0 (see Fig. 7.37). Violating the condition

e = 0 will allow to tune the location of the transition from one crystal phase to another at will.
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Figure 7.35: In the simulation of cluster crystals, the common tangent (dot-dashed line) construction is
only correct if applied to the equilibrium free energy curves (solid grey and black lines) of the respective
phases.

A similar phenomenon might even be observable in rapidly quenched experimental systems, if the
resulting cluster crystals end up in states with u. # 0. The long-lived non-equilibrium structures
would then undergo phase transitions at different state points than those predicted by equilibrium

thermodynamics.

The condition g, = 0 is normally not considered in the discussion of the Gibbs phase rule.
However, in his original formulation, Gibbs does allow for the possible existence of other thermo-

dynamic “fields” in addition to w, P and T [167].

Since thermodynamic equilibrium is only obtained when u. = 0, it would appear that once
the equilibrium points are found, all references to the artificial u. field can be discarded. Yet,
for second derivatives of the constrained free energy, such as the bulk modulus B [cf. Eq.(3.11)],
1 does matter, unless one already has the complete equilibrium free energy curve at hand. In

single-occupancy crystals, B = =V (2—5) which can be computed directly in simulations

N,T,N,’
for a given state point through Eq. (5.11). For cluster crystals, however, the artificial system

conditions further modify the bulk modulus. Starting from Eq. (7.30), we can write

B

_y[or@y v
oV N

- _V {7613(’5;: O)LT. (7.33)

Deriving Eq. (7.30) with respect to V', we can rewrite this to

3P(uc)] {aP(uc)} <8Nc>
B = V[ -V
ov N.,T,N, ON. N, T,V oV ) nr

)

= Bvir - Bcorrv (734)
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Figure 7.36: Setting up the two simulation boxes of the Gibbs ensemble leaves the freedom of locking into
e # 0 states, resulting in an incorrect phase coexistence.

where the right hand side is evaluated at p. = 0. The first term corresponds to a quenched system
where particle rearrangements are not possible. Since obviously Bcorr > 0, Byir is an upper bound

to B. As for Beorr, we can use a Maxwell relation to replace the first derivative by

OP(pc Opic
{M} =- ( a ) . (7.35)
ONe Inrv V' ) N1,
Introducing the volume of the primitive cell, v. = V/N,, we can rewrite the last factor in Eq. (7.34)
ONY LV (ou
vV ) nr v w2\ 9V NT
ov,
= — |1=-N.| = . 7.36
Ve [ < oV ) N,T‘| ( )

The correction term to the bulk modulus of clustering systems can then be obtained in simulations

2
Bcorr = Q_ <%) 14 £ <avc) ) (737)
e 6@ T\ne Ve 89 T, p1e=0

where the partial derivatives are evaluated at an equilibrium state point.

as

—_

by evaluating

If sound waves have a period shorter than the time it takes for particles to redistribute between
primitive cells, then we can distinguish between two different sound modes in cluster solids. Density
fluctuations stem either from changes to the primitive-cell volume v, at fixed cluster occupancy n.
or from fluctuations in n. at fixed v., as schematised in Fig. 7.38. To describe these fluctuations,

we consider once more the variation in the free energy, given by Eq. (7.25). Keeping T and V
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Figure 7.37: Using the Gibbs ensemble technique, one would need to be quite lucky to set up the boxes
in a way that p. = 0, which would allow to determine the correct phase coexistence.

constant and using the fact that N = N.n., we can rewrite this as

dF = pNcdne + (pe + pne)dNe (7.38)

It is convenient to rather consider the total differential of the free energy density, f = F/V, given
by
df = pocdne + (pe + pne)doc, (7.39)

where g. = N./V is the cluster density. Since the average value of the density fluctuations is zero,

we consider the variation in f to second order, A f, which is given by

Af = c1102(Ane)? + 2c120:ncAn:A g, + c2on?(Age)?, (7.40)
where
. (@L) = - [3(u9c)] 7
200 \Onc /), 1y 200 Ooc |, .7v
P 2%2 [W%;chm)]wy_ (7.41)

Especially in simulations, these coefficients can be obtained numerically via the following relations:

® Ci71:

N.
( On ) AL (@) . (7.42)
one ety VYV 0o 0o TV
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Figure 7.38: Density fluctuation contributions in multiple occupancy crystals either stem from fluctuations
in the primitive-cell volume (left) or from rearrangements of particles between lattice sites (right).

e c1o: There are two equivalent possibilities to calculate the cross-term, i.e.,

|:8(P'Qc):| _ [3(uc + /mc)] (7.43)
d0c ne, T,V one 0c, T,V
This last version of the cross-term can be rewritten as
O(pe + 0 0
[w] — 4+ N, <alj\;> +N (a—]’jf) . (7.44)
Te 0e, T,V 0e, T,V e TV
® (o0
8uc) ( Opte )
“he =V , 7.45
<8Qc ne, T,V ON. N, T,V ( )
where the last derivative can be rewritten to
Apte
(@@) _ (aN)NC,T,V
ONe/) v (5%) v
(%)
_ _\%)N1Vv
[8(1/%)]
9 lu.r
Ope
2
U, ( de )g T
= L fo- 7.46
V (31}C ) ( )
9 ) .m

Further, using Eq. (7.43) and the fact that

8(#&)] < op >
— L+ o : 7.47
[ doc ne, T,V rre d0c ne, T,V ( )
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we obtain

a(unc)} ne (fmc) ( op )
— DN, (P TN (22 . 7.48
[ doc ne, T,V Qe ON 0o, T,V ON 00, T,V ( )

Finally, a change of variables, x4+ = (, /c110:0n £ | /CQQ”CAQC) /\/5, allows to diagonalise the

second order variation of f as
Af =(1+w)a? + (1 —w)z?, (7.49)

where w = ¢12/,/¢11C22. At the end of the following section, we are going to apply this formalism

in the study of a representative model system that shows clustering behaviour.

7.3 Clustering model systems by example of the GEM-4

In Sec. 2.5, we showed that for the GEM-n family of potentials, clustering is expected for n > 2.
Determining the zero-temperature phase diagram for this class for various potential indices n via
the GA (cf. Sec. 4.2), we find that for this index range, only fcc and bcc lattices are realised
(cf. Fig. 7.39), a result that is in full agreement with the predictions in [44]. This seems to
indicate that the effective cluster-cluster interactions are harshly repulsive, a typical feature for
systems that freeze into fcc and bec solids, such as, e.g., the Lennard-Jones fluid. As we see from
Fig. 7.40, for n = 2 (the GCM) the GA yields single-occupancy crystals, in agreement with the
exact calculations of Stillinger [37]. We find that for low densities, po® < 0.2, the GA predicts fcc
to be the stable phase, in agreement with the results obtained by Stillinger in [37], which predict
this phase for po® < 773/2 ~ 0.18. For higher densities, we obtain the bce structure.

From the GA results shown in Fig. 7.39, we see that for the densities considered (0.2 < go? <
10) the bcc structure is dominant for n-values close to the clustering threshold n = 2, while for
n 2 3, fcc becomes more favourable. At the boundary between the two regimes (n ~ 3) the energy
difference between the two structures is vanishingly small, resulting in the GA having considerable
difficulties to decide unambiguously between the competing structures in this particular situation
[75]. This is reflected in the small fluctuations in the data of the GEM-3 in Fig. 7.40. Of course,
clustering (i.e., n. > 1) is expected for all n > 2, a fact that is fully corroborated by the GA results
for selected values of n (see Fig. 7.40). Further, in [44], it has been shown that n. is proportional
to 0/gq«, where g, is the value of the wavenumber for which q;(q) has a minimum. The results of
Fig. 7.40 fully confirm this proportionality relation for n up to 5. We note that the slope of the n.
vs. o lines decreases with n. This is due to the fact that ¢g. grows with n, as can be easily verified
from analysing g?)(q)

Let us now turn to finite temperatures and start the discussion of the GEM-4 system by
showing its phase diagram based on results from simulations and predictions from theory, depicted
in Fig. 7.41. To give a qualitative understanding of the clustering phenomenon, we also show three

simulation snapshots in the same Figure, all taken at the same temperature, i.e., kgT/e = 1.1,
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Figure 7.39: Zero temperature phase diagram of the GEM-n system showing the structures of the solid
cluster phases as predicted by the GA as a function of po® and for a representative set of index values n.
For key to symbols see legend.

but at different densities and in different phases. The explicit values for the densities are oo = 6,
where the system is evidently in the fluid phase, oo® = 7.5 for the cluster bec and o3 = 8.5 for
the cluster fcc phase.

In the following, we will focus on the different phases encountered in the phase diagram
(cf. Fig. 7.41) and explain in detail how we determined the coexistence lines. We start by analysing
the disordered, homogeneous phase. At po® = 6 and kgT /e = 1.1 the system is already very close
to the freezing line. A closer investigation of the particle positions shows that the fluid phase is
actually a mixture of strongly aspherical clusters of particles with a vast variation of cluster sizes,
n.. The definition of a cluster in simulations is given in Sec. 5.6.1. From the RDF displayed in
Fig. 7.42, we see that upon increasing the density, the value of g(0) starts to rise. This maximum,
which is already present in the RDF of the fluid, indicates that particles indeed agglomerate to
clusters. As specified in the inset of the same figure, the space between two clusters becomes
nearly depleted as soon as the system freezes. This depopulated region becomes broader as o
is increased, which reflects the tendency that at higher densities an increasing potential energy
barrier between the clusters drives particles out of these interstitial regions and into the clusters.
Such a behaviour seems completely counter-intuitive since this formation of stable clusters occurs
in the complete absence of attraction. Nevertheless, it can be understood by considering the fact

that full overlaps of particles create additional space for the clusters, thus offering the system a
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Figure 7.40: The cluster size n. at ksl' = 0 as a function of density for different index values n of the
GEM-n potentials as predicted by the GA. As we can see, the GA predicts n. = 1 for all densities for
the GCM. The small fluctuations in the data of the GEM-3 stem from the fact that the free energy
differences between fcc and bec are so small that the GA has difficulties to decide unambiguously between
the competing structures.

possibility to increase its entropy. Moreover, above the overlap density, even an energetic gain
may be achieved, since a single full overlap could be less expensive than the sum of the imminent
costs due to the partial overlaps with the approximately 12 neighbours in a highly coordinated,
dense fluid. This is most evident in the case of the PSM, for which the energy cost is indepen-
dent of separation once the particles overlap. A detailed account of these contributions for the
PSM is given in [24] in real space, whereas a more general argument based on reciprocal-space
considerations can be found in [44].

In Fig. 7.43 we show the structure factor, S(q), for the fluid phase according to MC simula-
tions. We see that the first peak considerably exceeds the value of 2.85, which, according to the
Hansen-Verlet criterion [168,169], indicates the freezing transition in harshly repulsive fluids. This
demonstrates that the GEM-4 system can sustain a higher degree of spatial correlations than hard
matter systems before it freezes.

Although the MFA does not capture the structural properties of clustering in the fluid phase
on a quantitative level, it turns out that it can reproduce the increase in g(0) on a qualitative
level, which we show in the inset of Fig. 7.42. We can see that this feature is also predicted by
the HNC or the PY approximations (cf. Secs. 4.1.4 and 4.1.5) with different levels of success.

Moreover, the thermodynamic results obtained via the MFA energy route agree very well with
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Figure 7.41: The phase diagram of the GEM-4 system (as discussed in the text). The circles are the
coexistence points as obtained from MC simulations and the black solid lines serve as guide to the eye.
The dashed grey lines show the MFA-DF'T results. Please note that the bce-fee coexistence region is very
narrow and not visible on the scale of the figure. The dashed black line shows the analytical prediction of
the freezing line calculated in [44]. We also display three simulation snapshots of the system at kgT' /e = 1.1
for the fluid phase (po® = 6), the cluster bce phase (po® = 7.5), and the cluster fcc phase (po® = 8.5).
Note that for the two higher densities, every lattice site is multiply occupied. The particle diameters are
not to scale and were chosen arbitrarily to optimise visibility.

results of computer simulations. To visualise this we present in Fig. 7.44 as an example the data
for the reduced, dimensionless pressure, 3P/p, for the GEM-4 at a rather low temperature of
kgT /e = 0.5. To put the success of the energy route of the MFA into a broader context, we also
show in the same figure MFA results using different thermodynamic (i.e., virial or compressibility)
routes, as well as data obtained by other liquid state theories, such as HNC or PY. We see that
PY fails to reliably reproduce the simulation data especially at high densities. HNC, on the other
hand, performs very well but breaks down (i.e., fails to converge) shortly after clustering sets in,
i.e.,, where ¢(0) 2 1 and well before the actual transition to a cluster solid. The results of the
virial and energy route of MFA lie on top of those of the virial route of HNC, while the MFA

compressibility data lie close to those of the virial route of PY. Despite being the simplest among
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Figure 7.42: g(r) as a function of r/o for the GEM-4 system at kT /e = 1.1 as determined from MC
simulations for the states shown in the snapshots in Fig. 7.41. For the fluid phase at po® = 6, also results
from MFA, HNC and PY are shown in the inset for a selected r-range.

the various closures to the OZ equation, the MFA outperforms all other closures since results
can still be obtained when approaching the freezing transition. Note that at higher temperatures
MFA reaches a level of accuracy close to the one of HNC in reproducing the data of simulations,
as was shown in [44]. All these considerations leave the energy route of MFA as the best option
to describe the thermodynamic and structural properties of the fluid. A more detailed analysis of

MFA data in direct comparison with computer simulation results can be found in [46,170].

Being able to calculate the equation of state, and hence the free energy of the fluid via MFA,
we turn to the solid phases, which are treated within DFT. In Fig. 7.45 we show for a particular
state point of the GEM-4 system the typical dependence of f(n.,a), defined in Eq. (4.33), on n.
and «a. It can be seen that the surface takes the shape of a trough that runs parallel to the a-axis,
i.e., for each o the minimum with respect to n. is located at a n.-value that is a-independent.
This is connected with the tendency of the system to adjust its lattice constant in such a way that
the modulus of the first shell of reciprocal lattice vectors (RLVs) coincides with the value g, at

which ¢(q) attains its negative minimum, confirming the analytical results of [44].

A detailed consideration of the separate contributions to f(n.,«) [given by Eqgs. (4.34) to
(4.36)] as functions of n. at fixed « (shown in Fig. 7.46) offers the key to understand the existence
of stable clusters of finite size in this system. On increasing n., the lattice constant widens, the

values of R in Eq. (4.35) grow and expensive close contacts with nearest neighbour clusters are
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Figure 7.43: Structure factor S(q) as a function of qo as obtained by MC simulations for a fluid GEM-4
system close to freezing, i.e., at ksT /e = 1.1 and 00> = 6. The value of the first peak of S(q) is considerably
higher than the Hansen-Verlet threshold value that indicates freezing in systems interacting via harshly
repulsive potentials.

avoided as shown by the fact that finter(n.) drops monotonically with n.. On the other hand, the
entropy loss due to particle aggregation, expressed by the term logn,. in Eq. (4.34), and the ‘self-
interaction’ within the cluster, given by Eq. (4.36), both disfavour the formation of clusters, which
can be seen from the monotonic increase of the respective terms with n.. Nevertheless, very large
values of n. are unlikely because, at constant particle density, this would reduce the cluster density
to such an extent that even the nearest neighbour distance between clusters exceeds the range
of the potential ¢(r). At this point, the entropic and self-interaction terms dominate and stop
further aggregation. The interplay of these two competing contributions—intra-cluster interaction
and entropy, on the one hand, and inter-cluster contribution, on the other hand—Ilead to an overall
shape of f(n.,«) which shows a global minimum at a finite value of 1 < n. < oo, representing
the optimal, equilibrium cluster size for this state point and rendering the clusters stable both
against decomposition (n, = 1) and unlimited growth (n. — o0). Uncontrollable growth of n.
would be unfavourable not only on the basis of the thermodynamic arguments presented above
but also on more fundamental, mechanical grounds. Indeed, should n. and, correspondingly, the
lattice constant, grow too large, there would be no appreciable restoring force from neighbouring
clusters to provide the stabilisation mechanism against small lattice oscillations and the crystal

would lose its ordered structure.

Since we are now able to calculate the free energy of the fluid and of the competing solid
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Figure 7.44: Reduced, dimensionless pressure, 3P/o, as a function of go® for the GEM-4 system at
ksT/e = 0.5, calculated via different thermodynamic routes ("V’ - virial, ’C’ - compressibility, and 'E’ -
energy route) and using various IETs. MC simulation data are given by the symbols. While PY fails to
reliably reproduce the simulation data especially at high densities, HNC initially provides a reasonable
approximation but fails to converge well before the system crystallises at this temperature for densities
around po® ~ 3. This leaves the energy route of the MFA as the best option to describe the properties of
the fluid. Note that the MC data point at the highest density already corresponds to the solid phase.

structures (i.e., fcc and bee) within the scope of the various accurate, yet in principle approxi-
mate theories, we turn to MC simulations for the determination of the exact free energy curves.
Here, in accordance with Sec. 7.2, the locus p. = 0 must be identified for each (g, T') state
point. At given N, V, T, and N, the quantities F(u.), P(ue), and p(ue) may be directly com-
puted from MC simulations, using thermodynamic integration (cf. Sec. 5.5.5), the virial equation
[cf. Eq. (5.8)], and Widom’s particle insertion method (cf. Sec. 5.5.1), respectively. Eq. (7.29)
is used to check whether the chosen constraints correspond to the equilibrium conditions of the
system (i.e., whether p. = 0). This procedure is repeated for different N and V', keeping ¢ and T'
constant, until the equilibrium configuration for the given state point is identified. We present our
results for various temperatures and densities in Appendix C. The most computationally involved
aspect is the determination of the free energy through thermodynamic integration. Due to cluster-
ing and particle hopping between lattice sites, an ideal gas in potential wells (cf. Sec. 5.5.5) proves
to be a more appropriate reference state than the conventional Einstein crystal [79,104]. As can
be seen from Fig. 7.47, the validity of Widom’s particle insertion method even at high densities

can readily be verified with the help of the overlapping distribution method (cf. Sec. 5.5.2).
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Figure 7.45: 3f(nc, ) given by Eq. (4.33) as a function of n. and ac® for the GEM-4 system at kgT /e =
0.5 and po® = 6 in the fcc phase.

In Figs. 7.48 to 7.52 we show the modified (equilibrium) free energy density, ﬁFU3/V =
BFa3/V — Koo3, for the different phases as a function of density at several fixed temperatures
kpT/e. The terms K oo, where the specific values of K are indicated in the captions of the plots,
were added to enhance visibility, but they are irrelevant for the determination of the coexistence
densities. From these figures it is apparent how small the energy differences between the competing
solid cluster phases are. Therefore, simulation techniques that are able to determine the free energy
with high accuracy are indispensable, and thermodynamic integration turned out to be a reliable
tool to meet this requirement.

With the theoretical predictions and simulation data of the free energy at hand, we can now
employ the common tangent construction to determine the coexistence densities and therefore the
phase diagram, which was already shown in Fig. 7.41 and which we are going to discuss on a more
quantitative level in the following. The approximate, analytical theory of [44] predicts for the

freezing line (’f’) a straight line of the form

kTt

— = 1.393|6(q. )| 0s0° ~ 0.177 g0 (7.50)

where |$(g.)| ~ 0.127 is the absolute value of the negative minimum of the Fourier transform of
the GEM-4 potential. Plotting the line specified in Eq. (7.50) in the phase diagram depicted in
Fig. 7.41, we see that it lies reasonably close to the coexistence line predicted by the present full

numerical MFA and DFT calculations. These data provide an almost straight line that can be
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Figure 7.46: Contributions to 8f(nc;«) according to Egs. (4.34) to (4.36) as functions of n. for an fcc
crystal formed in a GEM-4 system at kgT/e =1, 00® =9 and ao® = 45.51, i.e., the o that minimises the
free energy. The minimum in Bf(n¢;a) is located at n. ~ 18.4.

fitted by
kBTf

= 0.186(1)0ro® — 0.080(5). (7.51)

MC simulations, on the other hand, give

kBETf = 0.187(3) 0r0® — 0.08(1), (7.52)
and demonstrate the excellent accuracy of the full numerical MFA and DFT treatment in predicting
the freezing transition. The approximate Eq. (7.50), on the other hand, slightly overestimates the
region of stability of the solid because it neglects contributions from non-zero RLVs, resulting
thereby in an artificial lowering of the free energy of the crystal.

Upon isothermal compression, the low-density fluid undergoes a first order transition into
a cluster bece phase, which occupies a wedge-like shape in the (T, o)-plane. As can be seen in
Fig. 7.41, the prediction of MFA and DFT for the solidification line is only slightly different
from the MC results. As the density is further increased, the system exhibits another first order
transition into the cluster fcc phase which remains stable for all higher densities. Due to the small
differences in the free energies and densities between the competing phases (shown in Figs. 7.48
to 7.52), this solid-solid transition becomes a stringent test for the accuracy of the DFT results.
Indeed, we find that even though the DFT free-energy predictions are only off by a small amount,
the location of the phase transition is shifted by roughly 10% in density. While the width of
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Figure 7.47: The validity of Widom’s particle insertion method can easily be checked with the help of the
overlapping distribution method, where Bu®™ = f' — f° (cf. Sec. 5.5.2). Data is shown for an fcc crystal
at kT /e = 1.1 and go® = 8.5 in equilibrium (i.e., at p. = 0).

the stable region of the bcc phase is underestimated by DFT, its prediction of the width of the
bee-fee coexistence region is accurate and found to be very narrow and not visible on the scale
of Fig. 7.41 in both approximations. This is confirmed on a quantitative level by the data of the
coexistence densities as obtained by DFT and MC, presented in Tab. 7.6. Furthermore, MFA and
DFT predict that at kgT'/e ~ 0.4, the liquid and the two ordered cluster phases coexist at a triple
point. Below this temperature, the bce phase vanishes and the liquid freezes directly into the now

thermodynamically more favourable cluster fcc crystals.

The P-T phase diagram, as obtained by MC simulations and shown in Fig. 7.53, displays the
various state points considered, accompanied by tangents predicted by the Clausius-Clapeyron

relation [79]. This equation is given by

dP  As

T =~ Ao’ (7.53)

where As is the difference in entropy per particle, s = S/N, and Av is the difference in specific
volume, v = V/N = 1/p, between the two coexisting phases. Here, the entropy can readily be

obtained from the simulation free energy and internal energy results via

U-F
§= " (7.54)




7.3. CLUSTERING MODEL SYSTEMS BY EXAMPLE OF THE GEM-4 127
[ T [ T [ T [ 7
\\ _ y
N + lig-MC /
-22.5F * bcc-MC I /7]
\ x fcc-MC
_k
. L '\_ i
o) \
S :
Y
' 2275+ —
2 5
LL
Q.
™ | ]
b
23+ -

C ] 1 ] 1 ] 1

1.4 3
PO

Figure 7.48: MC results of the modified free energy density ﬁFO’S/V = BFo®/V — Kpo® of the GEM-4
system as function of po® at ksT/e = 0.2 for the three coexisting phases. A term K po®, with K = 26 and
irrelevant for the determination of the coexistence densities, has been subtracted for clarity of presentation.
The solid, dashed and dot-dashed curves interpolate the MC results and serve as guides to the eyes. The
grey points and drop down lines indicate the coexistence densities, while the grey lines are the common

tangents.

Inspecting the P-T phase diagram, the intersection point of the liquid-bcc and the bee-fee coexis-
tence lines suggest a liquid-bee-fee triple point around kgT'/e ~ 0.15 , which is less than half the
DFT prediction. This dramatic shift is a consequence of the small differences between the slopes
of the liquid-bee and the bee-fee coexistence curves, which makes the location of the triple point

very sensitive to any modification of these curves.

It is important to mention that—as already shown in [43]—the mean field assumption, which
both the MFA and the DFT rest upon, breaks down at very low temperatures. Therefore, using the
present theoretical methods, no reliable prediction of the location of the phase boundaries can be

made for this region of phase space. At very low T and g, the GEM-4 can be approximated by soft-

ksT/e || ofg 0 ohee 00 | Olig 07 Ghecd” || Ohee 00 Ok [0 | 0hec0” Qe o’
0.2 - - 156 1.6 - - 192 1.93
0.5 310 339 | 305 334 | 350 352 | 410 413
0.8 473 520 | 474 513 || 564 567 | 622 626
1.1 638 703 | 636 691 || 777 782 | 835 841

Table 7.6: Coexistence densities for the liquid(’liq’)-bcc and the bee-fee phase transitions as predicted by
DFT and MC at various temperatures. For ksT/e = 0.2, no DFT data is shown since the mean field
assumption is not valid at such low temperatures.
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Figure 7.49: DFT and MC results of the modified free energy density ﬁFUS/V = BFc® )V — Koo® of the
GEM-4 system as function of po® at ksT/e = 0.5 for the fluid and the bce phase. A term Koo, with
K = 22 and irrelevant for the determination of the coexistence densities, has been subtracted for clarity
of presentation. The dashed and the solid lines serve as guide to the eye. All other lines and symbols as
indicated in the plot. The grey points and drop down lines indicate the coexistence densities, while the

grey line is the common tangent.
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Figure 7.50: Same as Fig. 7.49 but for the bcc and fcc phases and for K = 27.
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Figure 7.51: MC and DFT results of the modified free energy density ﬁﬁa3/V = BFc® )V — Koo® of the
GEM-4 system as function of go® at kgT /e = 1.1 for the fluid and the bcc phase. A term Koo®, with
K = 20 and irrelevant for the determination of the coexistence densities, has been subtracted for clarity
of presentation. The dashed and the solid lines serve as guide to the eye. All other lines and symbols as
indicated in the plot. The grey points and drop down lines indicate the coexistence densities, while the

grey line is the common tangent.
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Figure 7.52: Same as Fig. 7.51 but for the bcc and fcc phases and for K = 26.
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Figure 7.53: P-T phase diagram (points) as obtained from MC simulations with the corresponding
Clausius-Clapeyron tangents (black segments) to the coexistence curve. The grey lines interpolate the
simulation data and are guides to the eye. Their intersection point indicates a triple point at ksT /e = 0.15.

sphere potentials, for which the phase diagrams are well known [171]. From these considerations,
we expect for this temperature regime a phase transition between a liquid and a single-occupancy
fce crystal, while clustering only sets in after this freezing transition. These predictions have to
be complemented by simulation results, which will be the topic of future work.

The use of MC simulations is indispensable to gain deeper insight into the clustering phe-
nomenon, since they provide the connection between the microscopic details of the system and
the (mean field) assumptions of the theories involved. Therefore, we proceed to a more detailed
analysis of the clusters. Based on the data gathered for the three states corresponding to the sim-
ulation snapshots in Fig. 7.41 and an additional data set, we show in Fig. 7.54 how the cluster size
distribution changes at fixed temperature when compressing the system. As already mentioned
before, in the fluid phase (0o = 6) the cluster size distribution is very broad. This is also partly
due to the difficulties to define clusters in an unambiguous manner (cf. Sec. 5.6.1). For the bce
structures formed at intermediate densities (oo® = 7 and 7.5), the distribution of cluster sizes is
already considerably narrower than in the fluid. Also, we see that the mean occupancy number
increases upon compression. For the fcc phase at po® = 8.5, we see from the data in Fig. 7.54
that the mean cluster size has increased further and the cluster size distribution has become even
narrower. This implies that the effective inter-cluster potential has become more repulsive with
increasing p. Summarising, two tendencies are clearly visible with increasing density: the position

of the maximum of these curves, indicating the most probable cluster size, shifts to higher values
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while their width is reduced. This confirms on a more quantitative level the observations made at

the beginning of this section that with increasing o the clusters become larger and more uniform

in size.
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Figure 7.54: Probability distribution of cluster size n. as obtained from MC simulations of a bcc phase
at go® = 7 and the three states of the GEM-4 system shown in Fig. 7.41 (i.e., at kgT/e = 1.1). With
increasing density, the maximum of n. shifts to higher values and the distribution becomes narrower.

In Fig. 7.55, we plot the MC data for the mean value of n. along the kgT' /e = 1.1 isotherm
as a function of p for the corresponding stable cluster solid. These data are complemented by the
theoretical prediction of DFT, where n. is the value minimising f(n., ) at a given state point.
We point out that there is a discontinuity in n. as the system undergoes a first order transition

from the bee to the fce phase. Further, DFT predicts n. to be proportional to the density, i.e.,
ne = coo, ¢ being a constant. This would have far-reaching consequences on the behaviour of our

system, since then the lattice constant a of the conventional cubic unit cell can be expressed as

( )E = (y0)*

where v = 2 for bee and v = 4 for fcc crystals. This relation implies that the lattice constant should

a

Ve

003

ol

g

= const.,

(7.55)

be density-independent and should not change under compression. This remarkable behaviour has
already been predicted in [43] and has been put on a rigorous theoretical basis in [44]. Tt would
mean that in striking contrast to harshly repulsive systems, the GEM-4 system should not react to
an increase in density by diminishing its lattice constant. Rather, it is evidently more favourable

for additional particles that are inserted into a fixed volume to join the clusters that have already
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formed at the lattice sites while leaving the lattice constant unchanged. For the GEM-4, DFT
predicts apee ~ 1.580 and age. ~ 2.000. In [44], it has been argued that the emergence of this
single length scale is set by g¢., the location of the negative minimum in qg(q), i.e., it is a property
solely determined by the functional form of the interaction potential. Using the values of the
lattice constants quoted above, it is straightforward to show that the first non-vanishing RLVs of
the bee and fec lattices have the magnitudes 0qi ec ~ 5.44 and 0q1 pec ~ 5.62, respectively. Thus
both lie very close to the value og,. ~ 5.57, in agreement with the arguments put forward in [44].
Within very good approximation, these values are constant at all densities, a feature that has also
been seen in similar, two-dimensional models and has been termed ‘the unwavering magnitude of

the wave vector’ [172].

It is interesting to compare this prediction of the DFT treatment to our MC results. DFT claims
the lattice constant, and thereby primitive-cell volume volume, v, = V/N,, to be independent of
density. This feature is known to break down in low-density crystals [93] and also within our
MC simulations this prediction is found to be slightly violated at intermediate temperatures and
densities. Though the linear relationship of n. vs. ¢ holds, the proportionality is shifted by a
constant d, i.e., n, = cpo® + d. This then leads to a non-constant v., as can be gathered from
Fig. 7.56, where we show that the change of v, with density, (31}6/89)1%:0, is non-zero. However,
it decreases with increasing 7" and p, suggesting that the DF'T approximation is then asymptotically

valid.
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Figure 7.55: n. and ac? as function of 903 for the GEM-4 systems at kT /e = 1.1. Discontinuities of
both quantities at the density of the first order bce-fce phase transition are visible and indicated by dotted
lines for both the DFT and MC prediction of the phase transition. Lines: DFT results, symbols: MC
simulations.
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Figure 7.56: Variation of the primitive-cell volume, v., with density in equilibrium (i.e., at y. = 0) for three
different temperatures in the respective stable crystal structures [fcc (black) and bece (grey) at ksT' /e = 0.5
(solid line), kgT'/e = 0.8 (dashed lined), and at kgT'/e = 1.1 (dot-dashed line)].

Let us return to Fig. 7.54, and investigate another characteristic feature of the system, namely
the decrease of the width of the cluster size distribution with increasing density, which can be
understood on energetic grounds. An increased density brings about a concomitant growth in the
energetic barrier separating particles on one lattice site from those occupying another, neighbour-
ing one. Thus, hopping between sites becomes prohibitively expensive and the clusters tend to
show reduced “polydispersity” in occupancy. In addition, the localisation parameter « increases
linearly with o (cf. Fig. 7.55), i.e., the clusters become more compact as the density is increased,
corresponding to a reduced polydispersity in size and shape. While the MC data for n. nearly
coincide with the DFT results, the agreement between the theoretical predictions for o and its
corresponding value extracted from the simulations is slightly worse, while the tendencies are ex-
cellently reproduced on a qualitative level. We point out that the linear dependence of both n.

and « on p has also been predicted in the theoretical framework presented in [44].

Finally, we proceed to a structure analysis of the clusters. In Fig. 7.57, we analyse the spheri-
cally averaged distribution g¢(r) of the particles inside a cluster. Following the assumption made
in the DFT calculations [cf. Eq. (4.31)] we fit the raw MC simulation data with a Gaussian shape
for o(r), where « is now an adjustable parameter, while n. is measured during the simulations.
Though we observe small differences at small r (where the statistics of MC is, as expected, rather
poor), the good qualitative agreement between simulation data and the fitted curve justifies a

posteriori the assumption for the shape of the density profile o(r) postulated in Eq. (4.31).
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Figure 7.57: Cluster density profile pci(r) for a cluster fcc crystal of the GEM-4 system at kgT/e = 0.1
and go® = 9. The semi-logarithmic plot of pa(r) vs. r2/a® in the inset corroborates the Gaussian shape
of the distribution.

Due to the limitations of the MC simulations we use (i.e., fixed number of particles and constant
box size and shape), spontaneous phase transitions from bcce to fce are highly unlikely to take place.
However, the spontaneous freezing of an initially liquid system as well as the melting of a crystal
during the course of a simulations are observed. Thus, it is indispensable to unambiguously identify
the crystalline structures within MC simulations. In Fig. 7.58 we show the RDF of the centres of
mass of the clusters, i.e., go(r), for the three systems shown in Fig. 7.41. At go3 = 6, i.e., still
in the fluid phase, g.i(r) shows a behaviour that is typical for a disordered phase. At the higher
densities, po3 = 7.5 and po® = 8, the occurrence of pronounced peaks is yet another imprint of
the regular solid structures that the clusters have formed. The fact that these peaks become more
pronounced at higher densities corroborates once more our observation that the lattice structure
is then less distorted and thus better defined. The positions of the markers in Fig. 7.58 indicate
the distances R or RP°° of the different shells of neighbours around a central particle for the fcc
or the bcce lattices. As expected, for po3 = 7.5, the positions of the peaks in g.(r) coincide with
the RE’CC of the bcce lattice, while for po® = 8.5, they coincide with the fcc ones, confirming that
the initial structures did not melt or transform. Also the height of the peaks of g (r) is correlated
with the height of the respective markers. Thus, gq(r) can serve as an indication of the respective

crystalline structure of the systems.

As we can see from Fig. 7.57, the particles have a certain freedom to fluctuate around their

equilibrium positions, i.e., the perfect lattice sites. These fluctuations are responsible that the
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Figure 7.58: Radial distribution function ga(r) of the centres of mass of the clusters for the three states
of the GEM-4 system displayed in Fig. 7.41 (i.e., at ksT/e = 1.1). The markers indicate the positions of
the various shells of neighbours of perfect bce and fec lattices.

perfect crystal is subject to slight distortions (see Fig. 7.59). Therefore, it is convenient to use
bond order parameters (cf. Sec. 5.6.2) as a more quantitative measure of the degree of crystallinity
in our system. In the case of our MC simulations for the GEM-4 system this tool has proven
to be a reliable tool for unambiguously distinguishing between the liquid phase and the different

hyper-crystals.

Finally, let us turn to the elastic behaviour of the GEM-4 system by studying the bulk modulus
within MC simulations [cf. Sec. 7.2]. The results for B [obtained by Eq. (7.37)] for the respective
stable solids at different temperatures (cf. Fig. 7.41) are compared in Fig. 7.60 to the values
obtained by direct numerical differentiation of the equilibrium (i.e., g, = 0) free energy results.
A remarkable agreement is obtained between the two approaches. Being far from negligible, the

correction to the “quenched” bulk modulus, By, amounts to a reduction of over 40% of its value,

as can be seen in Tab. 7.7 and in Fig. 7.60. The term ﬁ_i(aal:f)T,nc is the leading term in the
correction to B [cf. Eq. (7.37)]. Therefore, we show how p. typically changes with density at
constant 1" and n. in Fig. 7.61. The other contribution to B, is at least an order of magnitude
smaller. The nature of the leading term of the correction suggests that deletion of lattice sites
substantially weakens the response of the system to compression compared to a simple affine
transformation (which corresponds to the term Byi;). Going back to Fig. 7.60, we see that, as

expected, an increase in density leads to an increase in the bulk modulus. The denser the system,

the harder it is to compress. However, the temperature dependence is rather weak. Varying kgT'/e
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Figure 7.59: Snapshots from MC simulations of GEM-4 fcc crystals at kpT = 0.4 and at go® = 3.5 (left
panel) and go® = 7 (right panel). As we can see, the crystal structure becomes better defined at higher
densities.

kgT/e 00° Bywe/o® Beone/o® c1160°  cipeo®  coe0®  w
0.5 4.3 89.8 41.6 1.335 2.95 10.0 0.805
0.8 6.2 177 76.6 1.346 3.05 15.4 0.670
1.1 8.2 308 131 1.350 3.10 21.0 0.582

Table 7.7: Bulk modulus decomposition [cf. Eq.(7.37)] and sound mode coupling constants [cf. Eq.(7.40)]
for three different multiply-occupied crystal state points.

from 0.5 to 1.1, all the respective curves of the bulk modulus seem to coincide with a single master
curve, being only a function of p. This suggests that entropic effects have little impact in this
regime.

The coefficients c11, ¢12, and co2 of the sound modes [cf. Eq. (7.40)] can be obtained from
numerical evaluation of the corresponding derivatives given by Eqgs. (7.42) to (7.48). The main
contributions in these formulae stem from the change of y and u. with N at constant g, there-
fore, we show the typical progression of these curves in Figs. 7.62 and 7.63. The results for the
coefficients c11, c12, and co2 and the coupling constant w of the density fluctuations are presented
for three different state points in Tab. 7.7. Although these results are insufficient to draw the
full picture, a few comments are still in order. First, ¢11 corresponds to the hopping of particles
and the sound mode connected with this is expected to be heavily damped, while the sound wave
associated with cog is longitudinal and will propagate for long wavelengths. Second, for the tem-
perature and density range studied, c1; and the cross term ci5 increase only weakly with 7" and
0, while coo grows by more than a factor of two. The increase in density as we proceed from one
state point to the other is most certainly responsible for the increasing resistance of the system to
this sort of density fluctuations. Higher temperatures, on the other hand, would rather facilitate
lattice spacing fluctuations. To the best of our knowledge, no theoretical predictions exist with

which to further compare these results.
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Figure 7.60: Results for the reduced dimensionless bulk modulus from direct differentiation of the free
energy for three different temperatures in the stable crystal structures [fcc (black) and bcc (grey) at
ksT /e = 0.5 (solid line), kT /e = 0.8 (dashed line), and at kgT /e = 1.1 (dot-dashed line)], along with
the values at three state points for Buyir (crosses) and B = Byir — Boorr (stars). The breakdown of the
contributions to B is given in Tab. 7.7.
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Figure 7.61: Typical progression of ji. vs. ¢ at constant g.. Data are shown for a GEM-4 bcc crystal at
constant N = 4155, N. = 250 and kgT'/e = 1.1.
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Figure 7.62: Typical progression of i vs. N at constant o.. Data are shown for a GEM-4 bcc crystal at
constant V = 506.70731, N, = 250 and kgT/e = 1.1.
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Figure 7.63: Typical progression of ji. vs. N at constant g.. Data are shown for a GEM-4 bcc crystal at
constant V = 506.70731, N, = 250 and kg7 /e = 1.1.




Chapter 8

Conclusion

In this work, we have studied the properties and the phase behaviour of systems where particles
interact via purely repulsive, bounded effective potentials, which serve as model interactions of
realistic soft-matter systems. We have shown that depending on whether the Fourier transform
of such a potential is non-negative or oscillates between positive and negative values, re-entrant
melting or clustering is expected as a phase behaviour. Re-entrant melting has already been
investigated thoroughly. The clustering phenomenon however is much more intriguing for a couple
of reasons. On the one hand, it is counterintuitive to find an effective attraction between purely
repulsive particles. On the other hand, this behaviour has never been observed experimentally.
Therefore, we have proposed guidelines for the synthesis of such substances. Here, we have designed
amphiphilic dendrimers and have shown in silico how their effective interaction can be tuned by

suitable modifications to their architecture.

Next, we have derived suitable statistical mechanical tools to describe the clustering phe-
nomenon, thereby allowing for a thorough investigation of this remarkable phase behaviour. On
the one hand, we have shown that the joint use of genetic algorithms, integral equation theories
and density functional theory provides the proper theoretical framework to do so. On the other
hand, we have developed new simulation techniques to determine the phase diagram of clustering
potentials. Starting from the theoretical apparatus developed by Swope and Anderson [163], we
have demonstrated how simulations and experiments of multiple-occupancy crystals critically de-
pend on the chemical potential associated with the creation of a lattice site. Incorporating this
into the simulation formalism allows for the precise determination of the thermodynamic phase
diagram, which is much more complex than for traditional single-occupancy crystals. Even though
the chemical potential connected to lattice site creation vanishes in equilibrium, derivatives of this
property are non-zero, so it has considerable impact on second derivatives of the constrained free

energy, as we have shown by example of the bulk modulus.

We have applied these techniques to a representative model potential for which clustering is

expected, namely, the generalised exponential model of index 4. In particular, we have shown
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that clustering occurs both in the dense fluid as well as in the ordered, solid phases. In the
fluid phase, overlapping particles form clusters that are characterised by a broad cluster-size
distribution. Upon increasing the density, first-order phase transitions occur where the clusters
arrange themselves at the lattice sites of bce and, upon further compression, fcc hyper-crystals.
While the bee structure is only stable in a narrow, wedge-like region of the (T, p)-plane, the fcc
cluster crystals are stable in the overwhelming part of parameter space. In both solid phases, the
respective lattice constant remains nearly unchanged upon compression of the system, so both
the cluster population number and the width of the distribution of particles inside a cluster grow
linearly with density. We demonstrated that the properties of the fluid phase can be reasonably
well described by the mean field approximation. The solid cluster phases, on the other hand,
can been treated within classical density functional theory using a mean-field simplification, as
justified by theoretical considerations [44]. These data were checked against lattice Monte Carlo
simulations results, showing both the strengths and deficiencies of the theoretical concepts.

Our guidelines on assembling amphiphilic dendrimers in the lab bear significance for soft-matter
science and materials design at various levels. At the one-particle level, we have established that
synthesising open dendrimers with a segregated core-shell structure requires neither stiff bonds
nor electrostatic repulsions as commonly believed—amphiphilicity is sufficient. At the many-body
level, solutions of such dendrimers will display pronounced correlations at a single length scale,
independently of the density [44]. This allows for for well-controlled spatial modulation of confined
liquids and thus their local index of refraction, whose intensity can be tuned by changing the
degree of confinement. Crystals formed by such systems will show lattice constants that are nearly
density-independent, featuring thus a novel form of microscopic self-assembly. Moreover, clustering
materials are quite unusual. They are diffusive on the single-particle level, which allows for mass
transport. On the collective level however they are arrested, and thus rigid as a conventional
solid [173].

Finally, on the fundamental level, we have demonstrated that within soft-matter physics,
bounded effective interactions can be manipulated with the same degree of flexibility as diverging
ones. This demonstrates that these systems have a lot of promising features in store that have

not yet been discovered experimentally.




Appendix A

The Polylogarithm

The polylogarithm of order n, Li, (2), also known as Jonquiere’s function [174], is a complex valued

function of complex argument z, defined by

® tn— 1
Li,(z) = / dt (A1)
0
where n is a positive, real parameter. If z € R\ (1, 00), then the polylogarithm is real-valued [175].

For |z] < 1 the polylogarithm can be evaluated as a power series

Lin (2 ; k— (A.2)

A relation that turned out to be useful for the present application is

%Lin(z) = %Lin,l(z). (A.3)
A detailed list of additional, helpful relations for this function can be found in [176].

The polylogarithm was introduced in the present context in [41] to calculate the thermodynamic
properties of the GCM within the MFA where, obviously, expression (A.2) was used throughout.
This was done even though there was no guarantee that for certain state points the modulus of the
respective arguments |z| does not exceed 1, violating thus the condition for the validity of Eq. (A.2).
Since this function plays a central role in the formalism of the MFA and the SCOZA (see Sec. 4.1),
a reliable evaluation of Li, (z) for arbitrary argument z is indispensable for a successful solution of
the SCOZA-ODE and PDE. We therefore provide in the following a more detailed presentation of
evaluation schemes and indicate how this function can be calculated in an accurate and efficient
way for arbitrary argument z.

In its evaluation of Li,(z), the MATHEMATICA software relies on Euler-MacLaurin summation,
expansions in terms of incomplete Gamma functions, and numerical quadrature [133]. Efficient

and accurate C- or Fortran-based implementations, on the other hand, are more difficult to find.
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First attempts to evaluate Eq. (A.1) directly by various numerical integration schemes turned out
to be either too time-consuming or did not provide results of sufficient accuracy. Finally, we found
that the following functional relation between the polylogarithm and the complete Fermi-Dirac

function, F,(2),

Fn(z):F(n1+ 1)/ t ot = ~Lipa (%) (Ad)
0

et-z2 41

along with the accurate and efficient implementation of F},(z) via series and asymptotic expansions
in combination with Chebyshev fits, as implemented in the GNU Scientific Library [177], provided
the desired results, which finally brought the solution of the SCOZA differential equations within

reach.




Appendix B

Overlapping distribution method
in the NPT ensemble

Here, we derive the formalism of the overlapping distribution method in the NPT ensemble in
more detail (cf. Sec. 5.5.3). We perform two simulations: one using a system of (N + 1) particles
interacting via potential ¢ and the other containing N interacting particles and one ideal gas

particle.

For the system of (N + 1) particles, the probability distribution of energy difference AP with

respect to the second system is given by

1
pN+1(AP) = P /dV e_ﬁpv/drN'H e PINFIS (B gy — Dy — AD). (B.1)

where the configurational integral of an NPT system is given by

ZN,PT = /dVeiBPV/drNefﬁéN. (B.2)

The probability distribution, py(A®), for the system of N interacting particles and one ideal

gas particle is given by

AG) — [AV e PPV [ drNFLe=BoNG (P yy — Py — AD)
Pr(A®) = J AV e=BPV [ drN+1e—BPN '

(B.3)
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The normalisation factor of the term on the right hand side can be rewritten as follows

/d‘/e‘ﬁpv/drj\”rl e PPN = /dVe_ﬁPV/drN_H/drN e PPN
/ v e PPVy / drN e=PN

—BPV N —B&
_ JdVe ’ V/dr'e pow AV e=BPV [ qpN o—BeN
de e PPV deN e—BPN

(VYNPT 2N, PT (B.4)

Now, the probability distribution for the first system can be reformulated as

1
pNi1(AP) = ————— /dV e PPV qpNFl e=BPN 1§ (D — Dy — AD) =
ZN+1,P,T
e—BAD
= — /dV e PPV qpN+L o=BPV =B8N 5 (pr ) — Oy — AD).  (B.5)
ZN+1,P,T

Using Eq. (B.4), this reduces to

2 _
PN+1(AD) = ZNT%<V>NPT€ FALY N (AD) =

_ QOQnprT A3V NI —BAD _
 Qnyipr ABBNHD(N 4 1)! (Vinpre pr(AP) =

- eﬂ#%eﬂmmm@. (B.6)

Taking the logarithm of the last equation, we arrive at

1%
Inpy11(A®) = B+ In % — BAD + Inpy (AD), (B.7)

which can be rewritten as

B

BAD + In [pn11(AP)] — In [pN(A@) (V)npr ] _

AS(N +1)

1 v 8P
= —In (m) + AP + In[py+1(AP)] — In [pN(Aé)%] =
. 1% P
= Bud+ BAP +1n [PN+1(AD)] — In [pN(Aé)%] (B.8)
The excess chemical potential is then given by
|4 P
B = BAD + In [pn11(AD)] — In [pN(A@)%} (B.9)




145

We define two functions, f© and f!, given by

(VYNpTOP _ pAD
(N +1) 2

fHAP) = log[pni1(AP)] + ﬁAT@

fO(A®) = log |pn(AD)

(B.10)

Then, the excess part of the chemical potential can again be determined via Eq. (5.54).







Appendix C

Monte Carlo simulation data for

the GEM-4

For every (T, o) state point, simulations were carried out at different values of N, searching
for the equilibrium configuration, i.e., g, = 0. For this purpose, thermodyanmic integration
was carried out at 20 Gauss Lobatto integration points for each of these N T combinations. In
additional simulations, we measured P and p for the same parameters. In total, determination
of an equilibrium configuration at one specific (T, ) point required an average iof ~ 1200 CPU

hours.
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kpT/e structure oo3 n. BF/N pul/e Po3/e

0.2 lig 1.2 8.023  3.86 2.71
1.3 8.958  4.20 3.14

14 9.877 4.52 3.57

1.45 10.330 4.67 3.79

1.5 10.776  4.81 4.00

1.55 11.217  4.95 4.21

1.6 11.650 5.08 4.41

bee 1.6 3.241 11.650 4.90 4.11

1.7 3444 12443 5.14 4.52
1.8 3.657 13.215 5.39 4.95
1.9 3.850 13.975 5.66 5.45
2.0 4.037 14.728 5.94 5.99
2.1 4220 15476 6.22 6.57
2.2 4428 16.217 6.48 7.11
fee 1.6 3.278 11.677 4.88 4.08
1.7 3.494 12.463 5.12 4.46
1.8 3.710 13.226 5.36 4.89
1.9 3908 13975 5.63 5.38
2.0 4.086 14.722 591 5.94
2.2 4504 16.197 6.40 6.99

Table C.1: MC results for the cluster size n., free energy I, chemical potential u and pressure P at fixed
temperature kgT = 0.2 for various densities and structures in equilibrium (i.e., i = 0). Error estimates
in the various values are as follows: n. : £0.005, BF/N : £0.001, u/c : £0.02, Po?/e : £0.01
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kpT/e structure oo Ne BF/N /e Pod/e

0.5 liquid 0.5 -0.259  1.18 0.66
1.0 2.143  3.34 2.26
1.5 4.343  5.39 4.83
2.0 6.451  7.39 8.32
2.5 8.508  9.34 12.70
3.0 10.505 11.18  17.78
3.1 10.900 11.51  18.80
3.2 11.277 11.81  19.75

bce 3.4  6.900 11.993 11.75 19.54
3.5 7.096 12.328 12.00 20.42
3.6 7300 12.658 12.26 21.34
3.7 7492 12984 1252 2231
3.8  7.692 13.308 12.79  23.32
3.9  7.892 13.628 13.05 24.33
4.0 8.100 13946 13.31  25.37
4.1 8300 14.262 13.59 26.44
4.2 8492 14.575 13.86 27.60
4.3 8.688 14.887 14.13  28.76
44 8896 15.196 14.39  29.89
4.5 9.088 15.503 14.67 31.11
5.0 10.072 17.020 16.02  37.51

fce 3.4 7.004 12.015 11.70 19.37
3.5 7.207 12346 11.95  20.23
3.6 7410 12.674 1220 21.13
3.7 7.613 12999 1245 22.07
3.8 7.813 13.318 12.73  23.06
3.9 8020 13.635 12.99 24.06
4.0 8.219 13950 13.25 25.12
4.1 8418 14.263 13.52  26.19
4.2  8.621 14.572 13.79 27.30
4.3 8.824 14.880 14.05  28.42
4.4 9.031 15.187 14.32  29.55
4.5 9.230 15.492 14.58  30.72

Table C.2: MC results for the cluster size n., free energy I, chemical potential u and pressure P at fixed
temperature kgT = 0.5 for various densities and structures in equilibrium (i.e., i = 0). Error estimates
in the various values are as follows: n. : 20.005, 8F/N : 0.001, u/e : £0.02, Po®/e : £0.01
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kgT/e structure go3 Ne BF/N  ule Pod/e

0.8 liquid 3.5 6.450 13.78  25.66
3.75 6.970 14.77  29.24
4.0 7489 1575 33.04
4.2 7.901 16.53  36.23
4.5 8.514 17.67  41.21
4.75 9.014 18.59 4547

bce 5.0 10.176 11.871 18.28  43.93
5.5 11.176 12.938 19.53  50.47
5.7 11.572 13.352 20.06 53.44
6.0 12.164 13.963 20.86 58.17
6.2 12564 14.3656 21.40 61.44
6.3 12.760 14.564 21.67 63.13
6.4 12.952 14.762 21.95 64.89
6.5 13.152 14.960 22.21  66.63
6.7 13.552 15.352 22.76  70.16
fee 5.5  11.352 12.953 1945  49.99
5.7 11.754 13.363 19.98 5291
6.0 12.359 13.968 20.77  57.54
6.2 12.758 14.366 21.30 60.81
6.3 12.957 14.563 21.57 62.48
6.4 13.152 14.759 21.84  64.22
6.5 13.368 14.955 22.10 65.85
6.7 13.754 15.343 22.65 69.48

Table C.3: MC results for the cluster size n., free energy I, chemical potential u and pressure P at fixed
temperature kgT = 0.8 for various densities and structures in equilibrium (i.e., i = 0). Error estimates
in the various values are as follows: n. : 20.005, 8F/N : 0.001, u/e : £0.02, Po®/e : £0.01
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kgT/e structure go3 Ne BF/N  ule Pod/e

1.1 liquid 5.0 9.794 20.30  52.55
5.25 10.319 21.30 57.64
9.5 10.838 22.28  62.95
5.75 11.359 23.27  68.47
6.0 11.873 24.24  74.20
6.25 12.386 25.20  80.10
6.5 12.898 26.14  86.09

bce 6.8 13.840 12.231 25.41  81.32
7.0 14.240 12.547 25.90  84.68
7.5 15.232 13.318 27.19  94.08
7.7 15.628 13.621 27.73  98.12
8.0 16.220 14.068 28.53 104.47
8.2 16.620 14.364 29.07 108.81
8.3 16.820 14.510 29.34 111.02
8.4 17.012 14.657 29.61 113.33
8.5 17.212 14.802 29.88 115.61
8.7 17.604 15.092 30.43 120.31
fcc 7.5 15477 13.331 27.09  93.17
7.7 15.879 13.630 27.61 97.16
8.0 16.484 14.074 28.40 103.37
8.2 16.887 14.367 28.94 107.69
8.4 17.285 14.656 29.47 112.14
8.5 17.480 14.800 29.74 114.45
8.7 17.883 15.087 30.28 119.05

Table C.4: MC results for the cluster size n., free energy F', chemical potential u and pressure P at fixed
temperature kgT = 1.1 for various densities and structures in equilibrium (i.e., yic = 0). Error estimates
in the various values are as follows: n. : 20.005, 8F/N : 0.001, u/e : £0.02, Po®/e : £0.01







The hidden chapter
or

The future of air travel

(and the dangers of applying science)

To save costs...

/D

153




154 THE FUTURE OF AIR TRAVEL

...airlines must increase the packing density of passengers.

\@ \a
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They do this by decreasing the “lattice spacing”.
This is how most of us travel...
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But if airlines ever find out about this work...




THE FUTURE OF AIR TRAVEL 155

...the future could be far worse:

Text and drawings by Daan Frenkel.
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